
Optimizing Our Design!
Prof. Usagi
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https://meta.stackoverflow.com/questions/334822/how-do-i-ask-and-answer-homework-questions



Recap: Canonical form — Sum of “Minterms”
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Input Output
X Y
0 0 0
0 1 0
1 0 1
1 1 1

f(X,Y) = XY’ + XY 

Input Output
A B
0 0 1
0 1 0
1 0 0
1 1 1

XNOR

f(A,B) = A’B’ + AB 

A minterm

Sum (OR) of “minterms”



Recap: Canonical form — Product of “Maxterms”
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Input Output
X Y
0 0 0
0 1 0
1 0 1
1 1 1

f(X,Y) = (X+Y) (X + Y’)

Input Output
A B
0 0 1
0 1 0
1 0 0
1 1 1

XNOR

f(A,B) = (A+B’) (A’+B)

A “maxterm

Product of maxterms



Recap: The Adder
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module adder( input[3:0]  A, 
              input[3:0]  B, 
              output[3:0] O,  
              output cout); 
wire [2:0] carries; 
HA ha0(.a(A[0]), .b(B[0]), .out(O[0]), .cout(carries[0])); 
FA fa1(.a(A[1]), .b(B[1]), .cin(carries[0]), .out(O[1]), .cout(carries[1])); 
FA fa2(.a(A[2]), .b(B[2]), .cin(carries[1]), .out(O[2]), .cout(carries[2])); 
FA fa3(.a(A[3]), .b(B[3]), .cin(carries[2]), .out(O[2]), .cout(cout); 
endmodule

module FA( input a, 
           input b, 
           input cin, 
           output cout,  
           output out ); 
assign out = (~a&b&~cin)|(a&~b&~cin)|(~a&~b&cin)|(a&b&cin); 
assign cout = (a&b&~cin)|(~a&b&cin)|(a&~b&cin)|(a&b&cin);; 
endmodule
module HA( input a, 
           input b, 
           output cout,  
           output out ); 
assign out = (~a & b)|(a & ~b); 
assign cout = a&b; 
endmodule

Connecting ports by name yields 
clearer and less buggy code.



Recap: Testing the adder!
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`timescale 1ns/1ns // Add this to the top of your file to set time scale 
module testbench(); 
reg [3:0] A, B; 
reg C0; 
wire [3:0] S; 
wire C4; 
adder uut (.B(B), .A(A), .sum(S), .cout(C4)); // instantiate adder 

initial 
begin 
A = 4'd0; B = 4'd0; C0 = 1'b0; 
#50 A = 4'd3; B = 4'd4;       // wait 50 ns before next assignment 
#50 A = 4'b0001; B = 4'b0010; // don’t use #n outside of testbenches 
end 

endmodule



Recap: You can also use only NANDs
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e

a
b

c
d y

Inverter Inverter

Inverter Inverter

Now, only 5 gates and 4 transistors each — 20 transistors!



• Simplifying design using “theorems”  
• Karnaugh maps
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Outline



Can we simplify these functions?
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Laws in Boolean Algebra
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OR AND

Associative laws (a+b)+c=a+(b+c) (a·b) ·c=a·(b·c)

Commutative laws a+b=b+a a·b=b·a

Distributive laws a+(b·c)=(a+b)·(a+c) a·(b+c)=a·b+a·c

Identity laws a+0=a a·1=a

Complement laws a+a’=1 a·a’=0

Duality: We swap all operators between (+,.) and interchange all elements between (0,1). For a 
theorem if the statement can be proven with the laws of Boolean algebra, then the duality of the 
statement is also true.



Some more tools
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OR AND

DeMorgan’s Theorem (a + b)’ = a’b’ a’b’ = (a + b)’

Covering Theorem a(a+b) = a+ab = a ab + ab’ = (a+b)(a+b’) = a

Consensus Theorem ab+ac+b’c = ab+b’c (a+b)(a+c)(b’+c) = (a+b)(b’+c)

Uniting Theorem a (b + b’) = a (a+b)·(a+b’)=a

Shannon’s Expansion f(a,b,c) = a’b’ + bc + ab’c 
f(a,b,c) = a f(1, b, c) + a’ f(0,b,c)



• Which of the following represents CB+BA+C’A? 
A. AB+AC’ 
B. BC+AC’ 
C. AB+BC 
D. AB+AC 
E. None of the above
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Applying Theorems 

OR AND

Associative laws (a+b)+c=a+(b+c) (a·b) ·c=a·(b·c)

Commutative laws a+b=b+a a·b=b·a

Distributive laws a+(b·c)=(a+b)·(a+c) a·(b+c)=a·b+a·c

Identity laws a+0=a a·1=a

Complement laws a+a’=1 a·a’=0

DeMorgan’s Theorem (a + b)’ = a’b’ a’b’ = (a + b)’

Covering Theorem a(a+b) = a+ab = a ab + ab’ = (a+b)(a+b’) = a

Consensus Theorem ab+ac+b’c = ab+b’c (a+b)(a+c)(b’+c) = (a+b)(b’+c)

Uniting Theorem a (b + b’) = a (a+b)·(a+b’)=a

Shannon’s Expansion f(a,b,c) = a’b’ + bc + ab’c 
f(a,b,c) = a f(1, b, c) + a’ f(0,b,c)

Poll close in



• Which of the following represents CB+BA+C’A? 
A. AB+AC’ 
B. BC+AC’ 
C. AB+BC 
D. AB+AC 
E. None of the above
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Applying Theorems 

    CB + BA1 + C’A 
= BC + BA (C’+C) + C’A 
= BC + BAC’ + BAC + C’A 
= (1+A)BC + (B+1)AC’ 
= BC + AC’

Consensus Theorem ab+ac+b’c = ab+b’c



• For the truth table shown on the right, what’s the minimum 
number of “OR” gates we need? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5
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How many “OR”s?

Input Output
A B C
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 1
1 0 0 1
1 0 1 0
1 0 0 1
1 1 1 0

Poll close in



• For the truth table shown on the right, what’s the minimum 
number of “OR” gates we need? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5
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How many “OR”s?

Input Output
A B C
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 1
1 0 0 1
1 0 1 0
1 1 0 1
1 1 1 0

F(A, B, C) =
A’B’C’+ A’B’C+ A’BC’ + A’BC + AB’C’+ ABC’
A’B’(C’+C)= + A’B(C’+C)+ AC’(B’+B)

= A’B’+ A’B + AC’
= A’ + AC’ = A’(1+C’)+AC’ 

= A’ + A’C’ + AC’ 
= A’ + (A’+A)C’ 
= A’ + C’

Distributive Laws

Uniting Theorem



Karnaugh maps
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• Alternative to truth-tables to help visualize adjacencies 
• Guide to applying the uniting theorem 
• Steps 

• Create a 2-D truth table with input variables on each dimension, and 
adjacent column(j)/row(i) only change one bit in the variable. 

• Fill each (i,j) with the corresponding result in the truth table  
• Identify ON-set (all 1s) with size of power of 2 (i.e., 1, 2, 4, 8, … ) and 
“unite” them terms together (i.e. finding the “common literals” in their 
minterms) 

• Find the “minimum cover” that covers all 1s in the graph 
• Sum with the united product terms of all minimum cover ON-sets
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Karnaugh maps



2-variable K-map example
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Input Output
A B
0 0 1
0 1 1
1 0 1
1 1 0

A

B
0 1

0 1 1

1 1 0

A’

B’

F(A, B) = A’ + B’

A’ A

B’

B



• What’s the simplified function of the following K-map? 
A. A’ 
B. A’B 
C. AB’ 
D. B 
E. A
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Practicing 2-variable K-map 
Poll close in

A

B
0 1

0 0 0

1 1 1



• What’s the simplified function of the following K-map? 
A. A’ 
B. A’B 
C. AB’ 
D. B 
E. A
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Practicing 2-variable K-map 

A

B
0 1

0 0 0

1 1 1

A’ A

B’

B

B



• Reduce to 2-variable K-map — 1 dimension will represent two variables 
• Adjacent points should differ by only 1 bit 

• So we only change one variable in the neighboring column 
• 00, 01, 11, 10  — such numbering scheme is so-called Gray–code
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3-variable K-map?

Input Output
A B C
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 1
1 0 0 1
1 0 1 0
1 1 0 1
1 1 1 0

        (A, B)
C         0,0 0,1 1,1 1,0

0 1 1 1 1

1 1 1 0 0

C’

A’
F(A, B, C) = A’ + C’

A’B’              A’B               AB               AB’

C’ 

C
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Minimum number of SOP terms

Input Output
A B C
0 0 0 1
0 0 1 0
0 1 0 1
0 1 1 1
1 0 0 0
1 0 1 0
1 1 0 0
1 1 1 1

• Minimum number of SOP terms to cover the following 
function? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5

Poll close in



• Minimum number of SOP terms to cover the following 
function? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5

C       (A, B)        0,0 0,1 1,1 1,0
0 1 1 0 0
1 0 1 1 0

A’B’              A’B               AB               AB’

C’ 
C
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Minimum number of SOP terms

Input Output
A B C
0 0 0 1
0 0 1 0
0 1 0 1
0 1 1 1
1 0 0 0
1 0 1 0
1 1 0 0
1 1 1 1A’C’

BCA’B

F(A, B, C) = A’C’ + BC’

We don’t need A’B to cover all 1s
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Minimum number of SOP terms

Input Output
A B C
0 0 0 1
0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 0
1 1 1 0

• Minimum number of SOP terms to cover the following 
function? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5

Poll close in
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Minimum number of SOP terms

Input Output
A B C
0 0 0 1
0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 0
1 1 1 0

• Minimum number of SOP terms to cover the following 
function? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5

C       (A, B)        0,0 0,1 1,1 1,0
0 1 0 0 1
1 1 0 0 1

A’B’              A’B               AB               AB’

C’ 
C

0,0
1
1

A’B’

B’



• Minimum number of SOP terms to cover the “Out” function for 
a one-bit full adder? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5
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Minimum SOP for a full adder

Input Output
A B Cin Out Cout
0 0 0 0 0
0 1 0 1 0
1 0 0 1 0
1 1 0 0 1
0 0 1 1 0
0 1 1 0 1
1 0 1 0 1
1 1 1 1 1

Poll close in



• Minimum number of SOP terms to cover the “Out” function for 
a one-bit full adder? 
A. 1 
B. 2 
C. 3 
D. 4 
E. 5
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Minimum SOP for a full adder

Input Output
A B Cin Out Cout
0 0 0 0 0
0 1 0 1 0
1 0 0 1 0
1 1 0 0 1
0 0 1 1 0
0 1 1 0 1
1 0 1 0 1
1 1 1 1 1

Out(A, B)       0,0 0,1 1,1 1,0
0 0 1 0 1
1 1 0 1 0

A’B’              A’B               AB               AB’

Cin’ 
Cin



• Lab 1 due tonight 
• Submit through iLearn > Labs 

• Reading quiz 3 due 4/14 BEFORE the lecture 
• Under iLearn > reading quizzes 

• Assignment 1 also due 4/14 
• Submit on zyBooks.com directly — all challenge questions up to 2.2 

• Lab 2 due 4/16 
• Watch the video and read the 
instruction BEFORE your session 

• There are links on both course 
webpage and iLearn lab section 

• Submit through iLearn > Labs
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Announcement 

å

http://zyBooks.com
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