Lecture 9, ME221, 11/1/2022

Last time: Velocity Transformation Matrix

The velocity transformation matrix is related to the derivative of the homogeneous
transformation matrix .
Tp=%Vg °Tp

or
-
er GT GT 1

recall that this is the end-effector twist, in matrix form:

G~ G
_ G _ w v
Gop=Cyp =Ty GTBl _ B B
0 0
rearranging into a vector:
Gl/ _ GwB
B Coyp
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Jacobian Agenda

® Jacobian

Direct Differentiation

Forward Velocity Kinematics

Jacobian Generating vectors

Inverse Velocity Kinematics

Other types of Jacobians

Maneuverability Analysis
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Do you remember chain rule for functions? Find:

d
ST @lt) =
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Do you remember chain rule for functions? Find:
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Do you remember chain rule for functions? Find:

d d d d .
o/ @) = f(a(t) Za(t) = —f (2(t)) £(t)
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What about for the multivariate case?

f@@) = f(z1(t), 22(0), ..., 2a(t))
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What about for the multivariate case?

f@@) = f(z1(t), 22(0), ..., 2a(t))

d 0 0 0
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What about for the multivariate case?

f@@) = f(z1(t), 22(0), ..., 2a(t))
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Deriving the Jacobian from Velocity Transformation Matrix

The velocity of any body point can be found in the Global frame if we know the
homogeneous transformation matrix:

Cyp— GT'B GTE}
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Deriving the Jacobian from Velocity Transformation Matrix

The velocity of any body point can be found in the Global frame if we know the
homogeneous transformation matrix:

Cyp— GT'B GTE}

Recall from forward kinematics we can find the transformation from the Global base
frame to the end effector from the DH-parameters (or PoE):

'Te(q) ="Ti(q1) 'Ta(q) .. " ' Trlgn)
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Deriving the Jacobian from Velocity Transformation Matrix

The velocity of any body point can be found in the Global frame if we know the
homogeneous transformation matrix:

Cyp— GT'B GTE}

Recall from forward kinematics we can find the transformation from the Global base
frame to the end effector from the DH-parameters (or PoE):

'Te(q) ="Ti(q1) 'Ta(q) .. " ' Trlgn)

Then the velocity transformation matrix for the end-effector:

0, _
Wg="Tg(q) OTEI(Q)
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Deriving the Jacobian from Velocity Transformation Matrix

Let’s explore the velocity transformation matrix:

. 0, N
% ="VE="Tg(q) T (q)
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Deriving the Jacobian from Velocity Transformation Matrix

Let’s explore the velocity transformation matrix:
_ 0, _
%0 =Vp="Tg(a) °T% (a)

n 0

i

6/18



Deriving the Jacobian from Velocity Transformation Matrix

Let’s explore the velocity transformation matrix:
_ 0, _
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n 0
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Deriving the Jacobian from Velocity Transformation Matrix

We can re-write in vector form:

Ow . .
Ovp = [Ovﬂ =X =J(q)q

7/18



Deriving the Jacobian from Velocity Transformation Matrix

We can re-write in vector form:

. [E“E] _[X = J(a)d

VE
with
J(a) = | (2°Te@ op-1 v 9T g(a) 01 v
(q) = [(T Tg (Q)> (W Ty (Q)) }
with the ¥ symbol denoting the “vector form” (as opposed to the skew symmetric
form)
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Deriving the Jacobian from Velocity Transformation Matrix

We can re-write in vector form:

. [%“E] _[X = J(a)d

VE
with
J(a) = | (2°Te@ op-1 v 9°Tp(q) 0p—1 v
(q) = [(T Tg (Q)> (W Ty (Q)) }
with the ¥ symbol denoting the “vector form” (as opposed to the skew symmetric
form)

Very Important: The Jacobian provides a linear relationship between the joint

velocities (q) and the end effector’s linear (v) and angular (w) velocities. Therefor we
can use linear methods e.g.,

Ar=b—x=A""b (can be solved efficiently)
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How to calculate the Jacobian

We can split up the Jacobian into two parts:
0
. WE JR .
X = =

e rarely ever calculated as we derived (direct differentiation)
® more systematic approach: Jacobian generating vectors (next time)

e difference between analytic vs geometric Jacobian (next time)
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Direct differentiation: Ex.242, pg.446

If the robot is simple, it is easy to do direct differentiation:

Find forward kinematics:

07y =97, 17,

OTI —

Yo

Y2

Xi
z2

Xo
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Direct differentiation: Ex.242, pg.446

If the robot is simple, it is easy to do direct differentiation:

Find forward kinematics:
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Direct differentiation: Ex.242, pg.446

If the robot is simple, it is easy to do direct differentiation:

Find forward kinematics:

0Ty =T, 'T,
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i 0
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T2=10 o
00

—sinfd 0
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Direct differentiation

Find forward kinematics:

Oy =97, 17y

o7, —

22

X7
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Direct differentiation

Find forward kinematics:

Oy =97, 17y

cosf) —sinf 0 rcosf
sinf cosf 0 rsinf
0 0 1 0
0 0 0 1

o7, —

Yo

X1
22

X0
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Direct differentiation

Find forward kinematics:

07y =07, 11y
cos b
0 Sin 9
T =
2 0
0
Therefore:

—sinf
cos
0
0

7 cos 0
rsin @

Yo

X1
22

X0
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Direct differentiation

Find forward kinematics:

0Ty =07, 17y
cosf —sin@ 0 rcosf
O, _ sinf cosf 0 rsinf
27 1o 0 1 0
0 0 0 1
Therefore:

X|  |rcost
Y| |rsiné

Yo

X1
22

X0
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Direct differentiation

The forward kinematics maps joint vari-
ables to Cartesian space:

X| |rcosf
Y| |rsinf
z = f(q)

with

Yo

Y2

Xi
22

X0
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Direct differentiation

The displacement Jacobian is calculated
by taking the time derivative of the dis-
placement forward kinematics:

= Jp(q)qg

where

— |91 of@| _ |2 9
Tola) = [0 2] = [0 4

X1
22

Xo

12/18



Direct differentiation

The displacement Jacobian is calculated
by taking the time derivative of the dis-
placement forward kinematics:

= Jp(q)q
where
_ |of of _|o d
Tola) = [0 2] = [0 4
_ [oosﬁ —rsin&]

~ |sinf rcosf

X7
22

X0
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

~ 05 0pT
0wz = Ro "Ry

[cos® —sin® 0 rcosh
o7, — sinf cosf O rsind
0 0 1 0
| 0 0 0 1
_ 0R2 0d2
o0 1

X1
22

Xo
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

~ 05 0pT
ow2 = Ro "Ry

Ry
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

- 0,
o2 = Ro°RY
—sinf —cosf O

Ry = | cosf —sinf 0| 6
0 0 0
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

~ 05 0pT
ow2 = Ro "Ry

[—sinf® —cosf 0O
ORQ = | cosf —sinh 0|0
0 0 0
[ cos® sinf 0
ORT — | —sinf cosf 0
0 0 0

X1
22

Xo
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

~ 0p 0pT
ow2 = Ry "Ry

Yo

Y2

X7
z2

X0
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:
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ow2 = Ry "Ry
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

Recall that for skew symmetric matrix:

0 —Ww3 w2
0= w3 0 —W1

—Ww?2 w1 0

Yo

Y2

X7
z2

X0
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

0wW2 =

Y2

Xi
22

X0
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Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

0wW2 =

. O O
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22

X0

16/18



Direct differentiation

The rotational Jacobian is calculated
find the angular velocity vector from the
forward kinematics:

0
owz = [0
0
Or we can write as:
w3 = JRH

with Jp =1

Y2

X7
22

X0
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Direct differentiation

Let's put everthing together:

Y2

Xi
22

X0
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Direct differentiation

Let's put everthing together:

X =J(q)q
=17
w3
cos 0
sin 6
0

7

0

|

—rsind
7 cos 0
1

Y2

Xi
22

X0
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Forward velocity kinematics

Now, if we want to understand the end
effector velocity for a given trajectory,
we only need the starting joint variables
qo and the velocities q:

T
alt) = [ () dt +ao
Then plug into:

X =J(q)q

X(t):/()TX(t)dt+X0

Yo

Y2

Xi
22

Xo
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