Classical RSA algorithm
We need to discuss some mathematics (number theory) first

Modulo-N arithmetic (modular arithmetic, clock arithmetic)

2=9 (mod?7)
4x3=5 (mod?7)

u__n

“congruent” (I will also use “=" instead of “=")

Usual operations: addition and multiplication (ring), we need only multiplication

Definition: Order of a is the smallest r, for which
a” =1 (modN)
Why important: if f(x) = a* (mod N), then r is the period of f(x).
Check: f(x+71r)=a*"" =a*a” =a* = f(x) (modN)

Fermat’s little theorem (simple proof, any number theory course)

If p is prime and a is not divisible by p, then ~ Fermat 1640 (letter, no proof)
Leibniz 1683 (unpublished)

a1 =1 (mod p) Euler 1736 (first published proof)

(e.g., proof via the product a(2a)(3a) ...([p — 1]a) = a? 1 (p — 1)! = (p — 1)! mod p,
since all na should be different mod p)



RSA mathematics

Fermat’s little theorem: If p is prime and a is not divisible by p, then aP~! = 1 (mod p)

= Lemma If p and q are primes and a is not divisible by p or g, then
a(p_l)(q_l) =1 (mod pq)

Proof @-1 @D _
(a ) =1 (modp) 1' — qa®~D@-1) _ 1 s a multiple of both

-1
(a(q_l) )(p - 1 (mod q) p and g, therefore multiple of pgq.

QED

= Lemma If p and g are primes and s is an integer, then
a1+5(p_1)(q_1) = a (mod pq)

Note: works even if a is divisible by p or g (trivial if a multiple of pg; if only a = kq,
then Fermat: [as(q_l)](p_l) =1+ np, soa’@ VPV = g 4 gnp = a + nkqp)

— Theorem If cd =1 [mod (p —1)(q —1)] and p & q are primes, then

a‘® = a (mod pq)



RSA algorithm

Rivest, Shamir, Adlerman, 1977, authors from MIT
Clifford Cocks, 1973, British Intelligence, secret until 1997

public key _ o _
Alice > Bob (in Mermin’s book roles of Alice and Bob are exchanged)

message

D

Alice Pick large primes p and g, calculate N = pq
Pickc < N [coprime with (p —1)(q — 1)]
Find d, for whichcd =1 [mod(p —1)(q — 1)]
(easy to find d using Euclidean algorithm forcand (p —1)(q — 1) )

Public key: N and ¢
Private key: N and d

Bob Wants to send message a (a < N)

Encoding: a —» d =a® (modN)

Alice  Decoding: a@% (mod N) = a®®(mod N) = a



RSA algorithm (cont.)

Remarks
- Typically N ~ 2048 — 4096 bits long

- Computation of a® (mod N) and a@% (mod N) is fast:

a—- a’* - a* - a® —..., then products (all mod N )

- Eve knows N. If she can factor N = pg, then she can do the same
as Alice, so she can decode. This is why factoring is so important.

- N can be factored via finding the period of the function f(x) = a* (mod N),
where a is any number (will discuss in more detail later).
Idea: if a” = 1 (mod N) and r is even, then

(a2 —1)(a™? + 1) = 0 (mod N)

- RSA can be also broken directly with a period-finding algorithm.

aaz as,...a"=1,a"*t =a (modN) (ifdis not coprime with N,

then factor immediately). Then a” = 1 (mod N) also (because subgroups
a* and a* coincide since a® = @, and @ = q, so the same order.)
Then if we find d’' so that cd’ = 1 (mod r), then

~d' cd’ 1+mr r)m

a“ =a** =a =a (a = a, so direct decoding.






Classical algorithm for factoring via period finding
N = pq can be factored via period of f(x) = a* (mod N)

1. Pick a random number a (a < N).
Check that coprime with N (if not, then great luck!).

2. Find smallest r, for whicha” = 1 (mod N) (i.e., r is the order of a).

3. If r is odd, choose another a and repeat (go back to Step 1).
Probability of going back is ~50%.

4.1fris even, then (a™/?2 —1)(a’/?+1) = a” — 1 = 0 (mod N).
a’/? — 1 cannot be 0 (mod N), since r is the smallest period.

If a™/? + 1 = 0 (mod N), choose another a and repeat (go back
to Step 1; this is very rare).

5.Since N = pq and p & g are primes, then a’/? — 1is a multiple of D,
and a”/2 + 1 is a multiple of q (or vice versa).

Find the greatest common divisor (GCD) of N and a2 + 1,
they will be p and gq.

Remarks - If p and g are not prime, then similar algorithm.

- If r is not the smallest period, then check that a™/? —1isnot0 (mod N),
otherwise choose another a (very rare)



General idea of period finding by a QC (Shor’s algorithm)

—

10) _-_' o f(x) = a* (mod N)

1 | P U | N N has g bits

S S °
qurléits Fx) = a* d GE) Output register has ny qubits
L) T (modN) ¢ Input register has
|0> — v n = 2ngy qubits
} y y®fk) g |\

CIUbItS £ not needed, but easier to think

1 n_ n_
7 2x=0 [0)n|0)n, — \/—22 o 1) nlf (),
After meas. of output register, the input reg. is |),, = Z |x0 + kr),

where 7 is the period of f(x) (i.e., order of a), m = int[Z"/r] or int[2""/r] + 1
r < N < 2", som > 2™ (very many states in superposition)

Idea: Input register state is periodic (r) = Fourier transform finds this period

Key: Quantum Fourier transform (QFT) can be done very efficiently

For M ~ 2", usual Fourier transform needs ~ M? ~ (2™)? operations,
Fast Fourier Transform (FFT) needs ~ M ~ 2™ operations (actually n2"),
QFT needs ~ (log M)? ~ n? operations. (Calculation of f(x) needs ~ n3 operations.)



Calculation of f(x) = a* (mod N)

Fast classical algorithm = quantum algorithm of the same complexity

Prepare a, a?, a*, a8, . .. (mod N), then multiply some of them, depending on
the corresponding bits of x = x,,_1...X1Xg

input register
(n qubits) \ \
work register ¢ . 2 > at -
(ng qubits) N\ N\
Xaorxl, X a®or X1,

output register 1 _,| dependin dependin —
(mo qubits oy onx,

'

Complexity: 1 steps, each contains multiplication (mod N) requiring ~ n? steps,
so overall ~ n3 steps (ng ~n)

By the way, in this algorithm the work register remains unentangled with input
and output registers, so no “global” garbage collection is needed (garbage
collection at each step is still necessary)



Quantum Fourier Transform (QFT)

Discrete Fourier transform (DFT)

x=012,..M—-1 gx) = g(x)

~ _ 1 yvM-1 j
g = =5 2™y /Mg (y)
Inverse DFT: the same withi —» —i

In QC, M = 2™ (n qubits), and we do discrete Fourier transform of amplitudes:

Yisot g () IX> = 200 [x)

2”—1 2mixy /2™

Uorr |x) = ﬁ y=0 €

Therefore

ly)

- Check that unitary. For basis vectors |x;) and |x,,, ), the inner product after QFT is

t 2"—1 (- n _ 1 _
(xlUQFTlUQFTxm> = Z g2mi (Xt xm)y/2 (yly) = Z—nZ"5lm = Oim-
So, the orthonormal ba5|s is transformed into an orthonormal basis = unitary.

- Somewhat similar to n-fold Hadamard: transforms each basis vector into equal-weight
superposition of all basis vectors (but instead of +1 for Hadamard, many phases in QFT)



Quantum Fourier Transform (cont.)

1 2M—1 2mixy /2"

Uorr |x) = Jan Ly=0 e ly)
A very simple quantum circuit exits for QFT
1 ; n-1 n-2 0 n
Ugrr |x) = Jor LVn—1,-Yo 2MX (=12 HYn—2 27 4. 4Y027)/2 V-1 yn—2)--1¥0)

1 ;o N— n :oT— n : n
=\/? (|0>_|_ |1>62mx2 1/2 )(|0>+ |1>62mx2 2/2 )(|0>+ |1>82mx20/2 )

For x = x,_ 12" 1 + x,,_,2™ 2+ ...x,2°, many digits are not important

. X — Xn— X
2mi( "2 14 ’;22+...+2—3)

X . X1, Xo
10) + |1) €22 [0) + |1) e2™ 2722 o)+ (1) e

Uorr |x) = 2 2 - 2

X0
First (most significant) qubit: i(IO) + 1) e?™> ) = i(IO) + [1) (—1)*0) = H|x,)
V2 V2 . . :
(only in computational basis)
So, if we use reverse order (most significant <> least significant), then the only necessary
operation is H acting on qubit |x).

. : 1 0 _ _
Second qubit: needs H acting on |x;) and also (0 exp(Zni/Zz)) if xo =1.



Quantum Fourier Transform (cont.)

2"—1

1 n
Ugrr |x) = 7 &y=0 e2mixy /2%y

2ni(x"2‘1+x” 24 +2n)

X (X1, X0
o)+ (1) e®™2 |0) + 1) 222 jo)+ 1) e 22
V2 V2 V2
. . _ (1 0 .
Let us introduce rotation operator R = (O exp(Zﬂi/Zk)) (Mermin: Ry, = Vj_q)
Two qubits
— H 4R
1) 12 170) (reverse order)
|%0) HH— |y1)
Three qubits
X2 X1, %0
|X2> _H_RZ_R3 |y0> (|O>+ |1> 27”(2 22 23))/\/_
1 ﬂ
|%1) | HARy—— In) = (I0)+I1) 2mi(3+7 )
X
o) o 1y = (o + 10 () vz

again, output order is reversed



Quantum Fourier Transform (cont.)

0) + 1) e*™2 [0) + 1) 7™ Z*2D o)+ |1) ¥ T T Tt

Ugrr |x) = V2 2 . 2

1 n_ ; n
== Y50t ¥/ y) - (1 0 )
k=\0 exp(2mi/2%)
Four qubits
[x3) —1H R2H{R3Ra Vo)
%2) : HHRJHR; y1)
|x1) . ‘ HHR, v,
|x0) . . «[H lys)  reversed order

Similar for n qubits: need n Hadamard gates and n(n — 1)/2 controlled-R gates.
Each c-R gate can be realized with 2 CNOTs, so ~ n? CNOTs.
(With superconducting qubits, c-R gate can be realized directly.)

c-R gates with extreme precision (~ 27™) are actually not needed. Crude precision
is sufficient (will discuss later), so gates c-R;, with k > 20 are not needed. Then
only ~ 20n c-R gates are needed.



Another representation of the same circuit for QFT

X; — H— — H— — H — — H— H H Vs)
. - @ o -
Xy —— Va)
L - L i
X3 h y3>
X V2)
X1 .V1>
Xy yO)
1 0
@ ® —
Rie = (0 exp(Zni/Z"))

c-R, C-R; c-R, C-Rc C-Rg
Symmetry of c-R gates and reversed order are naturally represented

Inverse QFT: time-reverse the sequence and conjugate gates
(HT = H, so only replace c-R;, — c-R,t)



Inverse QFT in this representation

yellow: H
blue: c-Ry,
green: c-RZ



Inverse QFT using the first circuit

x3) —H Rz R3 R4 [vo)
x2) : HHR,HR, [¥1)
1) . ‘ HHR, 17,) QFT
EN) . . «H ly3)
Inverse QFT: i —» —i, so we would expect
|¥s) —H HRzR: HR] 1%0)
[¥2) : HHRIHE] xe)
) . T AHR— by ¥
%0) . o {H} Ixs)
On the other hand, we know that for inverse, the circuit should be time-reversed
and gates should be conjugated. Does not look the same! But actually is.
ys) —H[—¢ ' +— |%0) QFT-1
|v2) RI—H ' ' |%1)
) RiHRHH ) e

1Y) RIHRIHRIHH — |x3)




Inverse QFT (cont.)

ly3) _H_T 9+~ — |x0)
[v2) RI-H}— ’ 1)
1) RIHRIHH * |x2)
1¥0) RiI—RIHRIHH — Ix3)

use symmetry of c-Ry,

lys) —1HHR] "‘I_Rg RII | %)
12) —HHHRIF RI 1)
1) «—+[H R} 12,)
1v0) o+ o [HI |xy)
shift some gates to the left
vs) —H [HR;HRIHR] o)
172) ‘ H HRIHR] %)
1) : | HHER] x2)

1vo) . . l H |x3)




Measurement-based realization of QFT

In Shor’s algorithm, all qubits are measured after QFT. In this case
QFT can be realized with classically-controlled R, gates.

Usual QFT

|x3) —H Ry R3 Ry |vo)
1x2) : HHRHR; y1)
x1) ‘ : HHR; 1¥2)
EN) . . «H ly3)
Step 1
Since c-R;, gates are symmetric, exchange control and target
|x2) R, H T ? ly1)
1) R; R, Hi—e ly2)

|x0) R, R, RoHH |— lys)




Measurement-based realization of QFT (cont.)

Step 1
[vo)
|x3) H —r ) meas.| result y,
|x2) R, T » |y1> meas.| result y,
|x1) R; R, H ' Y2 meas.| result y,
R ly3)
|x0) R, R 2 meas.| result y;
Step 2 R = (1 0 )
Measure and control classically k=\0 exp(2mi/2¥)
result y,
|x3) H —meas. result v,
Yo
|x2) R; meas. result y,
Yo Y1
|x1) R3 Ry meas. result
y y Y2
|x0) R;,° R3* R; meas.

Because of “spooky action”, measurement acts back in time,
so we can exchange in time measurement and control

So far we assume that gates are perfect (it is not possible experimentally for R;, with
exponentially small angles). We will discuss later that precision is not a problem.

Y3



Back to Shor’s algorithm (period finding)

—{HH]
10),, I 0
1 X f x. = 2
n g O
qubits | HH |  f(x) = a* S
| —{HH- (mod N)
IO) — s
ub|ts } y vO f(x) GEJ measure second period we
g register, result f(xy)  want to find
U 13
2n—1 L1 y2na
\/z—nZ X000, = Fox 2ix=0" [¥)nlf (X))ny — Z o |xo +kr), —
— 3 n
UQFT 22"—1 1 Zm 1 Zm (x0+kr)y/2"| ) m = int[2 /7‘]
R Yin
_ 1 1 $2n-1 2 2" ym—1 ,2mi 2™
_ﬁ\/__ 2 e Tixgy/ Z;(nzo p2mi kry/ |y}n
. : Xo IS not important,
Measure first register, probability of result y is , just a phase factor
m—1
— 2 _ 2mi kry /2"
p(y) = lYWI* = nm Z gZmikry/ No more QM, let us see
k=0 how result is related to r




Shor’s algorithm (cont.)

2 ml 2mi kry /2" i
p(y) = [Y)|° = o zk—o e Tty integer
Zn
Significant p(y) only if all terms are in phase: Yy~ — J
r
Understanding via Fourier transform
_ 1 vm-1 n
1Y) = mZk:o lxg + k7 Y (y)]|? 2
UL L], — LA ]
0o comb with period r 2" —1 0 # of peaks: 7, height: %O 2" —1
Lm _m_1 >
Measurement randomly picks one of — mz2t 2% 7
the peaks of , While we need r.
P p(y), while w Peaks should be at integers,
while 2" /7 is not an integer 2™
—J

Two steps next:
1) Show that with a significant probability (>40%) the measured number

is the closest (<1/2) to one of multiples of 2™ /r.
2) Show that in this case, from the measured number we can obtain r.



Shor’s algorithm (cont.)

271
1 Mol kry/an 2 r(y) T
_ i kry <
PO =5 e HEREESTINEY
2 m k=0 I U< 1
0 Oo,)) 2" —1
1) Show that with a significant probability (>40%) the measured
number is the closest (<1/2) to one of multiples of 2™ /r. on
Denote the closest integer as y; = j2"/r +6;, 6j| <1/2 T]

Sum geometric series for p(y;) ~ N
2mimrd /2" _ 1 2

2 . —_—
b(y;) = 1 zm_lezmkré‘j/z" _ 1 e _ 1 sin®(wmr §;/2™)
J7 2 | Lak=o 2Mm | g2mirdj/2" _ q 2"m  sin?(mr 6;/2™)
2

1 sin? (7‘[5]') 1 sin(né}-) - 1 4

"~ 2"m sin?(wr 8;/2m) T 1 & ~r 2
T |_'_l

~ 4" /r  verysmall,r < 2" K 2" \ at§; =+1/2

~ r peaks (j2"/r, j = 1,2, ...r — 1), so total probability that measured result
is within 1/2 from j2™ /r is > 4/m? > 40%. Not always but quite likely.

Actually, if try both neighbors, then probability to be within 1/2 from j2" /r
is > 80%, if try 4 closest neighbors, then > 90%.



Shor’s algorithm (cont.)

2) How to find period 7 from y = j2"/r + &, where |6 < 1/2

Rewrite y ] 1
ol IS Rememberr < N < 2™o
T on+l - o
we know ™ want to find integer to factor # of bits in N

n is a parameter we can choose. For large enough n, the result y /2™ will be
very close to the rational number j/r.

Rational numbers with denominators < N are not closer to each other than 1/N?
(because |a/b — c/d| = 1/bd)

1 1
So, if on+l = ONZ ' then the closest to y /2™ rational number
with denominator < Nis j/r.
This is why we need n = 2n,.
How to find j /r: Yy _ 1
continued fractions  2n 1 ’ This expansion will
Zy T 1 .
7, + go through j/r
Z9 +...

Theorem: If x is an estimate of j /7, |x — j/r| < 1/(2r?), then continued fractions
go through j/r (proven in N-C book, not a very short proof)

Continued fractions is a fast classical algorithm, O(ng) operations



Shor’s algorithm (cont.)

Finding period r

So, we will find j/r with a significant probability (> 40%).

It is still possible that we will not find correct r if j and r have common divisors.
Then we will find a divisor of r instead of r itself.

However, the probability of finding r (not its divisor) is = 50%, and if it is not 7,
then it is most likely /2 or r /3 (not large denominator). So, after finding r,y, we
can try ry, 21y, 31y, etc.

It is important that it is easy to check classically if kry is a period of f(x) or not.

If the procedure is unsuccessful, we can run the algorithm again (with the same a).
If find another divider of r, we can calculate Least Common Multiple (LCM); most
likely if will be 7.

Still possible that y/2™ was not the closest j /1, so need several trials.

So, ~ 3 — 10 runs of the quantum algorithm will give us the period r.






Required precision of gates c-R;, in QFT

Rie = ((1) exp(Zgi/Zk))

For k > 10 it is very difficult to realize c-R;, accurately,
for k > 20 practically impossible.

s this precision (very small angles) really necessary? No!

General idea

If a gate is imprecise, then |[Y) — |Y'). But if the imprecision is not too big,
then the states |y) and [') are still close, [(Y|YP'}? = 1 — e with € K< 1.

Then they are not well-distinguishable (independently of what we measure).
So, probability of measuring what we want does not change much.

In some sense, the operation is digital, and therefore insensitive
to small analog errors.



Required precision of gates c-Rj, in QFT (cont.)

Estimate of phase accuracy needed for QFT

1 — : n
deally, p(y) === |XiL, e2mikry/2

2t m
can depend on
Suppose there are phase errors 2 bothkandy

1 m-1 . .
= eZTL’lkT‘y/Zn el(pk(Y)
p(p (y) 2" m ‘Zk=0 S >/

Assume (V)| <o K1 ~ 1+ ipi(y)
As before, y; = j 2" /r + §; with |5j| <1/2

2
|

fory = y;

1 1 2mikrs:/2n : 2 _ _—inlinearorder
Do (V) = 5o |ZRES €20 27 (1 + iy )| =

~ 2 m—1 2mikrd; /2™ m—1 _—2mik'rs;/2"
~ P(}’j) T M Re [(2k=0 € i/ lgok,j)( k'=0€ i’ )
.
ideal
Even in the m—1 _2mikrs;/2™ . m—1 _—2mik'rs;/2"
worst case: | 2k=0 € 2 iy | <mo, | k'=0€ ! =m

: 2 2m 2
So difference _ ~
eI [y (33) = PO)| < g MO = 10 = 20

Total difference < T|p(p(yj) — p(yj)| <2¢p K1 Small



Required precision of gates c-Rj, in QFT (cont.)

Zm 1 2mkry/2”| Zm 1 ZﬂlkTY/Zn lpk (Y)l

PO = | P () = 5|
ideally with phase errors @ (V)| < ¢ K 1
Total probability difference < T|p<p (yj) — p(yj)l < 2¢p

Therefore, the probability of success (i.e. the measured y is the closest integer
toj 2™ /r)is not = 40%, but = 40% — 2¢.

Therefore the precision @ ~ 10% is sufficient! (digital computation)

We still cannot say that all gates with 3% accuracy is OK, because many gates for each “wire”

Inaccuracy scales (at most) linearly with the number of gates.

In QFT, there are ~ n gates Ry,.
The gates R}, can be completely neglected if n 2m 27k <01

Therefore k., ~ log,(n) + 6 ~ 20 is sufficient

Then the number of gates in QFT is not ~ n? but only ~ n log(n)



Precision of gates (more general discussion)

max

Introduce operator norm 5 \ ”0 || (¢|5T5|¢)
ol = o TV T~ jyysoy  (DI)

It is really a norm (satisfies triangle inequality)

Imprecision of a gate

Suppose a unitary U is replaced with a slightly imprecise unitary U’. The imprecision
can be characterized by the norm of the difference: A = ||U — U’|].

Then for an imprecise sequence of gates (composition of operations),
Ug...U Uy — Up...U3U;, wecanshow A <) A;

The proof is step-by-step, using triangle inequality and norm-preservation by a unitary
U, Url) — UxUtl) = (UUg 9y — U Uy [§) + (UzUs ) — U U [§)) =

= (Uz—U)U|¢) — U (U — UD )
Therefore  ||U,Uy — UpUL |l < ||U, — Uzl + [|1U; — Uqll

So, we proved that the imprecision A accumulates at most linearly
with the number of gates



Precision of gates (cont.)

We proved that the imprecision A accumulates at most linearly
with the number of gates.

Two more important properties:

For an overall imprecision A, the difference in the probability of obtaining a certain
result for a measurement is less than 2A (simple proof in N-C book, Sec. 4.5.3).

If a 1-qubit or 2-qubit gate U has imprecision A, then the same imprecision
for this gate acting on many-qubit state (i.e., gate U ® 1).

Proof (for a 2-qubit gate) A multi-qubit entangled state can always be represented as

|¥) = agol00)|@gp) + @1101)[DPg1) + 10110} P1o) + a11[11)|P14),
where |®;;) are normalized states of other qubits, |agol|* + |@g1|* + lagol? + |a11]* = 1.

A gate U acts only on «;, an imprecise U’ produces a;; i, — a{j instead of a;;in = a;;.
Then [|U — U']l = max |9 — W]l = max ||(apo — %00)100)| Do) +
+(@p1 — @p1) |01} Pgq) + (@19 — @10)[10)|P10) + (@11 — @1 D1 P11)|| =

= max \/(acl)o — p0)? + (a); — ap1)? + (a19 — @19)? + (a1, — a11)?,

which is the same as when this gate acts only on two qubits. QED







Phase estimation algorithm (Kitaev)

Consider a toy problem, which can be used in serious problems
(period finding, etc.)

Suppose we know an eigenstate |u), but do not know

U [—— the corresponding eigenvalue 2Ty

(since U is unitary, absolute value of eigenvalue is 1)

Goal: find ¢
First idea: H I H meas.
|u) U |u) |u) does not change, since eigenstate

0 +11) )C'{f )+ 11 e?me, - H (0)+11) +(10) — [1) e
\/E u 7 \/E u > >

1 4+ e27ip 1 — g2y Measure many times, find probabilities
=0 ———+I)— lu)  p(0)andp(1)

p(0) —p(1) = cos(2re)

ju) =




Phase estimation algorithm (cont.)

|u)

Now add S-gate

Il T

— H

)

I =

S

meas.

u)

!

S»

U

meas.

p(0) —p(1) = cos(2re)

p(0) — p(1) = —sin(27g)

Measuring many times, we can find @ accurately, but this is not fast (to find n bits of ¢,
we need ~ 22™ measurements)

Main idea: use c-U?, c-U*, c-U8, etc. to find ¢ bit-by-bit (Kitaev)

Even better to use (inverse) QFT after that



Phase estimation algorithm (cont.)

|O> H ® i)

n Z

bItS_‘ c e QFT™1 g

10y —H —t- = QFT? =

Q)

10) —{H T =
vy — v FHu? U2 )

State of the input register after c-U* gates:

1 2mi2n~1 2mi2"~? 21
T (10) + 220N 0) + 2T L (10) + 2701)) S
1 2"-1

= — e 2Py |y) This is just Fourier transform of 2™¢
V2" y=0

So, apply inverse QFT to get 2" ¢

Exact result if ¢ has n-bit representation 0.¢0,,_10n_> ... Qg

. . upper
If 2@ is not integer, then some errors.  OWe' PP

Result: to find m bits of ¢ with probability 1 — ¢, we need n = m + log(2 + 2—18) qubits



Phase estimation algorithm (cont.)

—

0 =

" 10) —H t =

bits | e QFT! E

0 —7 r =t 2

(9]

10y —H T &
|u) UEHU*E= - —u2" = |u)

Relation to period finding f(x) = a* (mod N)
Define U as multiplication by a (mod N): Uly) = |ay (mod N)).  (unitary because

~ a is coprime with N)
Then U" = 1 for the period r, which we want to find.

Therefore eigenvalues of U are 2™ J/T for integer j.
So, finding the phase, we learn j /1 (as in Shor’s algorithm)

Therefore, phase estimation algorithms can be used for factoring integers.

It seems that for this algorithm we need to prepare an eigenstate |u). However, any state
is a linear combination of eigenstates, so it does not matter (the algorithm will randomly
find one of eigenstates of U). Natural to start with |1) (we need to avoid |0)).

If output register starts with |00..01), then after c-U¥ gates: \/%ZDZ;_OHX)UC(X))
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