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Computing on “Bits”
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• Bits — {0, 1}: The only two possible values in inputs/outputs 
• Basic operators 

• AND (•) — a • b 
• returns 1 only if both a and b are 1s 
• otherwise returns 0 

• OR (+) — a + b 
• returns 1 if a or b is 1  
• returns 0 if none of them are 1s 

• NOT (‘) — a’ 
• returns 0 if a is 1 
• returns 1 if a is 0
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Conventional Digital Circuits Implement Boolean Algebra



• A table sets out the functional values of logical expressions on 
each of their functional arguments, that is, for each 
combination of values taken by their logical variables
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Truth tables

Input Output
A B
0 0 0
0 1 0
1 0 0
1 1 1

AND
Input Output

A B
0 0 0
0 1 1
1 0 1
1 1 1

OR

Input
Output

A

0 1

1 0

NOT



• NAND —  (a • b)’ 
• NOR — (a + b)’ 
• XOR — (a + b) • (a’ + b’) or ab’ + a’b 
• XNOR — (a + b’) • (a’ + b) or ab + a’b’
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Derived Boolean operators

Input Output
A B
0 0 1
0 1 1
1 0 1
1 1 0

NAND
Input Output

A B
0 0 1
0 1 0
1 0 0
1 1 0

NOR
Input Output

A B
0 0 0
0 1 1
1 0 1
1 1 0

XOR
Input Output

A B
0 0 1
0 1 0
1 0 0
1 1 1

XNOR



Boolean operators their circuit “gate” symbols 
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AND

OR

NOT

NAND

NOR

XOR

NXOR
represents where we take a 
compliment value on an input 
represents where we take a 
compliment value on an output 



We can make everything NAND!
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Original NAND

AND

OR

NOT

a

b

a

b

a

a

b

a

b

a



We can also make everything NOR!
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Original NAND
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von Neumann Architecture
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• A table sets out the functional values of logical expressions on 
each of their functional arguments, that is, for each 
combination of values taken by their logical variables
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Truth tables

Input Output
A B
0 0 0
0 1 0
1 0 0
1 1 1

AND
Input Output

A B
0 0 0
0 1 1
1 0 1
1 1 1

OR

Input
Output

A

0 1

1 0

NOT

Reversible



Two concepts before talking about 
“Qubits”
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• Second law of thermodynamics — Irreversible bit operation 
consumes energy 

• Reversible gates 
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Reversible computation



• Two forms 
• An algorithm takes random inputs 
• An algorithm make random choices 

• Notation of random bits 
•   (1) x1 has 50% probability to be 0, 50% to be 1 

•  (2) 
• Conditional probability 

• For case (2), if we observed as x1 0 
•

|x1⟩ = 1
2 |0⟩ + 1

2 |1⟩
|x1x2⟩ = 1

8 |00⟩ + 1
4 |01⟩ + 1

8 |10⟩ + 0 |11⟩

|x1x2⟩(given x1 = 0) = 1/8
3/8 |00⟩ + 1/4

3/8 |01⟩ = 1
3 |00⟩ + 2

3 |01⟩
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Randomized Computation



Now, quantum computing
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•  

• —amplitude of the basis bit-string b 
•  can be any complex numbers 
•  
• amplitudes (as being possibly negative) can either accumulate 

(constructively) and cancel (destructively) 
• Probability distribution across bs is called the superposition of 

all bit strings 
• The correlation between bits is called entanglement of qubits

|ψ⟩ = ∑b∈{0,1}n αb |b⟩
αb

αb
∑b∈{0,1}n |αb |2 = 1
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Qubit System



• Upon measurement, the state of the system “collapses” to the 
single classical definite value and can no longer revert to the 
superposition as it was before 

•

• For 

Meas( |ψ⟩) = |b⟩

|ψ⟩ = 1

2
|0⟩ + 1

2
|1⟩

Pr[Meas( |ψ⟩) = |0⟩] = Pr[Meas( |ψ⟩) = |1⟩] = 1
2
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Measure the Qubit system



• The final amplitude is given by adding the contributions from all 
paths; and 

• The contribution from a path is given by multiplying the 
coefficients along the path.
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Feynman’s Sum-Over-Path Approach

Hadamard transformation



•  
• Bell state — After the first H gate and CNOT gate, we arrive at 

 

• The other qubit is guaranteed to be measured in the same state as the first 
• This “correlation” between the two qubits are called quantum entanglement.

|x1x2⟩ = 1

2
|00⟩ + 1

2
|11⟩
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Interference prevention — Entangled Ancilla Qubit



• Probabilistic outcomes 
• a quantum program is intrinsically probabilistic 
• a good quantum program will make sure the desired bit-strings are 

observed with much higher probability compared to the undesired 
ones 

• a quantum program may need thousands of shots before 
meaningful statistics 

• No copying of qubits 
• Qubit-qubit interactions 
• Analog noises
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Architecture constraints of Quantum Computers



Principles of Quantum Computing
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• Amplitude distribution 

•  

•  
• A d-dimensional qubit system is defined as a superposition of 

d basis states 
•
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Superposition



• The joint state of two separate quantum systems 

•  
•
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Composition
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• When we measure a qubit we observe 
the basis state  with probability and the basis state  
with probability  

• The process of measurement is irreversible and probabilistic 
• the state   collapses into one of the two basis states (  or  ) 
• the original quantum superposition cannot be recovered 
• outcome is related to the latitude of the quantum state— global 

phase (longitude) does not matter

|ψ⟩ = α |0⟩ + β |1⟩
0⟩ |α |2 1⟩
|β |2

|ψ⟩ 0⟩ 1⟩
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Measurement
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• Transformation through gates must be reversible and 
deterministic
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Quantum Gates
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Qubit Technologies
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• scalable system with well-characterized qubits 
• ability to initialize qubits (e.g., prepare in computational basis) 
• stability of qubits (i.e., long decoherence times) 
• support for a universal instruction set (e.g., single qubit gates 

and CNOT gate) for arbitrary computation 
• ability to measure qubits (e.g., readout in computational basis)
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General Design Philosophy



• Optical Qubits 
• Hyperfine Qubits
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Trapped Ion Qubits



Measuring Qubits
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Single-Qubit Gate: Raman or Microwave Transition
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Loading Qubits
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Superconducting Qubits
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