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Preface

This book presents a table of integrals related to the error function, including
indefinite and improper definite integrals. Since many tables of integrals have been
published previously and, moreover, computers are widely used nowadays to find
integrals numerically and analytically, a natural question is why such a new table
would be useful. There are at least three reasons for that. First, to the best of our
knowledge, this is the first book (except Russian versions of essentially the same
book), which presents a comprehensive collection of integrals related to the error
function. Most of the formulas in this book have not been presented in other tables of
integrals or have been presented only for some special cases of parameters or for
integration only along the real axis of the complex plane. Second, many of the integrals
presented here cannot be obtained using a computer (except via an approximate
numerical integration). Third, for improper integrals, this book emphasizes the
necessary and sufficient conditions for the validity of the presented formulas, including
the trajectory for going to infinity on the complex plane; such conditions are usually
not given in computer-assisted analytical integration and often not presented in the
previously published tables of integrals.

We hope that this book will be useful to researchers whose work involves the
error function (e.g., via probability integrals in communication theory). It can also be
useful to a broader audience.

Alexander N. Korotkov and Nikolai E. Korotkov
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NOTATIONS and DEFINITIONS

0

erf (0) = 2 j exp(—z?)dz is the error function (probability integral).
Jn g
5 0

erfi(0) = T j exp(z?)dz=—ierf(i0) isthe imaginary error function.
T

m, n, k, I, r, g are nonnegative integers (0, 1, 2, ...).

a, b, ¢ are real numbers.

o, B, v, 1, v, 6 are complex numbers (can be real as well).
x is a real integration variable.

z is a complex integration variable (can be real as well).

i is the imaginary unit.

nand e have their usual meaning.

Re6 and Imo are real and imaginary parts of 6, 6 =Re0+ilm®@.

0 =ReO—iIm0 isthe complex conjugate of 6.

|6|=VRe26+1Im2 6 is the absolute value of 0.

arg is the argument of a complex number 0, —z <argf < .

o« s the infinity symbol used on the complex plane.

—oo and +oo are the infinity symbols for real numbers (or the real axis).

0 — oo(T) means 0 goes to infinity on the complex plane along trajectory T .

n
> 0 denotes summation; equals 0 if n<m.
k=m

m! is the factorial of m (with usual convention 0!=1!=1).

E(c) is the integer part (floor function) of a real number c.
©(Ty)
j ¢@(z)dz isan improper integral on the complex plane with trajectories
o (Ty)
T1 and T2 both going to infinity.

In6=1In|6|+iarg6 is the principal value of natural logarithm.

arctan 0 = arctg0 = atan 0 = Zi In ﬂ is the principal value of inverse tangent.
|

1-i6



INTRODUCTION

Formulas in this book are numbered by part, section, subsection, and formula
number. When a formula is too long, it is written in terms of abbreviated expressions,
which are listed at the ends of sections.

Most of the presented formulas assume complex parameters and integration on
the complex plane. However, the formulas which use letters a, b, x are valid only for
real values of the corresponding variables (see the list of notations). In particular,

integrals I f (x)dx assume integration only over the real axis.

The symbol “ oo™ denotes infinity on the complex plane, while for the real axis we
use notations “+oo” (positive infinity) or “—oo” (negative infinity). For improper

integrals on the complex plane of the type Iw f(z)dz (usually x=0), the conditions
u

for how the trajectory approaches infinity are listed after the formula. When both

. . . . . - . w(Tz) .
complex limits of integration are infinite, we use notation f f(z)dz and list

o (Ty)
conditions of approaching infinity for both trajectories T, and T,. Note that since the

integrands considered in this book are analytic functions, the results of integration do
not depend on the integration contours; it is only important how these trajectories
approach infinity.

The validity conditions for formulas are listed in curly brackets after them. For
improper integrals, we also include in the curly brackets the conditions for approaching
infinity, which are necessary and sufficient for the integral convergence.

Most integrals with complex parameters presented in this book can also be used
for real values of these parameters. However, conversion of the formulas to this case is
not always simple. This is why we also present integrals with real parameters (as the
most practically interesting case) for convenience.

The square root Vo in formulas is defined with a positive real part (or positive
imaginary part if the real part is zero), as consistent with our convention
—7 <argh < . When the left-hand side of a formula contains 6° but does not contain

0, we assume 9:\/6_2.
Multiple double-sign notations = or F (in formulas and validity conditions)
assume that either all upper signs or all lower signs are used.

Part 1 of this book contains indefinite integrals, Part 2 contains definite (mainly
improper) integrals. Appendix contains some formulas with relations between
integrals, which can be used to obtain integrals not presented in this book.

Definite integrals with finite limits are presented in the Part 2 only in the case
when there are no corresponding indefinite integrals. Improper integrals are presented
independently of whether the corresponding indefinite integrals are presented or not.



Most of improper integrals have the form j: f(z)dz ; however, some integrals have

o (Ty)

the form J'OO f(2)dz. The integrals | o
u “th

presented only when we are unable to obtain corresponding improper integrals with

f(z)dz with two infinite complex limits are

one infinite limit of integration. If an integral rw f (z)dz with two real infinite limits

exists, it is presented (except for odd functions).
If from an integral containing the function erf it is easy to obtain the
corresponding integral containing the function erfi (using the first two formulas in

Appendix), then we present only the integral with erf . However, if such a conversion
is not easy (and in some other cases), we also present the integral with erfi.

The formulas in this book contain the error function erf(6) and the imaginary
error function erfi(0) defined as
2
Jn

We do not use notation of the complementary error function erfc(0) =1—erf(0).

0 0
erf(@):%jexp(—zz)dz, erfi(0) = —— [exp(z?) dz.
0 0

Let us briefly discuss some properties of the functions erf (6) and erfi(0).

1. These functions are related to each other as
erfi(0) =—ierf(i0), erf(0)=—ierfi(i0).

2. Both functions are odd,
erf (—0) = —erf(0), erfi(-0) = —erfi(0).

Obviously, erf (0) =erfi(0)=0.

3. For complex conjugate arguments, these functions are also conjugate,

erf (0) = erf(0), erfi(0) = erfi().

4. For a real 0, both erf(0) and erfi(0) are real and have the same sign as 6.
For an imaginary 0, both erf(6) and erfi(0) are imaginary, and their imaginary parts
have the same sign as the imaginary part of 6.

5. For |6|>1 (in practice, for at least \e\>3) the error function erf(6) can be

approximated by using a few terms in its asymptotic expansion, e.g.,
2
. exp(—0°) 1 3 3-5
erf (0) = sign[Re(0)] - 1- + - ,
Jro 202 (20%)2  (202)3

where sign[Re(0)] is 1 for Re(6) >0 and -1 for Re(0) < 0. The discontinuity of this
approximation at Re(6)=0 is irrelevant because in this case the approximation

becomes applicable only at exponentially large |erf (9)|. The addition of more terms



into this expansion requires larger |9| for accuracy improvement. Numerical

calculations show that the absolute value of error in using the formula above is always
less than three times the absolute value of the first neglected term of the expansion, i.e.,

the term — exp (—02)/(¥/n0) - 3:5-7/(20%)".

As mentioned above, all improper integrals in this book are given with the
necessary and sufficient conditions of their convergence. These conditions have been
obtained using in particular the following properties of erf (0) for 6 — .

The error function erf (6) has a limitat 6 — oo (i.e., converges) if and only if
; 2 .
lim [ Re (6%) +In6] | = +o0;
in this case limerf(0)==1 for lim Re(0) =+
60 6—>c0
For 6 — oo, there is an inequality
+1-—erf(0
% <N for +Re(0)>0,
exp[-Re(6%)]  [0)

where N is some positive number (it is possible to use N =14/r for any 0). Asa

consequence, for trajectories, for which Re(62)+ln|6| ——o or at least

Re(92)+ln|9| remains bounded from above as 6 —oo, there is another similar
inequality:

|erf (0)| 1 N M

5 < ot <17

exp[-Re(6%)] ~ exp[-Re(6*)] [0 (0]

where M is also some positive number (which depends on the trajectory).

The asymptotic properties of the error function erf(0) at 6 — oo and their use to
find the necessary and sufficient conditions for convergence of the improper integrals
presented in this book, are discussed in detail in our Russian-language book:

Koporkoe H.E., KoporkoB A.H, MWuterpansl, CBs3aHHbIE C HHTETPaJoM
BeposaTHocTed. Ilox pen. B.M. bopucoBa. — Boponex: uszn. OAO «KonuepH
«Cossesauer, 2012. — 276 c¢. — ISBN 978-5-900777-18-4.

The methods to derive and check the presented integrals are described in another book,
also published in Russia:

Kopotkos H.E., UHTerpans s npuioxkeHnid nHTerpaia sepostHocted. Ilox pen.
B.U. Bopucosa. — Boponex: uzg. ®I'YII «BHUUCy, 2002. — 800 c. — ISBN 5-
900777-10-3.



PART 1
INDEFINITE INTEGRALS

1.1. Integrals of the form Iz” exp[;(az+[3)2} dz
1.1.1.

1. jexp[—(ocz+B)2]dz:gerf(azﬂﬁ).

2. jexp[(azﬂ?ﬂ)z ]dz =2—\/§erfi(az+[3).

1.1.2.

1. J‘zexp[—(azﬁtﬁ)z} dz:—%{exp[ —(az+p) J + Jn Berf( az+B)}

200
2. J'zexp[az+[3 ]a’z—2 {exp[(azﬂ% ]\/_Berfl(azﬂ%)}

1.1.3.

1. .[zzexp[—(oczﬂ})z] dz =
L{ (B- az)exp[ (az+B)> ] ﬂ2[232—+1)erf(ocz+[3)}.

Ve (2p? -
¥erfi (ocZ+[3)}.

-

= 3{(azﬁ)exp[(az+ﬁ)1 +

1.14.
E(n/2) nl (_B)n—Zk

) e
L IZ exp[—(a2+ﬁ)2]d222a - erf (z+P) kgo 2K (n— 2k)!




Nl exp[_(a2+B)2] |:E(%€2) n!(_B)n—Zk i |!((XZ+B)2I_1

ko1 kI(n—2k)! ] 4k—|(2|)!

)

n-E(n/2) n!(k—l)!(—B)MLZK K ((XZ+B)2|2]
o (k=LY (n+1-2k)iE (-1 |

9 jzzm exp (_azzz)dzz(Zn:T:)! {\/Eerf(az)_ exp (_a222)§: k1 72k } |

(Za)2m+1 o 1 (2k)!(2a)2m+1_2k
3. J'zzm”exp(—oczzz)dz:— L!exp( )% 2 .
2(12 k=0 (a )m o \m=k

E(n/2) nl(_B)n_Zk

N !
oM erfl{az+F) kgo (- 4)<k1(n-2k)! '

4. 2" exp[(ocz+[3)2] dz =

E(n/2) nipn-2k

le(azﬂ})z'_

(D" olia
+2a exp[( z+l3) ][ S kN(n=2k)! (- 4)k I(2I)|

_n—E(n/2) n!(k—l)!Bn+l_2k K (OLZ+[3)2I_2
] (2k—1)!(n+1—2k)l|zi( ) (|_1)!]'

—exp(azzz)

5, jZZmeXp(a . )dz_(Zm)! [\/Eerfi(az)

| 20(-4a2)"

6.jzzm+1exp( 2 2)dz=m—exp( 2 2)% z



1.2. Integrals of the form [z" exp( Fa’z? +Bz+ y) dz

1.2.1.
Vr [ B B
1. [exp(-a?z? z dz = —exp| — erf[ z——j.
| pl-a?z2 +pz+y) 20 % 2 az-o-
Jr B% ) .. B
2. |e 242 dz=——-oc¢ ——F0 |erf ( —j
_[Xp(oc z +Bz+y) z=—exp| 12 | oz+ -
1.2.2.
2
1.J'zexp(—oczzz+Bz+y)dz:\EBexp P +y erf(az_ij_
4(13 4a2 20
1 2.2
———expl-a“z°+Bz+7]/.
20,2 ( )
1 2.2 Jnp B
2. | zexp a222+BZ+y dz=——expla“z°+Pz+y)-——exp| y———= |x
J ( ) 202 ( ) 4o 402
x erfi [az+£).
20,
1.2.3.
2 , a2 2
1.jz2exp(—a222+Bz+y)dz=\/;(2a P )exp B +v erf(az—ﬂj—
80.° 4o.° 2a.
2
—Mexp(—a222+ﬁz+y).
40
2 5.2 2
2. fzzexp(a222+BZ+y)dZ=\/;(B 20 )exp y—B— erfi(az+£j+
8a° 4q.2 20,
2
+Mexp(a222+ﬁz+y).
40t
1.2.4.
n 2.2 An p’ B
1|z exp(—a z +Bz+y) dz_zmotexp{‘m2 +yjerf(az—£]x



E(n/2) n-2k (n/2) n-2k
x Y P k—iexp(—a222+ﬁz+y) > ”p
k=0 K1 (n-2k)! (a )n— 27 =] /(.(/7—2/()!

kN (20(22_ B)ZH n-En2)  p (k—1)! B ml-2k  k 4k_/(2a22— l3)2/—2
X + '
=) (2/)!(a2)n—k+/ o k-D'(n+1-2k" o (/_1)!(a2)n—k+/

2
2.fz”exp(a222+Bz+y) dz = Jn exp[y—ﬁ—z]erfi(az+£Jx

2" a 4o, 20,

o) gk . E(n/2) ek
o _ +—nexp(0c222 +Bz+y){ > mx
= k!(n—Zk)!(—(Xz) 2 k=1 K !

Zﬁ:"(m ) (_ n!(k-1)1p" 12K zk:4k|(2a22+[3)2|2}

(2I)( )n k+l i (2k=1)I(n+1-2k)! 1] 1)|( )n k+l

1.3. Integrals of the form Ierf” (az+PB) exp[ —(az +B)2} dz

1.3.1. [erf(az+B) EXP[ ~(az +B)z} dz :%

132. [erf?(az +B)exp[—(az +[3)2} dz :Gﬂerf3 (0z+B).
[0

Jn
(2n+2)0c

erf? (az+).

erf " (az +B).

1.33. ferf" (az+B)exp[—(az+B)2J dz =

1.4. Integrals of the form _[z” erf(az+ﬁ)exp[—(az+ﬁ)2} dz

14.1. [zerf(az+B) exp[—(azﬂ%)z} dz:ﬁ{ﬁerf[ﬁ(azﬂﬂ]—



—\/EBerfz(ocz+[3)}—#erf(az+ﬁ)exp[—(az+ﬁ)2}.

1.4.2. jzz erf(az+B)exp[—(az+B)z} dZ:BZ_(;Z erf(az+B)exp[—(az+B)z}+
jtﬂ;j:—Jrl)erfz(ocz+[3)—\/E erf[\/_(ocz+B)] 4\/_@

xexp[—Z(az +B)2] :
1.4.3.

1. jz”erf(ocz+[3)exp[—(ocz+[3)2]dz=4;/E+1 erf? (az+p)x

E(n/2) n'(—B)n_Zk nl E(n/2) (—B)H_ZK

X . . H f )
= a2k o™ Z 4% K1 (n - 2K)! {er (o2 +P)

k-1 4//|(OLZ+B)2/+1 )
21+ 1)l

(2/+1)!

exp[ 2(a z+[3) ] Z

xexp[ (wz+B) 2]

I+r 2r ~E(nf2) (1)1 (_p\H+1-2k
XZIZZ (o z+P) }+2n,!7+1 EZZ (k-1)1(=B) {1

T Z k1) (n+1-24) |v2
k=1 2/) Yo z+p)?!
Xerf[\/E(OLZ—f-B)]z —erf(az+B)exp[ (az+P)? ]Z—
——exp[ 2(0LZ+B) ]Z(2|)| |er|(az+B)2r+1}
i2(11)% S0 8! " (2r +1)!
2m (2m)! Jro 2
2. [z erf(az)exp( )dz_ . {(4@2)%4 erf? (o z)-
_ K17 2k+1
—erf(az)exp > - exp(—20c222 x
e )k=0(2k+1)l(4a 2" "k 2Vna )
m-1 (k' )2 22/
B2 ek (z(xz)"”}



3.I22m+lerf(az)exp(—a222)dz— m! 1 (\/Eaz)g (2k)r

0 2M+2 E gk (k! )2
_ a a (OC Z)zk 2 2 2 (Zk)l
erf ( z)exp( 27 )kzo o exp( 20 )kzl(kl )2
1 OLZ)2/+1
Z(:) k1(27+1)1

1.5. Integrals of the form [z"erf (az+B)exp (Byz+y) dz

15.1. [erf(az+p)exp(Byz+v) dz :Bi{erf (az+B)exp(Prz+y)-
1

2
- exp[mﬂ(}erf(a Z+B—B—lj:| .
402 20,

Blzz_lerf(az +B)exp(Bz+v)+

1
L, BB deBR (aeep-Bo)s L,
+[[312+0Cl31 20LZJexp{ 102 Jerf azZ+p . \/Eotﬁl

><exp[—(ocz+B)2 +Blz+y] :

152, [zerf(az+B)exp(Bz+y) dz=

Zk

1 k ok!(—ﬁl)n_k i

2_
—exp[%w}erf(azﬂ&—ﬁ—l)z 1
4

1.5.3. jz” erf (a.z+B)exp (Byz+y) dz E—!{erf(auﬁ) exp (Byz+7) zn:

a 20‘k02(l31)nk

FE) (By-20 )

1
/20 n(k-20a )k_/+\/_

e

)Zr—l

exp[ (a z+B)2 +B 2+ y] Z

2

=1 (k=21 3 (2r)!(a2)k_l+r

{E(k/Z)(Bl —2ap)k2 r!(20c22+20tl3—[31

10



J’_

k—E(k/2)(| ~1)1( By —2a[3)k+1_2| ZI: 4l (2a22 2P Py )2r—2
=] 2l-)r(k+1-210 T (r—l)!((xz)k_l+r '

1.6. Integrals of the form [z°™'erf (a.z+p) exp( Fa’z® + y) dz

1.6.1.

1. jzerf(az+B)exp( a’z +y)d : exp y—ﬁ]erf(ﬁauij—
2J2 0 2 V2

—Lerf(onzﬂ})exp(—oczz2 +y).
20,2

exp(y) erf (\/Eoc z)
202 \/E

2. fzerf(ocz)exp(—oczz2 +y) dz=

~erf (o z)exp(azzz)] .

Lz{erf (az +B)exp(a222 +y)+

3. [zerf 22% +y) dz=
[zer (ocZ+B)eXp(oc z +y) z -

+ \/%B exp(y—B2 —ZaBz)} .

eXF;( ){%erf(az)exp(azzz) ﬁ}

2.2 _
4. jzerf(ocz)exp(oc z +y) dz = »

1.6.2.

|
1. jzzm“ erf(ocz+[3)exp(—oc222 +y)dz =—m7'erf(ocz+[3)exp(—a222 +y)><

o2 m (k) [ 1 82 ;
xkz::O k!(az)m+l_k + 2(a2)m+1 kZ::() K {EEXP[Y—7] erf(ﬁaz+ﬁjx

k BZk—ZI k BZk 21

X 1 _p2 _ _ «
Eozz“'l!(zk—zl)! ' «/FeXp(y P ~20pz-20% )Z(Zk 21)!

XZ':(2a2+B)2r_2{ (1-1)1B r!(2az+B):|}.
22k—|+r

r=1

(2k+1-21) (21-D1(r=1)!  41-" [1(2r)1

11



1 m
2. J' sz+1erf(aZ)exp(_(X,222 +y)dz :M Zix
(az)m+1 k=0 k!

y (2k)! erf(ﬁaz)_exp(—Zazzz)i 8'11(az)?? ~
8k k! V8 adn 3 ()

(@)

erf (a.z)exp (—azzz)}.

3.J'z2m+l erf (az+p)exp (oczz2 +y) dz =

200

| m
m_'z{erf ( az+B)exp(a222 +y)z _—+
k=0 k1

+exp(y—|32 —2a5z)§: (2k)r 2K 7!
Jrp k=0 k!(_az)m—k 1=0 | !(ZOLB)ZK_I '

m!exp (y) g 22k

¢ k=0 k!(—az)m_k

y erf(az) 0272 z
{ 20 oxp a?2°) (2k+1)\/ﬂ'

a.[ 2™ erf (a.z)exp ( a?z? +y) dz =

2m+1l

1.7. Integrals of the form [z erf (o.z+pB)exp (a122 + y) az

1.7.1.

1. _[z erf (az+B)exp(a122 +y) dz =2L{erf (az+B)exp(a122 +y)—
ag

2
—ocexp[ (:1[3 +y]V(B)}
a” —ay

aexp(y)
204

f
2. [zerf (az)exp(a122 +y) dz =2 (2)

v (0)

20 exp(oclz2 +y)—

{ o, #a’}

12



1.7.2.

| m
L fzzm” erf(az+B)exp(alzZ +y) dz =m—2'erf(az+B)exp(a122 +y)z
k=0 kla

S I W

2 {Ski( oy )" o’ —ay

_1)m k 2k

m+1-k
1

k 2k-2l
x> (@p) T +iexp[—(ocz+[3)2 +oq22 +y]x
|=04|I!(2k—2l)!(oc2—(x1) Jr

ko (1)1 (ap)2et?l L (az oclz+oc[3) =2 g (ap)2h?
g ,é 21-1)'2k+1-2/) < Z 1 (r-1)! (a —al)Zk ber ,; N2k-21)

Lo (azz— oy Z+ aB)ZH } }

X
) 4/—r(2 ,,)! (az _al)Zk—/+r
-k 2k
Z2mil m! o 1)m i
2. [22™ erf (0z) exp(oy2° +) dz=—~erf (oz) exp (2’ ”)k%w

m'aexp( )i (2k)! 1

V(0)-
k=0( ) (_al)m+1—k 4k (ocz—ocl)k ( )
_exp[(ocl—az)zZ] K 11z21-1

Jr =25 2102 oy )

Introduced notation:

v (B)zéerf [«/az —ay z +?—BJ
Jo© —oy

;erfi{\/alaz z—OL—B

O(.]_—OLZ ocl—(xz

13



1.8. Integrals of the form J'z”erf2 (az)exp ($a222 ) dz

£2
Z)dz _er (0z)

" exp(azzz)—izx
o

18.1. [zerf? (az) exp(oczz
{03

erf (az).

xexp(—azzz)— \/2_2
Ta

Jrerf? (az) erf (\/5(12) erf (az)
+ - x
1208 23n0®  2ndd

18.2. [2%erf? (az) exp(—a222 ) dz =

cexpl- 20222 ) %p()
_erfz(az)exp(_azzz)g (2k+k1;:(zk:) Tl : (z(t?lz)' .
ﬁf—ifmii)ﬁ J2m- k(f:; 10? erf(az)expl- 202" )x
< e | eI e b

/ /" 2r-1
X 1 .
. _ ml-r
r=1 22m—k+/2r3/+1r(2,.)!(a2)

2
1.8.4.Izzm+1erf2(ocz)exp(azzz)d2=erf2;g )eXp(Ot z )%‘ -

_ig(—l)m_km! 2k+lerf(az)+exp( a2z 2)z 22!
\/;k:() 2k +1 K1 2M+l- 2k Jr 120 | (az)mﬂ—l

14



1.9. Integrals of the form j'z” erf (az + B) dz

1.9.1. [erf (az+B) dz:[z+gjerf(az+ﬁ)+\; exp[—(az+[3)2]

o
2 2 B
1'9'2'fzerf(“HB)dZ:[Z——ZB +1]erf(o¢z+[3)+ ki ﬁexp[—(auﬁ)z].
2 40° 2vna?
1.93. jz erf (az+B) dz= Z— 25" + 3 erf(ou+[3)+0{222_OLBZJFBZ +1><
3 6o’ 3ol

xexp[—(ocz +B)? ]
1.9.4.

n+l o T aKki(n+1-2k)!

+1 n-E(n/2) _p\n+1-2k
1.jz”erf(az+[3)dz:erf(ocz+[3){zn n! (-B) }r

expl- (02 +p)’ ]F%/z) P Saep)T,

oo (2k+Dt(n-2k)1 % I

n!
+
\/;an+l

n-£E(n/2) (_B)n+172k k/!(OLZ+|3)2Fl
Py T3 |

k=1 bia akl@n
2m+1 1 m Zk
2. (22" erf (o z)dz = = erf (o z)+— " ex
I (a2) 2m+1 (a2) (2m+1)\/; p( )z:: o 2mHl-2k

2m+2
3 E2M o (s et (o g | 2 (2m1) @m+!
.[Z erf (o2) dz =erf( Z){2m+2 (m+1)!(4a2)m+1 +(m+l)!\/Eoc

2.2 m (k+1)122k+1
vl )go (2k+ 2 (402 )"

1.10. Integrals of the form Iz” erf? (az+p) dz

2 erf (az +B)x

1.10.1. [erf? (az+p) dz =(z +EJerf2 (az+PB)+
o

Jra
xexp[—(az +B)? ]— j;a erf [\/E(ocz +B)].

15



22 2B% +1
1.10.2. [zerf?(az+B) dz=[7_i_2
(04

]erfz(az+[3)+j%;l§ erf (az+p)x

exp[— 2(az + [3)2 ]

xexp[ (az+PB)? ] ZB eff[\/_(OCZJrﬁ)]

3 3 ~
1.10.3. 2% erf? (az+B) dz= Z 2B +3p erfz(ocz+ﬁ)+(lZ 2B
3 60 3no

a?z? —OLBZ-I—B +

WP )eXp[— ((XZ"‘ﬁ)Z ]el’f(az+B)_

—Merf [\/E((xz + [3)].

12\/;(13

xexp[— 2(az+B)2] 2(

1.10.4.
n+l n-E(n/2) (_p\n+l-2k
L [2"erf 2(az+p)dz =erf 2(ocz+[3){Z L (=B) .

N+l oM o akkr(n+1-2k)

n! E(n/2) k!(_B)n—Zk
+
Jra™ (T (2k+1)1(n-2k)!

{Zerf(az +B)exp[—(ocz +B)? ]x

xiw—ﬁerf[ﬁ(azﬂn]i +iexp[ 2(az +B)? ]x
o I -0 Jn

k@n & r!(ocz+[3)2”1} o EWR)(_pymi2k

X
E(/!)2 8 2r+1)t | AJra™ & K(n+1-2k)

X o —(o 2 k (l_l)!(aZ+B)2I_l
{erf( z+B)eXp[ (az+B) ]El 451 (21 -1)! +
(11)2 (az+p)*"
+Texp[ 2((XZ+B) ]Z(2|+1)| Z 22k—|—r [l }
2 [22Merf2( Z)dz—22m+lerf2( z)+ m! 2erf (az)x
J_ o — ST o (2m+1)\/;(12m+1 o

cexpl- a2 )Zmz_zk ﬁerf(ﬁaz)é sk(it!)!)fzj?x

exol- 26 (2k)! X (I—l)!(az)2|_1]
exp( 2027 )kzl(k|)2 2T o |

16



2m+2 1
3. j22m+l erf 2 (az)dz = erf 2 (0z) ; 5~ (2m+1)! — |+
M2 (mra)(40?)

(2m+1)!
(m+1)1Vra?M*t

g k! (az)?¥

zerf(az)expl- a?z? _
{ | )k 04M K (2K +1)!

+

C00242)3 (k1) & (0z)*
zJEanp( pott )2%(2k+1ﬂ 2%22m_k4|!}'

1.11. Integrals of the form J'sz erf (az)erf (a,z) dz

1.11.1.

1

1. J'erf(ocz)erf(alz) dz=zerf(az)erf(alz)+T[ 2.2

exp(—oc1 z )+

T

2

2
erf (a2 a” +a
+¥exp(—a222)——lerf( o? +a12 z) .
o 1o %]

X

2. J'erf (ouz)erfi(oz)dz = zerf (az)erfi(az)+
TTOo

x[erfi (o z)exp(—oczzz)—erf (o z)exp(oczz2 )}

1.11.2.
3
1. jzzerf(az)erf(alz)dz=Z—erf(az)erf(alz)+ x
3 T oLoL]
2,2 a?z% +1
2 2)2], 1 |42+l 2.2
xexpl-(a +af Jz° [+ erf (az)expl-afz® |+ X
[( 1) ] 3\/;|: OLJS_ ( 1 ) OLS

x erf (oclz)exp(— o? 7 )—

2a4+2cx4+ oo 2
1 (a0) erf( 2 22)].

— 5 a +o;
2o +a; (oo )

3
. . 1
2. (2% erf(az)erfi(oz dZ=—Z erf(az)erfi(oz)+ x

X|:(i2+ 2° Jerfi (az)exp(—a222)+(ai2— 2° jerf (az)x

a

17



xexp(azzz)—f,—z:l.
T

1.11.3.

2m+1 1 m ml
erf(az)erf(og2)+———— —x
m+1 (2m+1)Wn kgo k!

1. jzzm erf (o.z)erf (02)dz = 22

|
sz{ erf (az) exp (_Otzzz)Jr erf (ay2) oxp (_azzz)]_ (2k)! s
4k

2m+1-2k 1 2m+1-2k
0 a ((xz +0L12)
o o erf(\/az +a12 Z)
1 2.2 2.2
X ——exp(—oc ™ -0, )><
2m+1-2k 2m+1-2k 1
o] a a’ +0c12 Jr
R
k4//!(a2+af) 72
X
- (2/)!

{a?+a? #0form>0}.

m!

+—ﬁax

+(—1)mHik erf(cxz)exp((xzz2 )+

2. [2M erf (auz)erfi(ouz)dz = {erf(oc z)erfi(az)z?™

2m+1

22K [(—1)“"k -1 2az

m
szzlo k!(az)m—k 2k +1 Jr

Jrerfi((xz)exp(—oczz2 )} }

1.12. Integrals of the form [z°™* erf® (az) dz

2 3 f2
1.12.1. [zerf® (az) dz =(Z7—4L2Jerf3(az)+%(az)exp(—azzz)+
o Ta
N 3erf(az) exp (_ 2022 )_ J3erf («/§ocz) .
2m0. 2mo
T yes

18



1.12.2. _[22””1 erf? (az)

{Berf (a z)exp

x{3erf

dz—erf az

+
2m+2 (m+1)! 4a2)m+1 (m+1)!\/;

i 7 2 k+1 2

{ 72m+2 (2m+1)! (2m+1)t
2)3

PN

/(:0 (2k+1)(20)2 ™1 2k k:o(2k+1)'

ZZI

(az)exp(—Zazzz)Zk: -
|=

0 9 2m+1—Kk-I |, (az )m+1—'

22m+l—k+/3/(/!)2 TO

et & }rexp( 3022
- 2

)™

<>

(k2 & (210 L n 21

k=1

(2k+1)! 13 (m)? r:122m—k+/—2f3/—r(2r)!(a2)IH+1—/’

2,2

1.13. Integrals of the forms [z" sin™ (a 2° +Bz+ y) dz,

Iz” cos™ (

1.13.1.

1. jsm(azx2 +hx+y

J'z smhm(a z +Bz+y)dz,

a’z? +Bz+y)dz, J'z” cosh™ (a222 +Bz+y)d

}.

)d %{ {sin[y—%}cos [y—%ﬂ Re erf{\é(aw%)}

{ol- e o el 2]

2. jsm(oc z +Bz+y)dz—%{(Hiﬁxp[i[%—yj]x

xerf [%(az +%H+(1— i)exp{i {y—%} }erf {%(az +%ﬂ}

3. jsinh(oczz2 +Bz+

Jn B2 ) .. B
Y) dz =4—:[6Xp[y oz erfl(oc z +£j -

(0

}.
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2
—exp[%—y]erf (oc z +%) } .
1.13.2.

1 J'cos(azx2 +bx+y)dx: E{{cos[y—%}—sin(y—%ﬂx
<Reert {%(ax%szm[y_f; J+Cos£y_4b;2 H.mm {%ﬂ(ax%ﬂ }
2. Icos(ofz2 +ﬂz+7/) dz :SEZ{(1—i)exp{i(f0;2 —yﬂerf {%(az +£H+

+<1+i)ex{i(y_ﬁx—iﬂerf[l_g(az%ﬂ}.

2
3. jcosh (a222 +Bz +y)dz :ﬁ!exp(y—ﬁ—z}rfi(az +£J+
o

4o, 20
2
+exp{B——yJerf [az +£ﬂ .
4o® 20

I 2
1. jx” sin(azx2 +bx+y) dx =i{sin[y—b—J ReV1(13) (n,1,a,b,x) -
2" 422

1.13.3.
b2 (13) (2.2 (13)
—Cos| Y ——— ImV; (n,1,a,b,x)—sinla“x +bx+y ReV, (n,1,a,b,x)+
4a
+cos(a2x2 +bx+y)|mV2(13) (n,l,a,b,x)].

2
2. jz” sin(oczz2 +Bz+ y)dz = 2:;1 i{exp[i (4[17_},}]\/1(13) n%0,B,2)—

2
—exp{i(y —Aﬁ?J } V1(13)(n,—1,0c,[3, Z)+ exp[i (a222 +pBz+ y)}x

V13 (n,~1,0,8,72) - exp[—i(mzz2 +Bz+ Y)} Vi (n1,0.B, Z)} -

20



n+1 o

2
3. [z"sinh (a222 +Bz +y)dz __n [exp(y_p’_z] V?fl3)(n,l,B)+
2 4

2
NP1 -V -1 B"exp(f_nyVSm) P ] |
o

1.13.4.
n 2,2 nt| . b2 (13)
1.jx cos(a X +bx+y)dx=— sin| y—— | Im V; (n,1,a,b,x)+
2N 4a?
2
+cos[y— b JReVl(ls)(n,l,a,b,x)—sin(a2x2+bx+y)ImV2(13)(n,1,a,b,x)—

4a’

—cos(azx2 +bx+y)ReV2(13) (n,l,a,b,x)]

2
2.jz”cos(a222+Bz+y)dz: il {exp{i(ﬁ—z—yﬂvfm(n,l,cx,B,z)+

2n+1 do

2
+9XP{{Y—B—2J }Vl(m) (n,-1,a,B, z)—exp[i(oczz2 + Pz +y)]V2(13) (n,-1,a,p,2) -
4q,

—exp [—i(oczz2 +Bz+y)]V2(13) (n,1,a,pB, z)}.

2
3. J'z“cosh (a2%+pz+y)dz= 2?;1 {exp(y —%“Zjv;”)(n,l, B)+

4o

VB (n,1, B)+V, 2 (n, -1, ,B)+exp( s —y]V;“"(n,l, B }

1.13.5.

1 n+1 | | m _ k
1. jx”sinzm(a2x2+bx+y) dx = 21X 5+ n.(fn;). (1)
4™(n+1)(mn=  2"HEM T (m=K)(m +k)!

b2 13 b2
x<sin| 2k -—— ImVl( )(n,2k,a,b,x)+cos 2k T—— | ¥
4a 4a

«ReV; (n, 2k a,b, x) —sin[Zk(azxz +bx+ y)} ImV{3 (n,2k,a,b, x) -

21



22

—cos,[zk(azx2 +bx+7) }Revz(lg)(n,Zk,a,b,x) .

ni(2m+1)! M (-1)k

)

pne2m = (m—k)l(m+1+k)!

2 2
x{sin{(Zk +1)[y—b—2ﬂ ReV,"¥ (n, 2k +1,a,b, x) —co{(Zk +1)£y—b—2Hx
4a 4a

xImV® (n, 2k +1,a,b, X) - sin[(2k +1)(ax? +bx+y)]ReVS (n, 2k +1,a,b, X) +

2. [x" sin2m+1(azx2 +bx+y)dx:

+cos[(2k +1)(@%x? +bx+7)] IMVI) (n,2k +1,a,b, x)} :

(2m)1z"+t L niem 2 (-1)k §
4™ (n+1)(mH2  2"+2m T (m=k)(m+k)!

p? 13 B
x4 exp 2ki£—2—yJ V1( ) (n, 2k, ., B, 2) + exp 2ki[y— 2} x
4o, 4o

V(l?’)(n -2k, a,B,2) - exp[Zkl(a z +Bz+y)} V2(13)(n,—2k,oc,[3,z)—

3. jz”sinzm(mzz2 +Bz+y)dz:

—exp[—Zk i (a222 +Bz+ y) } V2(13) (n, 2k, a, B, z)} .

ni2m+ 1) i (1K )
pnHlezm  —m k)M + 1+ k)

x{exp[ (2k +1)[4 ]]V(B)(n 2k +1,0,B,2) - exp{ (2k +1)(y—%}] X

><V1(13)(n,—2k—1,oc,[3,z)+exp[| 2k+1 oc 2; +Bz+y)}v(l3)(n 2k-1,0,B,2) -

4.jz”sin2m+l( 2 +Bz+y)

—exp |2k+1 a 27 +Bz+y)}v(13)(n 2k+1aBz)}

(2m)y1z"t . ni2m)!
(=)™ (n+1)(m"? 2”+2m

5. [2" smhzm(oc z +Bz+y)d



m _ m—k 2
2 Tl {exp My _f?j }Va(“’ (n2k8) +V [ (0, 2k, B) +

2
w9 (n,—2k,[3)+exp{2k(4ﬁ—2—YJ]Véls)(n,Zk,B)}-
o

ni(2m+1)! g (-1)mk .
pn+lezm S (m—k)I(m+1+k)!

6. jz”sinh2m+1(oc222 +Bz+y) dz=
p? (13) (13)
x4exp| (2k +1) Y=—— | | V3~ (n,2k+1B) +V~7 (n,2k +1,B) —
40,

2
—V4(13)(n,—2k—LB)—eXP[(Zk +1)[4B—2—YH Vi (n,2k+1B) }
(08

1.13.6.

(2m)ix"+1 ni(2m)!

4™ (n+1)(mn?  2n7I2m

b2 b2
x<sin| 2k -—— ImV1(13)(n,2k,a,b,x)+cos 2k —— ||
4a da

xReVl(ls)(n,2k,a,b,x)—sin [Zk(azx2 +bx+y) ] Imvz(lg) (n,2k,a,b,x) -

1 X
“(M—K)!(m+k)!

M=

L [x" cos?™ (azx2 +bx+y)dx:

—cos [Zk(azx2 +bx+y) JReVz(lg)(n,Zk,a,b,x)}

n(2m+1)! i 1
X
gn+zm - H(m—k)I(m+1+k)!

2 2
x{sin {(Zk +1)(y—b—2] } ImVl(13) (n,2k +1,a,b, x) + cos {(Zk +1) {y—b—zj } x
4a 4a

«ReV,%3) (n, 2k +1,8,b, x) —sin [(Zk +1) (a2 +bx+y) ] ImV{ (n,2k +1,a,b, X) -

2. [x" coszmﬂ(azx2 +bx+y)dx=

—COoS [(Zk +1) (azx2 +bx+y) J Revz(l?’)(n,Zk +1,a,b,x) }

1 n+1 | |
3. [2" coszm(a222+Bz+y) 4z = (2m)!z . +n.(2;n).><
4™(n+D(mys  2nrem

23



2 1 (g2
Xém {ex'o [2‘“ (ﬁjﬂ} ]Vf“’ (n, 2K, 0, B, 2) +

2
+exp [2ki( B ] ] V(l3)(n 2k, a,B,2) - exp[Zkl (a z +Bz+y) J
42

><\/2(13)(rl 2k, a,B,2) - exp[ 2k|(a z +Bz+y)}vz(13)(n,2k,oc,[3,z)}.

ni(2m+1)! % 1
2n+1+2m k=0 (m- k)l(m+1+k)|

2 2
x{exp{i(Zk +1){B—2—YJ }Vl(le’)(n,Zk +1,0,B,2) +€xp {i(Zk +1) [y_ﬁ_zﬂx
4o, 4o

V1 (n,— 2k -1, 01,B,7) — exp [ (2k+1) (a?2? +p2 +y”V2(13)(n,—2k “10,B,2) -

4. [2" 0052””1((1222 +Bz+y)dz=

—exp [—i(Zk +1) (a222 +Bz +y)}v2(13) (n, 2k +1,0,B, z)}.

(2m)tz" . n'(2m)'Z 1

5.1 z"cosh®™ (2% + Bz dz =
J (2" + f2+7) (DM’ 2" & (mok)m+K)!

2
x{exp {Zk(y—B—ZJ} V) (n,2k,B) +V 1) (n, 2k, B) +V 1) (n, - 2k, B) +
40,

2
+exp {Zk[ﬁ—z—yj }vs(”) (n,2k,B)}.
4o,

n!(2m+1)! 1

m
n 2m+l( 2.2 —
6. [ 2"cosh (0‘ z +BZ+Y)dZ_ oniLezm g m—K)(m+1+k)!

2
x{exr{@k +1) {v —4’3—2] ]\,3(13) (n, 2k +1,B) +V, 3 (n, 2k +1,8) +
(04

2
V) (n, -2k -1, B)+exp{(2k +1) [4[3—2— Y] ] Vel (n, 2k +1, B)} :
o

1.13.7.

(2m)1z"* L ntEm! J (-D)¥

_ (13)
C4Manmn? 22 Z (m-k)(m+k)! Yo (020

L[" sin®™ (Bz +v)dz

{B=0}.
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2. [2"sin®™ (B2 +y)dz =

3. J'z“sinhzm(ﬂz+7)dz =

4, jz“sinh2m+1(ﬁz+y)dz =

1.13.8.

1 [2" cos®™ (Bz +v)dz =

n!2m+1)! D

(_1)k+l

(2m)!z"

2

4m k=0 (M=K)!(m+1+k)!

V) (n, 2k +1)

{B=#0}.

(A" (n+1)

ni(2m+1)

" . n!2(2m)!z'“: (™ y
(mHZ "~ 22" g = (m_k)(m+k)k

« VA (n, 26) v (n, — 2K)].

22m+lﬂ

(2m)iz"

| | m
+n.(2m). 1

| m (_1)m—k
kZ:(; (M—K)(m+1+ K)1(2k+1)

v [v8(13) (n,2k +1)+V"™) (n, -2k 1) |.

v (n,2k)

4™ (n+1)(m!)?

22m-1 = (m=k)Y(m+k)!

{B = 0}.
n ms+ _n!(2m+1)! m 1 13)
2 [2" cos MM Bz ) == b g Ve (0 2k
{B=0}.
N om (2m)1z"* n'(2m)! & 1
3. = X
2 cosh™" B2+ )az Py 2 2 oMK

4, j z2"cosh®™*(Bz + y)dz =

x[vg(”) (n,2k) =V (n, - 2k) } .

n!(2m+l)!z'": 1

22m+1ﬂ

S m k) (M 41+ K) (2K +1)

x{vg(w) (n,2k +1)-V{1) (n, - 2k -1) } .
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26

1) V" (n,+s,0,B,

Introduced notations:

(i) f . B
Z)—merf{ E(li‘l) (O(,Z-}-ﬁj X

E(n/2) (+p)"-2 ( i j|
X I 0)
g%) I'(n-2D)!(Fa )n—l s (s>0)

i i\ i
v @2my, +5,a,0,2)= i) (1%) erf [Eﬁazj (s>0),

V2

nl !\/g(xznﬁl

v 2ny +15,0,0,2) =V, (2n; +1,-5,0,0,2)=0;

2) V2(13) (n,s,a,B,

E(n/2) , pyn-21 | 2 2r-1
)= i (-p)" r!(Zoc z+[3)

i\ I+1-r
- +
i |!(n—2|)!r:1(2r)!a2”‘2'+2r( s)

-E(n/2) (| _qyi(_p)ni-2 4|_r(2a22+[3)2f—2 N
’ Ei (21-1)'(n+1-20)! 5 (r —1)10,2"21+2" (_E) '
o 211 ny+1-1
Vz(le’)(an,s,oc,O,z):i 1(22) (— ! J :
s 2! sal2

ny | m 21 ng +1-1
(13) _ 4! z .
vV, (20 +1,8, 0,0, 2)= > (_SaZJ ;

3) V3(13) (n,s,B)=

VB (2ny,s,0)=

(2n +1)! 5 1!

\/; _ B E(n/2) (-1) n—I Bn—2|
== erfi| Vs - } :
2J§aer'[ S(a”Zaj Eo I'(n—2)s! g 2n=2!

Jr erfi (vsa.z)

: v (2n; +1,5,0)=0;

4) V4(13) (n,s,B)= exp[s(oczz2 + Bz +y) }x

E
{z

n—-E(n/2)

(n/2) Bn—ZI | I’!(20L22+B)2r_1

=] I'(n— 2|)!r=1 (Zr)!sl+1—r (_az)n—l+r N

(I _1)!Bﬂ+1—2| | 4I—r (Zazz +B)2I’—2

=R

V4(13) 2

I -1)!(n+1-21)! (r—1)!s'+1’r (_az)n—nr '

1 2,2 ]S (DM o)
ni,s,0)=—exp|s 7+ ,
1 ) n1| p[ (a Y)]E(2|)|Sn1+l—la2nl+2—2l



vV (2n +1,s,0)=- 4! exp[ (0‘ z +7) }i
1=

(2n,

+1) 1
5) v (n, s, B) = AL [\/_(om%” E(nzlz)

24/sa

ZZI

||( sa )nl+ll ,

(_B)n—ZI

2 nn-21ysa 22

v (2n;,s,0)=
5 (2m ) n1!Sn1a2n1+1

E(n/2) (- 1)Izn—2I

6)V(13)(n s)=sin[s Bz+7)] >

n—E(n/2) (- 1)Izn+1 2l

i (n-21)1(sp)?*

N 'erf(\/gocz)

24s

y v (0, 5)=

2 (n+1-2Dsp)?

E(n/2) (- 1)I Zn—2|

7) V7(13)(n s)=cos[s(Bz +7)] z

(n—21)Y(sp)?™*
n—-E(n/2) (_1)Izn+1—2l (13)
x 0,s)=
L meraep? (0:9)7
I
8)V(13)(n s)=exp|s(pz+y) _
[ y]Zo 1(-sB)"

v (2n; +1,5,0)=0;

—cos [s(Bz +7) | x
Bsm[s(Bz +7) |;
+sin[s(Bz +v)]x

B —cos [s(Bz+7)];

1.14. Integrals of the form [ z" Sin(a222 +Bz+y) exp(Byz) dz

1.14.1.

1. jsm(a X +bx+y)exp byx)d

b? —b?
x4 | sinfy— 2 + cos y—
da
i 2 2
sin y—b Zbl —CoS|vy—
i 4a

+

2. [sin (a z +Bz+y)exp(|312)dz= 5

weel )
ety

X+b+iblﬂ+
2a

(B1

dia

b% —b? 1+i b+iby
12 Hlmerf{ﬁ(ax+ o

Von {(i+1)exp{
a

_ip)? }
_—Z—Iy X

Ji
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erf{ﬁ(a B;&Blﬂﬂl—i)exp{iy (By O:B) }erf[\/zi(oczjﬁ;—;ﬁl”}.

1.14.2.

. J2r
1. [ xsin (a2x2+bx+y)exp(blx)dx_ 3exp 2a2 x

b” b} b2 —b? 1+ b
{{(bﬁb)sm[ 4abl —y} +(y - b)cos[ 4a2bl —YH Reerf{T (ax+ +'blﬂ
2 2 2 2 : .
J{(b—bl)sm {b4;2bl _Y}r(berl)Cos {%—yﬂ Im erf {% (ax+ b;;blﬂ }_

_ 1 os (a2
-~ cos (a X +bx+y) exp (b x).

012
2._[zsin(a222+Bz+y)exp(Blz)dz=JZ_T;{(1—i)(Bl—iB)exp{(Bl_|E) —iy}x
16a i

dio,

dio

xerf {TI( 74 P= Iﬁln }— %COS (a®2* +Bz+7)exp(B,2)-

) _ N
xerf {% (az+B;—(lelﬂ+(1+i) (B1+iﬁ)eXp[iY—w}

1.14.3.

1
1.Ix”sin(a2x2+bx+y)exp(blx)dx:n—r; exp (yx) | cos (a2X2+bx+y)x
2

a

2 2
x{sin [b _Zbl —v |Re V2(14)(n,1,a,b,bl,X)+
4da

b% —b?2
+C0S —zl—yJ ImV2(14) (n,l,a,b,bl,x)} }

4a
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2.J'z”sin (a222 +pz +y) exp (Byz) dz = an {exp [Blz +i (a222 +Bz +y”

xV1(14) (n,—1,0,B,B1,2) —exp [Blz I(a222 +pz +V) } V1(14)(n,1,a,B,[31, 2)+

C 12
+exp{(B1 ip)> }Vz(l“)(n,l,a,ﬁiﬁlnz)—e)‘p {iv—w}

b dio

VA (n,~1,0,B, By, z)} .

1.144.

n+1 n+1-1

1.[z"sin(Bz+y)exp(B1z) dz=nlexp (B12) Y X
is1(n+1-1)Y(B? +B1)

1z

I, B2) (gt ﬂZrﬂll 2
sin (fz+7) ; @2r)(1-2r)! 2r =111 +1-2r)!

& ()™ 2| exp Bz +iBz+iy) exp Byz—ipz—iy)

I-E(1/2
+¢0s (Bz+7) z ((

) _1)I+1—rﬂ2r—1ﬁll+l—2r } B

2i o k! (By +ip)" K (By—ip)" K

SN+l

2.[2"si +iBz)dz = £
[2"sin(Bz +y)exp (+ipz)dz o

exp(Fiv) -

nII

——exp [£i(2Bz +7)] Z (1)

}.

i li2ep)"

Introduced notations:

E(n/2) coan=2l | r-1
DV (s 0 b o DByt Lni[isa?zep)-p]
Vs B B D)= T AT s )

nE(0/2) (| _1)i(p, —isp)" 2! 14T [is(2a22+[3)—[31}2r‘2
"2 @2 & (r—D)i(isa? )"
10 )

V(14) (2ng,s, o, B,isB, z)=— i 2D (is )n1+1| ,
=1 o
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n1!4”1 n 72!
(2ng +1)1 5 I!(iSocz)nlel_I ’

2V (nys, a. BBy, Z):ﬂf—is) erf[1+is (az+B+isB1j }
o

V1(14) (2nq +1,s, a, B,isP, z)=

\/E 200

E(n/2) (Bl _iSB)n—ZI

) i N(n-2)(isa®)""

Vi (2ng,s, o, B, isB, 2)=

V2r(1-is) ot [1+isazj
nda(isa?)™ V2 ’

v (2n 41,5, a,B,isB, 2)=0.

1.15. Integrals of the form 2" exp(—a222 +Bz)sin (Byz+7)dz

1.15.1.
2 2
1. J‘exp(—azx2 +bx)sin (blx+y)dx:£exp{b4azbl ][Sin(%+ij
XReerf(aX—wjmos Eﬂ+yjlmerf(ax—b+ibl”.
2a 232 2a
2 12
2. jexp(a2x2+bx)sin(blx+y) dx:gexp{bldf;zb ]{cos(sg—y}
xlmerfi(ax+wj_sin (ﬂ_yj Reerfi(aXerH i
2a 2a2 2a
. . N\2
3. [exp (_a222 +Bz)sin (Buz+7) dz%{exp[(ﬁ;ﬁl) _iy}
. 02 .
xerf[az——B;;Blj—exp [—(B::ﬁl) +iy] erf(az——B;;ﬁlj}.

1.15.2.

432

2 _p2
1. _[xexp(—azxz +bx)sin (byx+7v) dx = 4\53 exp (b —bi J x
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. ( bby bby b+ib;
x{ {bsm[§+yj+b1005£?+y]i| Reerf (ax— %a j+
bby . [ bby b+iby
{bcos (Fﬂ(]—blsm[gﬂxﬂlmerf (ax— P j }_

sin (byx+7v)

2a2

2. .[xexp(a X +bx)5|n(blx+y) dx—\/iexpLbl sz

428 432

bby bly . b+ib
{{bsm[g— ] blcos( - j}Reerﬂ(aer > j_
—{blsin(%—y}bcos(%—yﬂ Imerfi(ax LRy ;;blj}+

sin (b
LS (byx+7)
2a?

. .
3. jzexp( o’z +Bz)sm ([312+y)dz—\/_3| {(B—iﬁl)ex{w_iy:lx
4o

8al

: o _
xerf (az—uj—(ﬁﬂﬁl)exp {—(Bﬂf’l) +iyj|erf(az_l3+ll31j}_
20, 402

exp (—azx2 +bx).

exp(azx2 +bx).

20,

_S'n(B122+ ¥) exp( 22 +BZ)-
20,
1.15.3.
n/n b2 —bf | [.. (bb
1. jx exp( ~a’x +bx)sm (b_Lx+y)dx_2n+1 exp[ a2 sin oo — X

X {Reerf (ax—b;—lblj Re V1(15)(n,a2, b, by) - Imerf (ax—b;—lblj Im V1(15)(n,a2, b, bl)}
a a

+cos(&+y] {Reerf(ax—b;—lblj ImVl(15)(n,a2, b, by) + Imerf (ax— b;'lex
a a

232

]
xReVl(ls)(n,az, b, bl)] }—n—r;exp( ~a®x? +bx)
2

x[sin (byx+7)ReV™ (n,a2, b, by, ) + cos(byx+ 1) ImV{*®) (n,a2, b, by, x)]
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2. jx” exp(azx2 + bx)sin(blx+y)dx = i exp(b12 _zbz j {sin[ﬁ_y}

2n+la 4a 2a2
x{lmerfi(aXJr b+Ibljlmvl(ls)(n,—az,b,bl)_ Reerﬁ(axJr b+'b1jx
2a 22

x ReV1(15) (n,—az,b, bl)] + cos[%—y} {Reerfi[ax +%} ImV1(15) (n,—az,b,bl) +

+Im erfi(ax+%j Re Vl(ls) (n,—az,b,bl)} }—;—:exp (azx2 + bx)x

x[sin (o x+7) ReV2(15) (n,— a’,b, by, ) +cos(byx +7y) ImV2(15) (n,— a®,b, by, x)} .

. 0N\2 .
3. jz” exp (—oczz2 + [32) sin(Byz +y)dz :@ {exp {%+ [ y}erf (az —M]x

_I_
2"2jg, 4q, 20,

L o\2 ;
VB (0,02, p, Bl)—exp[va}erf[az—ijl(lg))(n,az,B,—Bl)}Jr
4o 20

2n+1i

+ exp (—OLZZZ + Bz) {exp(—i Brz—iy) V2(15) (n,cxz, B, —P1.2)-

—exp (iByz+ivy) V2(15) (n,ocz, B,B1.2) } .

Introduced notations:

DV (a2 pp= 3 P
' =0 nn-20(a?)"

n
nl!(ocz) !

E(n/2) H n-2l | | 2 22_ _i )2['-1
2 V) (1 42, 8. By 2)= (B+iBy) rt(2o"z-p-ip,
) 5 (na, B, By, 2) Ei -2 = (2r)!(a2)n_|+r +

V1(15) (2n110t2 By ip)= , V1(15) (2ny +1,0.%,B,iB)=0;

+n—E(n/2) (I_l)!(B+i61)n+l_2| | 4I_r(2(122—[3—i[31)2r_2
2 @-Dre+1-2)t 5 (r-nied)T

(15) 2 gip o 1S 1222
V" (20,0, B, 1B, 2)= M!S (20 (2)" '

nglaMm 24
(2ng + DS a2yt

v (2ng +1,02,8,iB,2)=
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1.16. Integrals of the form jz” exp (— oz’ +Bz)sin(alzz +Blz+y) dz

1.16.1.

ab? —ab? -2a;bb

1. fexp (— ax? +bx)sin(a1x2 +b1x+y)dx =%exp(

ab? —ab? +2ab
x{sin{ ! 11} il +yJ Re{

4a® +4af

erf [Jaﬂa1 x—&] -

2 a+ia1

1
Ja+ia

a1b2 —a1b12 +2ably
—C0S +7 |Im
48’ +4a}

4a? +4a]

(o]

2 Ja+ig
{|al+|ay|> 0}.

Jri

4

2. .[exp(—oc 22 +Bz)sin(a122 +Pyz +y)dz =

1 (B-ip)” : B-ipy 1
X - Tl - - X
{ fo +iay exp{ 4o +4ioy Iy] o ( el 2\/oc+ioc1J \/a—iocl

in 2 .
xeXp!%Hyl erf{ /oc—iocl z_m]} {alz i_az}.

4o—-4ioy 2 Ja—ioy

Jri

—in )2
3. J'exp(—azz+[32)sin($i(x22+Blz+y)dz:i4m exp{(ﬁggl) iiy]x

xerf(@z—if/;_il)—zﬁl iZiBexp[Bzii(Blery)] {B; = £ip}.

- 2
4. J'exp(—ocz2 +Bz)sin (¢ia22 iiBz+y)dz=i4://_%exp[g—a—iny

xerf (mz—\/s_};%exp (£iy).

(03

1.16.2.

ab? —abf—zallobl]X

_ Jn
2 2
ol s o o 28
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2 2 . .
«Jsin| 240" = 3bF +2abbl+y Re —_b_lbl —erf Mx——b_w_}l -
4a® + 4a? (a+ig)Ja+iy 2 Ja+iy

2 2 . .
cos| 2 —a21b1+§abbl+y Im —_b_lbl _erf | \Jatia x——b_lt_}l -
4a“ +4ag (a+iy)a+ia 2\a+ig

2

_exp( 5 )[asm (alx +b1x+y)+81005 (alx +b1x+y)]

2a +2al

{l]a]+]ay | > 0}.

2. J'zexp(—azz+Bz)sin (a122+312+y)dz_‘/_'{ B—ify

(o +iog ) o+ Iocl

x| B=1BD® . oo, BB | B+ip
eXp|:4oc+4iotl Iy}erf[ oo e 2 (x+ioc1] (o —ioy ) Joo— Iocl

xexp{(ﬁ Bl) y] erf (Joc—ial zZ- B+i[%1 ]}_exp(—azzﬂﬂ)x

4. — 4oy 2 Ja—ioy 202 + 20}

x[asin (a122 +Byz +y)+alcos(a122 +Byz +y)] {a? #-a’}.

Vr (B £ip)
3. J'zexp( oz +Bz)sm (+|az +Bz+y)d 160:/5

><exp{(ﬁ"L By’ Fi }erf(\/_z i:r/lz_[ilj (il([;:ﬁél)_'exp[Bzii(Blz+Y)]Tr

¢Lexp[—20az2 +Bz¢i(Blz+y)} {B1 = *ip}.
8a

- 2
4, jzexp(—a22+Bz)sin (;iazziiBz+y)dz=+ Jrip exp[B—iiy}x

_8av2a 20
xerf Zocz—i —Lexp (—Zazz+2[32—i )—ﬁexp (xiy)
e +80L 1Y) + 1 xly).

1.16.3.

| ab? —ab? —2a;bb
1. J'x“exp (—axz+bx)sin(a1x2+b1x+y)dx=i{exp[ 1 1 1}(
2n

4a” +4al

2
x| sin 2b _albl +2abbl Re Vl(le)(n,a, ay, b, by, x)+
4a +4a1
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2 12
+Cos[a1b abf + 220ty

4a? + 48} ] Imvl(le)(n’a’ 8, b, by, X)J—
1

—exp (—ax2 +bx)[ sin(a1x2 +b1X+y)Re Vi (n,a, 2y, b, by, )+

+ oS (a1x2 +b1x+y) ImV2(16) (n,a,a;,b, by, x)] } {la|+|ay| > 0}.

. . 2
2. Jz” exp(—ocz2 +Bz)sin (alzz +Blz+y)dz:n—“{exp {m—iy}x

on+l 4o+ 4iog
2
+1 .
XV1(16) (nlal _a].rB! _[31! Z)_exp |:(4Bov—[ijl-(i+l’]/]vl(l6) (nla’l alvB! Bll Z)+
- 1

vexp|-(a—iog) 22 + (B+ipy)z+iy VIO (N0, g, B Py, 2) -
—exp [—(a+ia1)22 +(B-ipy)z—i y]V2(16) (nyo,—aqg, B, —B1, z)}

{OLl2 ¢—oc2}.

2n+

. . 2
3. jz”exp(—a22+ﬁz)sin (J—ria22+ﬁlz+y)d2:i n!|1 {exp{(ﬁgfl) ii}']x

><V1(16) (n,a,ia, B, FPB1, 2)—exp [—Zocz2 +(B;iBl)z:iy]V2(16) (n,a,ia, B, FPq, z)}t

n _nyn-k _k
ig—:exp[ﬁzii(ﬁlzw)]Z e

2 2ip )™ 1B # +iB}.

: 2
4. jz” exp(—a22 +Bz)sin (:Lioczz iiBz+y)dz _ i {exp [2—$iy]x
a

- 2n+1

><V1(16) (n,o,io, B, —iB, z) —exp (—2a22 +2BzFi y) V2(16) (n,o,ia, B, —iB, z)] T

s _n+l

12 exp (+iy)
Tonr2 P

35



Introduced notations:

2o —ioy 2o —ioy

R a0

i 1(n=20Y o —io))"

V(lﬁ)(an,oc,a BB, z)= Jr erf (o —iay ),
' ' n 12 (o —io)™ \/az—ial ( ' )

V1(16) (2ng +L0, 01, B,1B,2)=0;

1) VI (n,0t, 04, B, By, Z)Zierf (\/m z _B+—iﬁl}<

E(n/2) ; n-21 | _ 9 A 2r-1
2)V2(16)(n,oc,<x1,[3.[31,z)= D (B+iB1) 5 r(2oz—-2ioyz—p-ip;)

o -2 5 @i a—-iag)"

n—E(n/2) (I _1)!(B+iﬁl)n+l_2I

| gl-r (2aZ—2ialz—B—iBl)2r_2
i E_ @lI-DY(n+1-2! IEI. (r_l)!(a_i(xl)n—lﬂ '

. 1 1(2z)2'
v (2ng 0, aq, B, 1B, 2)=— (22)

NS (20 (o —iag)™

ntah 22!

(16) ;
V 2m +1,0,04,B,1B,2)= .
{19) (2ny +1,0, 01, B, B, 2) e

1.17. Integrals of the form [z"erf(az+B)exp(B1z)sin (Boz+7) dz

1.17.1.
1 | erf (ax+b)exp (byx)sin( by x+y) dx = wexp(blx)x
bZ +bZ
b2 —b2 —4abb
x[ by sin(by x+y )= b, cos(by x+7)]+ 1 exp| L+—2 lx
2 +bZ 4a?

b, b, —2abb b, +ib
x{ cos{lz—zﬂf] [bz Re erf [ax+b—¥}—
2a’ 2a

b, +ib b, b, —2abb
—mImeﬁ(ax+b—;L——£}]—ﬂn{QLE—————3+ny
2a 2a?
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+ib +ib
><[blReerf{ax+b—bl 2}+b2 Imerf{ax+b_bl_2ﬂ .
2a 2a

erfi (ax+b)

2. [erfi(ax+b)exp(byx)sin(byx+y) dx= exp(byx)[by sin(byx +7y)-
bZ +b3
1 b2 ~bZ —4abby bib, +2abb,
— by cos(byx +7)]+ exp Cos| —5— 5~y |x
b12 +b22 4a? 2a®

x| by Re erfi ax+by 2102 — by Im erfi ax+b+ P2 )|
2a 2a

+sin[M—yJ[bl Re erfi (ax+b+wj +
2a2 2a
+b, Imerfi(ax+b+b1+lb2”}.
2a

b bb 2ab-ib
3. jerf(ax+b)sin(b1x+y)dx:iexp . {cos[—l—ijeerf (ax+ ab-l 1j+
by 43° a 2a

+sin [&—yj Imerf(ax+Mj —ierf(ax+b)cos(b1x+y).
a 2a by

b2 .
4. jerfi(ax+b)sin(b1x+y)dx:iexp . [cos(&—yj Reerfi[ax+2ab+lb1)+
bl 432 a 2a

) .
+sin(—bb1 —y) Imerfi (ax +—ab *iby J } —ierfi (ax+Db)cos (byx+7).
a 2a by

1
i —B2

X

5. jerf(azﬂ%)exp(Blz)sin(ﬁzz+y) dz=%erf (ocz+[3){

><eXp[BlHi(BzZJFY)]—.;eXp[Blz—i(BzerY)]}Jr
iBy +B2

S exp (Bl—iﬁz)(ﬁl—%ﬁ—iﬁz)_iy erf[aHB_Bl—isz_
2 1B +B2 4¢? 20
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Lo BBy dapiBy) erf(aHB_ﬁl“ﬁzj
iy -B2 402 20

{ B2 +p2 =0}

. _ 2 H
6. jerf(az+B)sin (Byz+7v)dz = 2; [eXp[4 oBPs 7B —iy} erf (az+[$+|2ﬁj+
1

40, a

2 4 .
+exp {iy—mJ erf(az +B—|2ﬂj]—ﬁierf(az+[3)cos (Brz+vy)-
o

40L2 1

1.17.2. jerf (az+p)exp(£iPyz)sin(pyz+v) dz =i@{(z +Ej erf (az+p)+

o

1
Jra

+

exp[—(az+[3)2]}—ﬁ{erf(azﬂi)exp[J_ri(2B12+y)]—

2 - .
_ p[w R WJ erf(w . ﬂ] }

1.17.3.

b2 —b2 —4abb
1. J'xnerf(ax+b)exp(b1x)sin(b2x+y)dx:exp{ 1 2 1}(

432

x{sin(Mﬂ/j Re [erf(ax+b—wj Vl(m (a,b, by, by ):l'f‘
2a2 2a

-2 i
+C0S (wwj Im {erf (ax+b—%jvl(17) (a,b, by, bz)} }—exp (by x) x
2a

x{sin(b2x+y) {erf (ax+b) Re V) (by, by, x)+2—\/i Re V") (a, b, by, by, x)}+
T

2a

Jr

+cos (b2x+y)[erf(ax+b)lmvz(l7) (by, by, X)+ ImV3(17)(a,b,b1,b2,x)} }

{[by|+[by | >0}

b2 —b2 —4abb, ]
X

2. [xMerfi(ax+b)exp (byx) sin (byx+7) dx =exp { >
4a
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) .
X{COS (M_yj Im l:erfi (ax+ b +wjvl(l7) (ia, |b, bl' b2 ):l_

_qin [ 2800, +bD, - b, +ib, Y e ) X
sm( P 7} Re {erfl(ax+b+—2a )Vl (|a,|b,bl,b2)}} exp (b,x)

x{sin(b2x+y) [erfi (ax+b)ReVL) (by, by, x) +2—\/3Rev3(17) (ia,ib, by, by, x)}
Y

+C0S (b2x+y)[erf|(ax+b)ImV(17) (by, by, x)+2TImV (ia,ib, by, by, x)}}

T

{[by [+[bz | >0}

3. Iz”erf (az+B)exp(Byz)sin (Bpz+7) dz :i_exp(
2i 402

x{exp{i (131132 —2aBp; +y”erf (a z+B—B1J2ri B2 jvl(ﬂ) (o, By By, Ba)
o

20,2

oo {i (ZaBBz b _yﬂerf [a 2ep- Bt jvl(”) (0B Br— By )}+

200

B2 —p2 —4aBﬁ1]X

+—eXp2(F12){exp[ (Bzz+v)]{eff(0tz+ﬁ) (B~ P2, Z)TV RICH N )}—

—exp [i(Bzzw)][erf (az+p) Vi) (Bl,Bz,z)+% Vit (a, B,Blyﬁz’z)} }

{B2 +p2 =0}

BfiZiaBBliiij

2

1.17.4. Jz”erf (az+PB)exp (iBgz)sin (Brz+y)dz = J_r% {exp [—
(03

><erf(az+[3+ Bljvl(ﬂ) (o, B, xiPy, £Py)—exp [ii(2ﬁlz+y)]x

{erf(azw)vm’ (i By, £By, Z)+T V) (o, B, By, £ By, z)H

) n+1 B | N=E(n/2) n+1-2k
Lo (Fip)derf (az+p) | 2 s & D" n! - B +
2 n+l o™ T 4Kk (n+1-2k)!

( 1)n 1 E(n/2) len—Zk

k (az +p)?!
\/Ea”” ————€xp [—(az+ﬁ) ]{ EO (2k +1)!(n —2k)! E) I -
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n—E(n/2) Bn+1—2k

-2

Zk:I!(onz+B)2|_1 } } (B #0}.

b K(n+1-2k)3 4k—|(2|ﬂ

Introduced notations:

1) V1 (a,B,By,B2)= Z (Bﬁ'ﬁz

nl E(n/

VA (@B, By, 1By —2iaB)=

2)\,(17)([3 B Z):Zn: n!z"[_ 1 j””
2 R A U By By

)V (@B By, By 2)=exp [ (az +$)? Y.
k

1 ]”“—k S (B, - 20B+iBy)< !

i I(k-21)1a2k?!

2) 1

(2(1)”+1 kZO k'( B)n+1 2k

—k

N n+1-k
L(_ L J }
:12k Bp+1B>

z+20B Py —ipy) 2"

{Hg?) (By ~20p+iB7) ! {. ri(20°

] T =

+k—E(k/2) (I _1)|(Bl —20B+ iBZ)k+1_2I |

(2r)|a2k—2|+2|’ +

2

1=1 (2| —1)|(k +1—2|)' ) (r—l)!()LZk_2|+2r

AT (2022 + 20B— By —iBy)? 2 ]

V3(17) (o0, B, By, By — 2i 0B, 2) = exp[—(az + B)2:|><

E(n/2) ookl A
X
k=1 k|( B)n+1 2k| O(2|+1)|(2a)n+1 2|
n—-E(n/2) k! Ei? 22|
+ .
o (2K)(-2p)" P S e

2n+l

1.18. Integrals of the form [z°™ erf (az +P)

1.18.1.

exp (a122 )sin (a222 +y) dz

erf (ax+ b)exp(a1x2 ) y

1. [x erf(ax+b)exp (a1x2 )sin(a2x2 +y)dx =

40

2 2
Za1 +2a2



_ ) 5 a bz(azal_alz_azz)
x alsln(agx +Y)—az COS(aZX +V) T2 7 BV 2, |
2af +2a; |a" +aj +a; -2a‘y
x<8in a2a2b2 +y|x
a* + a12 + a% - 2a2a1

a —ia [ : ab
xRe| —2—2 _erf| a2 —a —iay Xx+——mn— | |+
a’® —a —iay a’® —a —ia,

azazb2

at + a12 + a% - 2a2a1

a —ia : ab
xIm| ——2—2__erf| \/a? —a —iay X+ ——o—
a® —a —ia, a’ —ag —ia

{lai|+|az|>0, ‘az —a1‘+|a2|>0}-

+CO0S

+7v X

- 2
2. jx erfi (ax+b)exp(a1x2 )sin (a2x2 +y)dx: erfi (ax+b)exp (alx )X
2a? +2a5

bz(azal +a? +a2)

1 2
2 2 4 .2, .2 2
2a; +2a, a’ +a; +a, +2a°a

a—ia . : ab
xJRe| —L 2 erfj a2+a1+|a2 Xt —————— | |¥
a’+a +iay a’+ay+iay

_ a’a,h? a’ab’
xSin ) > > > +7v |+ COS Z > 2 2 +7v X
a®+af +as +2a‘y a’ +a +a)+2a’ay

y —ia ) : ab
xIm| —=—22____erfi a2+a1+|a2 Xt 77—
a%+a +iay a®+a +ia

{lag|+[az|>0, ‘az +a1‘+|a2|>0}-

X [al sin(a2x2 +y)— a, cos (azx2 +v)]—

X

a a2b? ala;b?
3. J'x erf(r:1x+b)sin(alx2 +y))dx:—exp ——41 > [1908] = : > Y X
2a; a” +ag a’ +a;
1 > ab | a%ab?
xRe z—erf Ja —ig X+——==| |-sin| ———+vy |x

- : 4 .2
a® —ia \/32—'31 a+a
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42

. f
xIm ;erf NG —iay x+a—b —wcos(alx2 +y)

\/a2 —iy Ja? —iy 23

{la1]>0}-
21,2 2, 12
arb
4. [x erfi(ax+b)sin(a1x2+y)dx= 3 exp| 1 5 | 1c0s %-{-y x
28y a’ +a/ a’ +a/
2, 12
b
xRe ;erfi \/a2+ia1x+a—b —sin {a4a1 5 +y]x
Ja? +iag Ja? +ia a +a;
xIm ;erfi \/a2+ia1x+a—b —wcos(alxzﬂ()
\/a2 +iag \/a2 +iag 28y
{las[> 0}
erf(ocz+[3)exp(oc122)
5. [z erf (az+B)exp (oclzz)sin (0,22 +y) dz= x
202 +205

x[alsin (a222+y)—a2 Cos (a222+y)]+ “ X
4(og +iocl)\[ocz —aq Fiay

2 .
aq —ia . ) a
xexp[M—ly]erf Ja? —oy +iay L R
a” —oq +lop \/az—a1+i(12

BT (g +iap) +iy}<

exp{
4(a2—la1)\/ —oq —lay ? —oy —iap

. o
xerf \/az—al—laz Z+ b
\/ocz—ocl—i(xz

2
1°

{(xg;t—cx (ocz—otl)z;t—otg}.

(00

2
! exp[ 1P —i ny
40y Va2 +ioy ia®—ay

6. [zerf (az+[3)sin(a122 +y)dz =

1 . o
xerf | \Ja? +iag z+ + exp |y—1—B_2 x
\/oc +ioy \/ocz —iay oy +la

xerf | ya? —ioy z+\/2aLH—erf (2a2+ﬁ) cos (a122 +y) {a12 +-a’}.
- a‘l
o —lag




1.18.2.

2
1. jzerf[(lir i)oz +[3]sin(20n222 +y)dz :&%{%expi—%¢ iny

xerf{(lii)\/a az+£} _

7 exp[—Z(lJ_ri)ocBZ—B2 iiY]—

1
Vr B
—exp[i i(20c222 +y)]erf[(1i iaz+B]- exp[¢i(2a222 +y)]><

xerf[(1+i)oaz + B]}.

2. [zerf[(1% i)oz]sin (20222 +y)dz = (£ ijf/x_:o(i W),y e;(f/%zig) x

x erf [(1J_ri)«/5az] —S%erf[(lii)ocz]x

x{exp[ii(mzzz oy )rexplrif2022? +y)]}.

3. [zerf(az+PB)expl+iayz? Jsin(ayz? +7)dz = ! ¢ x
I ( 1 ) (1 ) 80, m

2
xexp{ii{ ioqﬁ +y}:| erf \/0(2 F 2iog z+0c—B -
o F2iay \/az F 2iog

i {2(1222 ~2p% -1
2

2

—exp|+ i(2(x122 +y)]erf(ocz - [3)} +
(08

oz -

Jn

xexp(Fiy)erf(az +B)+

exp[i iy — (az +B)? ]} :

4. [z erf[(lii)(xz+[3]exp(ii(x222 )sin(a222 +y)dz _(Ati)oz-p

8\/?&2

><exp{rr iy-[(1+i)az +[3]2} —%l;iy)x
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x{erf[(li i)oz +B]exp(i 2ia’®z? )+
T

«/EB exp[— 20Bz(1+i)-p> ]}—

_—e"p(izm (1+2p2 5 4ia 222 ) erf [(L+i)az +p].
16a

s, Jaert{(1t)ozlerple 222 infa 222 + oz = 2 D2

{exp(+|y)+ exp[+ (Za z +y)]}—8%erf[(1ii)az]x

x{exp[ (2a222 +y)] %‘T'W)(limazzz )}

Texp(xiy)

6. [zerf (az +[3)exp[(a2 + iocl)z2 ]sin(onlz2 +y)dz =+ 5
4o

XL/% Bexp(— 20z — B2 )+ erf (az +[3)exp(oc222 ):I -

_ erf(az+B) 2 . 2 . (1Fi)a
4‘2a1$ia2iexp[(a i2l0t1)z iIY] 8\/_(oc +2|oc1)

><exp[4_ri([32 ﬂ ]:lerfl:(1+ i)yJoy Z+

20(1

(1+I)J_]

7. jzerf((xz)exp[(oc2 + i(xl)z2 ]sin(oclz2 +y)dz =i%§mx

){erf(az) 2 9 z exp(+ h/)><

(62) 292 2] 20k

X{—erf(az) exp[(oc2 J_rZiocl)Zz] 17 1)a )erf[(1¢i)\/oc_12]}.

201 Tio? 2\/_((1 + 2ioy

1.18.3.

! b?(a’a; —a? -a2
1.jx2n+lerf(ax+b)exp(a1x2)sin(a2x2+y)dxzﬁexp{ (@%ay —a; 2) y

2 a* +af +al -2a’a
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. a2a2b2 (8)
x| sin | ————= >+ ReV,"" (a, a;, ap, b, X) +
a’+af +a)—2a°y

a2a2b2
+C0S | ————=55 >V ¥
a’'+af +a; —2ay

|
levl(ls) (a,ay,as,b, x)}%exp (alxz){sin (azx2 +y) {erf (ax+b)x
><ReV2(18) (87,85, %) +%Rev3(18) (a, &, ap,b, x)} +C0s (a2x2 + y)x

X [erf (ax+b)Im Vz(lg)(al, ay, x)+%lmv3(18)(a, &, ay, b, x)} }
T

{lag|+|az|>0, ‘32 —31‘+|32| >0}

b2 (a2a1 +al2 +a§)

4 2

nla ]
2 2
a’ +a; +a, +2a%y

2. sznﬂerfi (ax+b)exp (alxz)sin (a2x2 +y)dx:7exp{

. a2a2b2 18) .
x|sin | ————= >+ ReV,"" (ia, ay, ay, ib, x) +
a +af +a;+2a°y

azazb2
+C0S | ——— +v |x
a” +

a + a% + 2a2a1

]
xlmVl(lB) (ia,ay,ay,ib, x) —%exp(alxz) { sin(a2x2 +y) {erfi (ax+b) x

x Revz(lg) (ag,a;,x) +iReV§18) (ia,a,ay,ib, x)} + cos(azx2 + y)x

N

{erfi(ax +b) ImV2(18) (3, @y, X) +% ImV3(18) (ia, a,ay,ib, x)} }
T

{ag|+[az| >0, [a®+ay|+[az|>0}.

nlia

2 .
3. j22n+1erf (az+B)exp(a122)sin ((x222 ﬂ/)dZ:T{ exp {M_iy}x

a? —oq +iay

2 . .
><V1(18) (o, a1, —ap, B, 2)—exp [—B 2(a1 H(_XZ) +iy] Vl(la) (o, 01,09, B, z)} +%x
o —aq—lag
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x{exp [alzz -I-i(OLzZZ +y)]{erf (az+p) V2(18) (ag, 09, z)+%v3(18) (o, 01,09, B, z)}—
s

—exp [oclzz =i (oczz2 +y)} {erf (az +B)V2(18) (oq,—0p, 2) +%V3(18) (o, 0q, — 0o, B, z)} }

2 2 2 2 2
{a5 #-a;, af#-(a”-ag)}.

1.18.4.

: 2
L [2°™erf [(1+i)oz+B] sin (2227 +y)dz:i% {(1ii)aexp [—%ii yJ «

2 . 2 nli .
><V1(18) (1—;, 0,120:2 . B, z)—exp(ily)v4(18) (Eai’ B)} Texp Fi (20czz2 +y)]><

x{erf [@+i)az+B]VE® (0, 7242, z)+%v3(18) (1%, 0,72a?,B, Z)}
T
{a = 0}.

| 2
2. jzzn+1erf(az+ﬁ)exp (J_rioclzz)sin (a122+y) dz:J_rn—_' oexp iiy—ﬂ x
4i 204 *ia?

V1) (o, iy, £y, B, 2) - exp [ii(zalzz +y)} [erf(az+B)V2(18) (tioy, toy,2)+

o

N \/;V?J(18) (a,ti0g,t0q, B, z)} }J_rlzexp(ii y)v5(18) (o, B)

o2
{aio,alio,a1¢$7}.
|
3. jzzn+1erf [L+i)oz+B]exp (iia222 )sin(oczz2 +y)dz =i%exp (£iy)x
[
VI (2L gy L opinv® (2L p) (a0}
4 MFi 2 5 C1Fi

4, fzzmlerf (o z+P)exp [(az + ial)zz)} sin ((xlzz + y) dz =
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! 2 1 2i
=+ % exp| i | 2Ny 1V (a0, 0® oy, £ g, B, 2) £
4i 2(11

.
i%{exp[azzz + i(20c122 + y)}(

x{ erf (az +B) V2(18) (oc2 Tiog, toy,2) +%V3(18) (o, o? Tiag, oy, B, Z):|+
T

2
+exp (Fiy) V4(18) (o, B)} {oo#0,0q # J_rlaT}.

Introduced notations:

1 . o
= erf|yal-ay-iay z+—B X
Va2 —ag —ia, Va? —ay—ia,

XZ”:(Zk)!(_ 1 J””‘ki (ap)2k-2! _
|

i 2k-I
%1 F102 0 4" k- 200 ? - oy —iat, )

D)V (o, 01,05, B,2) =

1 | : op
= erfi| yay —a? +ia, 72— X
\/al—a2+ia2 { ' i Val—a2+ia2}

(2K)! (_ 1 jn+l—k i (OLB)Zk_ZI
=0(-a) 112k - 21 oy — 2 +icr

Vl(lg) ((X, Aq, Ao, 0, Z) :Z;Qrf (\’(XZ —0q = iOLz Z) X
Jo© —oy —iay

n

3 (2K)!

k=0 4k(k!)2(a2—al—ia2)

1 n+1-k 1 _ e
x| ———— = erfi| Yo —a® +ioy z |x
\/al—a2+ia2

(2K)! (1 j””"‘.

)Zk—l

k><

0 a)k ()2 (og —a? +ia, | L #1tia2

n .2k n+1-k
1
VI 0y, 0p,2)= S 2| - ;
) 2 (01.02.2) go k! o +iay
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n+1-k
3) V3(18) (a,al,az,B,Z)zexp[_(az_'_B) ]z (2k)! [ 1- j )

k=1 k! ap +log

2 ) )2 r-1

8 Zk: (ap) 22! ZI: r!(a Z+af-oqz—layz
o N2k-20) = 4|_r(2|’)!(a2 —Otl—iaz)Zk_l+r

_i (I 1)'( B)2k+1_2| Z':((XZZ"F(XB alziazz))2r2:|

ERCEOICIES ] e 1)|(a o |a2)2k_|+r ’

n 1 n+1-k
V?’(lg) (o,001,00,0,2) =exp (—azzz)z (Zk)'[— 1 ) x

k lz2!-1
x - ) ok
I=14 (2|)!(a —0t1—'0‘2)
n 2k
v (0, p)= {erf(aHB)eXp (o2 )Z(Z—z)n—'<+
o2 k=O0k!(-a

exp(—Zaﬂz—ﬁZ) n (2k)! 2k /!
T & ey & l!(zaﬂf“}’

n 2k
Vi @0= Y [erfffz)ew(“) o ]

UKD k(-2 )" (2k +)Vn
5) V(18) (o, B)=erf (a2 +B) 72n+2 ~ (2n +1)! n+1 BZn+2—2k N
T 2n+2 q2M2 T 4kk(2n+2- 2k)!

(2n+1) BZh_Zk K (1+1)! ((XZ+B)2|+1
\/_ T exp[ (az+P)> ]|:k 2 CFENTETITA ; ¥ (212 _
Zn: k'B2n+l_2k K ((X.Z-I—B)ZI
So (2k+DI(2n+1-2kK) 5 I ’
2n+2
(18) _ z B (2n+1)!
Vg7 (a, 0)=erf (ocz){2n+2 (n+1)!(4a2)”+1:|+
(2n+1)! Lo\ (kg
(n+1)1Wro ownl-a’z o (2k+2)1 (4a2 6



PART 2
DEFINITE INTEGRALS

2.1. Integrals of z"exp [;(az + B)Z}

2.1.1.
i 27 . n
1. E|;exp [—(az+[3) sz_z—a[l—erf([})] {a>0}.
2. jexp[ az+B)} :% {a>0}.

3. Texp[—(oc z+B)? ] dz = —%[erf (B)¥1]
0

{ lim [Re(oc z +2aBz)+In|z|} +oo, limRe (o0z) =40}

4. Texp[(onz +B)? ] dz = —Ziz[erfi([})i i]
0

{lim [Re(oczz2 +2aBz)—In|z|]=—oo, lim Im (ouz) =003}

Z—>0 Z—>0

212,
1. zozexp[—(azﬂ})z} dz=ﬁf[erf (B)—1]+EXp2(jz) {a>0}.
2. iji‘:zexp[—(aHB)szz:—gB {a>0}.
5 frool w2 e (g5 ex‘;(;fz)

{ lim Re (oc222 +20ch)=+oo, lim Re (z)=+00}.
Z—o Z—>®

T ap, oo exp(p?
4. izexp [(az+[3)2]dz:za—z[erfl(B)H]_ 2(2 )

(04
{ lim Re(a222+20t[32) —o0, I|m Im(az)=1x}.
Z—>0
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2.1.3.

0 Jr(2B% +1 Bexp(—p?

1. E[ 2% exp [—(az+B)2} dz = %[1—erf (B)J—% {a>0}
+o0 2

2. [ 22 exp[—(az+B)2J dz:@ {a>0}.
e a

3.?22 exp [—(az+[3)2 ]dz:— \/;(L;Jrl)[erf (B)Trl]—m_gﬁz)
0 4o 20

{ lim [Re (oczz2 +2aBz)—In|z|] =+ , lim Re (az)=+x}
77— Z—>©

4. Tzzexp [(az+[3)2]dz:M [erfi (B);i]+BeXIO (BZ)
0 403 26,3
{ lim [Re(a222 +2aBz)+In|z|] =—o0, lim Im (az)=+w }.

2.1.4.

1. zoz” exp [—(az +B)Z} dz =§ Wl(l) (n,a,B)[1—erf(B)]+ Wz(l) (n.a,p)

{a>0}.

2. fz“exp[—(azﬂ%)ﬂdz:sWl(l)(n,a,B) {a>0}.

—0o0

3. E|;z” exp[—(ocz+[3)2} dz =W2(1) (n,a,B)—é[erf (B);l]Wl(l) (n,a,B)

{ lim [Re ((1222 +2aBz)—(n—1) In|z|} =+o0, lim Re (az) =+ }.

Z—>00 Z—>©

o

4, Tz” exp [(ocz+[3)2} dz =w” (n,ia,iB)—i[erfi (B)ii]wl(l) (n,ic,ip)

{ lim [Re (oczz2 +2aBz)+(n—1) |n|2|}=—oo, lim Im (0z) =00 }.

72— 72—
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Introduced notations:

n|\/E E(n/2) Bn72k

(2) _
)WY (n,a,p)= ,
Jvan o) 2(~a)" i 45K!(n-2K)!

(2m)!/n

1
Wl()(Zm,a,0)=22m+l

. w (2m+1,a,0)=0;
mio

nlexp (—BZ) n—E(n/2) (k—1)!

z)wz(l)(n,a,ﬁ)=W & (2k-1)(n+1-2k)! "

k Bn—l—2k+2I E(n/2) 1 k |!Bn—1—2k+2I
x2. N 2 1(n—2k)! kI
i (-1 ko KH(n=2K)0 T3 gkt 2ry
W (2m,a,0)=0, W (2m+1,0,0)=— .
20( m+

2.2. Integrals of z" exp(¢a222 +Bz +y)

2.2.1.
ke ol o]
1. (J;exp( a“z +Bz+y)dz_ 53 P 122 +v || 1+erf o2 )|
+00 2
2. jexp(—a222+Bz+y)dz=£exp[ﬁ—+yj.
—0 a 432
i 2.2 _n p? p
3. gexp(—a z +Bz+y) dz_zexp [W”J {erf(ajil}
{|im[Re(a2z2—Bz)+|n|z|J=+oo, lim Re (00z) =+o0}.
T 2.2 _ Jr [32 B ).
4, gexp(a z +Bz+y) dz_—aexp [y—mJ {erfl(zjﬂ}

{Zlinzo[Re (a222 +Bz)—|n|z|}:—oo , limIm(az)=+o}.

71—
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2.2.2.

1. Tzexp (—azz2 +Bz+y)d
0

= @exp (%+ YJ [1+ erf (Zﬂﬂ + exp(y) .

438

+00 2
2. | zexp(—azz2 +Bz+y)dz: \/EBexp[B—ﬂ/] .

o 2a° | 4a°
2
3. fzexp( a?z +Bz+y)d =@exp{ﬁ—+yJ[erf (£J11}+
0 403 40,2 2a
+exp(y) { lim Re (oczz2 Bz)=+oo, lim Re (az)=+m}.
2a2 Z—>0 Z—>0
2
4. J'zexp (a z +Bz+y) dz_;/;fexp[y—ﬁ?] {erfi (%}ﬂ}—
_ee) i Re(a222 +BZ)=—oo, lim Im(ocz) =0},
2&2 Z—>0 Z—>0
2.2.3.
+00 2 2 2
1. J'zzexp(—a222+Bz+y)dz:\/;(2a P )exp P +y [x
8a° 4a°

0

[1+ erf[ ﬂ+%i4exp(y).

Jr(2a% +p? exp{ ”J

2. J'z exp( a’z +Bz+y)d o

—00

00 2
3. J'zz exp(—oczz2 +Bz+ y) az = \/;(2(1 +p” exp( +y]><
0 80(5
p p
x{erf (gjil}+4a—4exp (v)
{ lim [Re(azzz ~pz)-1n |z|]=+oo, lim Re(0z) =+ }.
o0 2 2 2
4. jzz exp (oczz2 +Bz+y)dz =\/;(2a—_B)exp Ly— P Jx
80.° 40.°

0

x{erfi(ﬁj T i} +iexp(y)

20 4o
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{ lim | Re(a?2? +pz)+In[z]| =, lim Im (0.z) =0},

Z—>0 Z—>0

2.2.4,
Jemstaca o (B At

2. Tz”exp(—azzz+Bz+y)dz=§Wl(2)(n,a2,B) .

Ton 1 p
3. !z exp (—oczz2 +PBz +y) dz == {erf [—jil}wl(z) (n,oc2 ,[3)+
+W2(2) (n,a2 ,B)

{lim | Re(?2? ~Bz)~(n-1)Infz|| =+, lim Re(az)=+=}.

Z—0 Z—®©

4, E[Zﬂ exp (a222 +Bz+y) dz =W2(2) (n,—cx2 ,B)—i{erfi [Zﬁj;i}x

o a
><W1(2) (I’],—oc2 ,[3)

{lim| Re(o2? +B2)+(n-1)infg] | =0, lim Im(az) =+ }.

Z—>0 Z—>0

2.2.5.

+00

0 I
L [ 2"exp(-bz+y)dz=(-1)" [ 2" exp(bz+y)dz= -
0

bn+1

exp(y) {6b>0}.

—00

n!

exp(y) {Zli_r)noo[Re(Bz)+nln|z|]=—oo}.

2. [2"exp(Bz+v)dz= E
0

Introduced notations:

2

0 ka(n-2k)t(o?) |

~ n!\/gexp[ i% JE(H/Z) g2k
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(2m)r

(2) _
W (2m,0c2 '0)_ 22m+1m!(oc2 )m

exp(v), W (2m+1,02,0)=0;

ntexp(y)| "E2) (k —1)!

(2) 2 y
2) ;" n.o” ) 2" = (2k-1)(n+1-2K)!

é 4 k-1 B n-1-2 k+2 / E(i/Z) 1 i /'B n-1-2 k+2 /
X —
/:1(/_1)!(a2 )n—k+/ o K(n-2k)! ,:1(2/)!(a2 )n—k+/

Wz(z) (2m,oc2 ,0):0, Wz(z) (2m +1,0° ,0)=m—!exp(y).

2(0(2 )m+1

2.3. Integrals of erf" (o z+ B)exp[—(az+ [3)2]

2.3.1.
1. +jeoerf (az+B) exp[—(az+[3)1dz:£[ 1—erf2(B)J {a>0}.
o 4a
2. Terf (az+B)exp[—(az+B)2]dz=O {a=0}.

3. Zerf (az+B) exp [—(ocz+[3)2}d2=%[ 1—erf?(B) }

{ lim [Re(oczz2 +2aBz)+ In|z|} =+ }

2.3.2.
i Jr
1. ({erfz(az+B) exp[—(az+[3)2}dz=6—;[[1—erf3(B)] {a>0}.
2. J:Jierfz(azﬂ?))exp[—(az+B)2Jdz=£ {a>0}.
3 Terfz(az+B)exp[—(az+B)2Jdz=—£[erf3([3)$l]
' 2 6a

{ lim [Re(oczz2 +20LBZ)+|n|Z|J=+oo, lim Re(oz) =40}

Z—0 Z—>®©
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2.3.3.

2 2m 2 _ \/E _ arf2m+l
1. J(;erf (az+B)exp[—(az+B) }dz_—(4m+2)a[1 erf (B)J {a>0}.
2 Terfzmﬂ(az+B)exp[—(az+5)2]dz: Jn [1—erf2m+2([3)} {a>0}
' 0 (4m+4)a '
3. +j)oerfzm(aZJrB) exp[—(az+B)2]dz = (Zm\/fl)a {a>0}.
4, Terfzmﬂ(az+[3)exp[—(az+[3)2} dz=0 {a=0}.
H n 2 _ \/; ﬂ+l_ n+1
5. .([erf (auz+B)exp [—(ocz+B) }dz_(zmz)a[(ﬂ) erf (B)}

{ lim [Re(oczz2 +2a[32)+|n|z|} =+o0, limRe(az)=2w0}.

Z—>0 Z—>©

2.4, Integrals of z" erf (auz +B)exp[— (az +B)2]

24.1.
+00 \/_
1. £ zerf(az+B)exp [—(az+B)2} dz= 4:E[erf2 (B)—1]+
erf (B) J2
+ ) eXp(_BZ)_E[erf (ﬁﬁ)—l} {a>0}.
2. +foozerf(az+[3)exp[—(az+[3)1dz: 21 5 {a>0}.
o a
0 \/_ f B
3. £Z erf(ocz+[3)exp[—(az +B)2} dz = 4:;3 [erf2 (B)—1J+e;:2 )exp(—Bz)—
—%[erf(ﬁﬁ)il} { lim Re(onzz2 +2aBz):+oo, lim Re(otz) =0}
o 71— Z—®0
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24.2.

1. Tzzerf (az+p)exp :—(az +B)2} dz =§{(BZ +%j [1—erf2 (B)}+
+exp (;ZB ) — 2§3 { x/E[l—erf (ﬁ[&)}erf (B)exp (—BZ) } {a>0}
2. +fozzerf(az+[3)exp[—(az+[3)2}dz:—\fi?’B {a>0}.
2 a

3. Tzzerf (a.z+PB)exp [—(ocz+[3)2]0’2= Jn {(BZ +lj[1—eff2 (B)]+
0 4 2

0L3

+ exp(— 2p* )}Jr Bs { V2lerf (V2p)71]-erf (ﬁ)exp(—Bz) }

n 200

{ lim [Re (onzz2 +2aBz)—In|z|]=+oo, lim Re (az)=1x}.
Z—o© Z—>®©

24.3.
1. +j)()z”erf (az+p)exp [—(az+B)2J dz =[erf (\/EB)—le

XW1(4) (n,a,B)+§{ [1—erf2 (B)] W2(4) (n,a,B)+W3(4) (n,a,[&)} {a>0}.

2. +f()z"erf(az +B)exp[—(az+[3)2}dz =—2W1(4) (n,a,p) {a>0}.

3. Tz”erf(az+[3)exp [—(ocz +B)2J dz =[erf(\/§[3)$1}wl(4) (n,o.p)+
0

L1t ()] ) ) )

o

{ lim [Re (a?2? +2aBz)—(n—1) |n|2|}:+oo, lim Re (auz) =20 }.

72— Z—0
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Introduced notations:

x

(_l)nn! n—E(n/2) (k_l)!Bn+1—2k
220™ o (2k-1)!(n+1-2k)!

= (21)!

1)W1(4)(n,a,ﬁ)= - g (||) )

w (2m,a,0)=0, W (2m+1,0,0) = -

o (2K
2\/§a2m+ I<Z(:)8k( )’

(4) n|\/_ I'I/Z an2k
2 W 1 1 L
) 2 (n a B) (_a)n ké) 4k+1 k'(n—Zk)l

(2m)ir e

4m+1m!a2m ! 2

w!® (2m,a,0)= (2m+1,0,0)=0;

(n/2) n-2k
®) (n,a,p)=—" b erf (B)exp(—B2 ) x
) W (n.ouP) (-a)”{ = 4kk!(n_zk)![ f(B)exo(-?)

k=1 4l 21+1 2 k- 2 | l+r o 2r
X214|!B +exp(—2[3)21 () 327 }_

& 21+ 1)! e Sy @ir &
n—E(n/2) (k—l)!Bn+l_2k erf(B) k_1B2I
-] (2k—1)!(n+1—2k)!|: ,ool-p ),§OT+

+exp(—2[32)k—1 (2')] 1-1 r!B2r+1 :l}
Vn 1=1 (I )2 r=0 gl-r (2r +1)! ’

erit (0w

w!¥ (2m,a,0)= ,
5 ) miy/m o™ (o 22™K (2k +1))!

(2m+1,oc,0)=0.



2.5. Integrals of Z7erf (o z+B)exp(Byz+7)

2.5.1.
+00 f
1. ferf az+p)exp(-bz+y)d =—J'erf (az- B)exp(bz+y)dz_erT(B)exp(y)—i
0 o
2
Xexp[v+b—+@Merf(B+LJ—l} {a>0,6>0}
43° a 2a

) 2
2. [erf(az+B)exp(Brz+7) dz=Biexp {B—l—&+ Merf (B—B—lJ }—
o

0 1

Wty tin[Re(o 2] 2]

lim Re (B1z)=-o0, lim Re (az)=+x}.
Z—>0 Z—>0

2.5.2.
+o0 0
1. [ zerf (az+p)exp (~bz+y)dz= [ zerf(az—B)exp(bz+y)dz=
0 —0
erf (B) b? —2aBb
- ex - X
o2 T ) 2a%b?

2 _R2
xexp (y+b—2+B—b] {erf (B+£)—1}+M {a>0,b>0}.
da a 2a

Jrab

< 2 Q2
2. IZerf(ocz+[3)exp([312+y)dz:&gﬁ)exp(y)_2(1 —Bf +2aBpy .

0 p? 202B}
2
B BBy ( 81] } exp(v-p?)
x s flp-—— |F1|-————F
exp(zlot2 . J[er B \/Eotﬁl

{ Ilm[Re(a 2° +2aBz-Ppyz )+In|z|}

Z—>0

lim [Re(B12)+ In|z|]= -, lim Re(a.z) =400}
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2.5.3.

+o0 0
L | z”erf(az+[?5)exp(—bz+y)dz:(—1)"+1 [ 2"erf(az—B)exp(bz+y)dz=
0

_nlexp(y) [erf(B) erf[B+£}—l y
a b p" 2a
xW1(5)(a,B,—b)—%WZ(S)(avB,—b)} {a>0,b>0}

i nlexp(y) | (-)™
2. [2"erf (az+B)exp (Byz+7) dz= —erf (B)+
0 By )

J{erf (B—g—;jil} Wl(s) (a,B,Bl)+ZTZW2(5) (o0, B.By )}

{ lim [Re(oczz2 +2aBz—Blz)—(n—2) Inz| J:+oo,

Z—®©

lim [Re (B1z)+nln|z|]] = —o, lim Re(az) =40}

Introduced notations:

(5) B B2 BB | 1 E12) (p, —20p)"
W B,B )= _ |
) 1 (OL B Bl) exp {40@2 o ]k:o 2k (_Bl )n—k = |!(|( _2|)!a2k—2I

exp(_Bz ) E(n/2) 1 .
(20)" &0 ki (-p)"

Wl(S) (n,a,20B)=

n E(k/2)
2) WS (., y) =exp( 2 )Y ————— [ 1 .
k=1

Zk(_Bl)nik 1=1 |!(k—2|)!
[ r(By —2ap) iRl KEKZ) (/-1)!
<y P R YT YT
= (2n(a?) > GO

xi 4/—r (Bl —ZGB)k_l_2/+2r
(=1 (a?)

k—I+r
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WZ(S) (o, B,20B) =Wexp(—32 )

2.6.1.
+00 f 2
L [ zerf (az+B)exp(—a122) dz =2 (B)+ a exp{— 21[3 Jx
0 28 24 ./a? +a a® +a
x| 1—erf __a {a>0,a; >0}.
Vaz +a1
2.+J?Ozerfi(az+[3)exp(—a122)dz= a exp{ p” }x
0 2a\a; —a’ 3 —a’
erfi
x| 1+erf ap + G {a>0,a >a’}.
al_az 23.1
+00 0
3. jzerfi(az+b)exp(—a222)dz= jzerfi(az—b)exp(—azzz)dz=
0 —00
- 2
:erfl(b)_exp(b ) {a>0,b<0}.
2a2 2+/ra’b
+00 2
4. jzerf(az+B)exp(—a122)dz:;exp [— 21[3 } {a>0,a; >0}.
—o0 a;yal+a a- +a1
+00 2
5. J' zerfi(az+[3)exp(—a122) dz = a exp( P 2] {a >a%}.
o ay /3y _a? a—a
° erf 2
6. jzerf(ocz+B)exp (—oclzz)d2= (B)— ¢ exp {— ?1[3 ]x
0 20y 20y yJa? +ay o +0y

60

(_1)n n—E(n/2) kI
G (2k)!(2)

n+l-2k

2.6. Integrals of z2™*lerf(az+ ﬁ)exp(— oyz? )

x[erf [G—BJﬂ] { lim [Re(oczz2 + 0,22 +2aBz)+In|z|}=

2 Z—©
\/ o +aq



= lim Re(alzz)=+oo, lim Re(\/az +0oy z)=ioo 2

Z—>0 Z—00

_1
20.°

7. Tz erf (oz +B)exp (a2 z° )dz
0

{erf(ﬁ) \/%ﬁexp (_Bz )}

{lim Re(02” )=, lim Re(apz)=+x}.

Z—>0 Z—>0

2.6.2.

+00 f
1. j22m+1erf(az+B)exp(—alzz)dz:ﬂ!{er (B)+ S

m+1
0 2 | a Jat +a

x{lerf[ ap ﬂwl((s)(a,al,B)+aW2(6)(a,al,B)} {a>0,a; >0}.

Jat +a

+00 f'
2. [ 22" erfi(az +)exp (-2, 2)dz=ﬂ!{er i(B) a

2 am+1 2
0 ) a —a

x{u erf [%J]Wl@ (ia,a,ip)+ aWZ(G) (ia,ay,i B)} {a >0,8 > az} :

0 0
3. +J'22m+1 erfi (az + b)exp(—azz2 )dz = [22™erfi(az —b)exp(—azz2 )dz =

0 —00

) ;nn!wz [effi(b)—%ws(‘i)(wﬂ {a>0,b<0}.
a

+00
4, jz2m+1erf(az+[3)exp(—alzz)dz: m'a Wl(e)(a,al,[}) {a>0,a; >0}.

—o0 Va2+a1

~+00 |
5. J'zszrl erfi (az +B)exp(— a,2° )dz -__ma

o /al—az

2 f
6. jzzm“erf az+|3)exp( alzz)dzm?!{er (B)— S,
0

m+1
oy \/ocz +oy

Wl(e)(ia,al,iB) {a >a%}.
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X [erf{a—ﬁjil}wl@) (o001, B)+ ocW2(6) (a,01,B)

OLZ + a1

{lim [Re(oczz2 + a2 +2aBz)—(2m—l)In|z|J: lim [Re(alzz)—2m|”|zﬂz+°°’

Z—00 A

lim Re[w/az +ay Z}:ioo }.

Z—>0

m+1
2™ erf (oz + B)exp(a222 )dz = (-1) m!|:erf (B}*%Wf)(—ﬁz )}

2a2m+2

~
o— 8

{ lim [Re(a222)+ 2m|n|z|} _—

Z—>00

lim [ Re(apz)—min|z|]=+e3}.

Z—0

Introduced notations:

2 m k-21
1) W1(6)(a,oc1,[3):exp[— oy ] (k) X (ap)?K2

2 1-k 2k—1 "’
of +og k=0 Kl 204" 112k - 21)(a 2 + oty )

W1(6) (o, 05,0)= i

exp(—B% ) m  (2k)!

2 w® K 1 | (aB)Zk—l—ZHZr
b (o0, B)= i & k!ot{mlﬁk E(ZK_ZI)! E(az +a1)2k7|+r x
. e (1-1) W (oay, 0)=0:
AT n2ry (2k+1-20)(21-1)(r -1)! 2 T
) w8 (32 )= L axp(p2 )3 (2K
3 (s2) \Gexp(ﬁ )kZ::Ok!(Ang)k
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2.7. Integrals of z" exp(— az? +[$z)erf(alz+Bl ),

n exp(—a22 )erf(alz+Bl derf(o,z+B5)

2.7.1.
+00 1 a
1. | exp(-az?)erf (az) dz = —=—arctan—= a>0}.
A o
e . 1 \/_+a1
2. [expl—az? ferfi(ayz)dz = {a>a’}.
| - it = o a
+o0 +00
3. | exp(—aZZ)erf (a,2) erf (azz)dz=% [ exp (_azz) erf (agz) erf (a,z) dz =
0 —00
1 aa
=——_arctan 172 {a>0}.
Jra Ja? +aa’ +aa?
+o0 +00
4. jexp(— az’® )erf(alz)erfi (ayz)dz =% jexp(— az’? )erf (agz)erfi(apz)dz =
0 —o0
\/a +aal -aa3 +aja, (asal)
2\/ \/a +aal —aas —ajay
+o0 +00
5. jexp(— az2)erfi(alz)erfi(azz)dz=% jexp(—azz)erfi(alz)erfi (apz)dz =
0 —o0
— 1 arctan 43, {a>al+aj}.

Jra Ja? -aa? - aa?

+00 2
6. jexp(— az? +Bz)erf (a;z+pq )dz :\/gexp P ert [MJ {a>0}.

Zw/a2 +aa12

+0o0 )
7 IeXp(‘ az’ +l32)effi (a;z+Py)dz :\/gexp P™ erfi LMJ

—00

4a 2\/a? —aa?
{a>a’}.
8. '([ exp(—az® erf (y2)dz =%arctan% {af #-a, Zli_)rr;[Re(oc 22)+In|z|J=
= lim [Re(az +052 2)+2In|z|} +o0}.
Z—©
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9. jexp( oz )erf(OLl Jerf (a,2)dz =+ arctan el

0 F JoyJa+o? +od
{ lim [Re( )+In|z|}_ lim [Re(az +0fz 2)+2In|z|}

Z—®© Z—©

= lim [Re(ocz2 +a52° )+2In| ”_ lim [Fee(ozz2 +a?z? +a§zz)+3ln|z|J=

Z—>0 Z—>0

of #—o, 05 #—a, |im[Re(\la+a12 +aj Z):|:ioo }

Z—0

o(Ty) ,
10. jz exp(—ocz2 +Bz)erf(alz+Bl)dz: \/_exp(f’ }erf[ 20P1 + a4 J
Ja 2

o(Ty) 4o \/_qla+ocl

{ lim )[Re(ocz —[32)+In| ﬂ: lim )[Re(azz +afz? +2a1[312—[32)+2|n|z|]:

20Ty z—0(Ty
= lim [Re(az —BZ)+|H\ \]: lim [Re(azz+a1222+2alﬁlz—[32)+2ln\z\]:+oo;
z2-0(Ty) 7-0(T,)
A=+1if lim Re(dowaf z):— lim Re(\/oc+oc12 Z):ioo,
Z—)OO(TZ ) Z‘)m(Tl )
A=0if lim Re(\/aﬂxf z)- lim Re(\/a+oc12 Z)=+oo}.
z—>o0(Tp) 2-0(T,)

A%
11. fexp(— az? )erf(alz)dz =0.

-V

2.7.2.
1 Tzexp(—a 2°) erf (a,z)erf (a,z)dz = % arctan—2_
5 zaja+a’ Ja+a?
TR S arctan % {a>0}.

a+a2 Ja+al
s Ja+a? +a
2. J‘zexp(—azz)erf(alz)erfi(azz)dz:i 1%

0 a[ZJa+af \/a+a1

+—%  arctan—2 {a>a’}.

\/a—azz \/a—af
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o wla—az +a
3. jzexp(— az? )erfi(alz)erfi(azz)dz = o S 1772,

1
2na \/ 2 \/ 2
0 a-aj a-aj -ap

2
a Ja-a; +a
2__In 2 1} {a>af +a}.

+
2 2
\/a—az \/a—az — 9

+00 2
4. | ZeXp(—aZZ+l32)erf(alz+l31)d2= Vrp exp{B—Jerf 2ah rap |,
2

o 2a+/a 4a laz 4 aa12

2 402
P exp{B il 431[5[51} {a>0}.

[ 2
a a+a12 4a+4al

+o0 2
5. | zexp(— az® + Bz)erfi (agz+B1)dz = Zf\/% exp[i—aJerfi

23.'31 +a1B +
2\’ a2 — aa12
a B% +4apl +4a;pp,
exp

2
a,[a_af 43_—43.1

+00 a 2
6. _|'zexp(—azz)erf(alz+Bl)erf(azz+B2)dz=a—1exp(— Blz]X

-0 a1/a+a12 atag

—00

+

J {a>al}.

2 2 2
ap, + —aa a a ap, +asp, —aja
cerf Bo +a; By —aanhy . 2yl - Bgz orf B +a5P1 —aanPs
\/a+a12\/a+a12+a§ a\/a+a§ a+a, \/a+a§\/a+alz+a§
{a>0}.

+00 a 2
7. j zexp(— az? )erf (agz+Py erfi(arz+p, ) dz :a—lexp [—LZJX

—0 aw/a+a12 ata;

xerfi

2 2 2
aBy +a; Br —aarPy a, ap; apy —a, B +a Py
+ exp 5 erf
\/a+a12\/a+a12—a§ a\/a—a§ a-a, \/a—a§ \/a+a12—a§

{a>a’}.

+00 a 2
8. J'zexp(—azz)erfi(alz+[31)erfi(azz+[32)dz: a exp[ Blz ]X
a

— awla—al2 —a
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xerfi

aBy —312132 +a1ayB as exp[ aB§ Jerﬁ apy —35131 +a1a7B7
2

Jostaa2-aZ | ajaz2 Joa2 Jaa? a2

{a>a? +al}.

a

o
arctg Z_ +
\/ a+aof

\/a+af

/104

9. | zexp(azz)erf(alz)erf(azz)dz_i[
0

arctg { lim Re(az )— lim [Re(al +afz )+|n| |]

2 2 7w 7w
\/(X-F(Xz \/(X-FOLZ

= lim [Re(az +a222)+ln|z|]: lim | Re (a22+oc12 2+0L z )+2In| Z| 0,
Z—>0 Z—0

o #—a, ai #—a,0f +as #—a}

o(T,) 2
10. j zexp(—oczz+[32)erf(oclz+[31)dz: Vp exp[B ]x
» 20 o
(T1)
et | _20B1 B oy exp{ﬁz—msf—talmsl}
2\/_w/oc+oc1 ocﬁon+oc1 do+4oy
{ lim Re(az®?-pz)= lim Re(az? -pz)=
Zﬁoo(Tl ) ZHOO(TZ )
= Z_Jior?Tl)[Re(azz +0c1222 +201B12 —Bz)+|n|z|]:
= lim [Re(az +a122 +201B12—-PBz) +In|z |] +o0; A==l if
Z—)OO(Tz)

lim Re(w/oc+(x12 z):— lim Re(\/a+a12 Z):J_roo,

7-50(Ty) 7—0(Tp)
A=0 if Z_I)Lr)1(1T1)Re(\/a+ocf z)-z_!LrPTz)Re(w/a+oc12 Z)=+oo}.

©(Tz) o ap?
1 j zexp(—azZ)erf(alz+[31)erf(azz+[32)dz:A—lexp - 12 X
o(Ty) a«la+0c12 o+0y

xerf

2 2
o +a - o
Bo +oy Py —ogappy A2 exp[— B5 JX

2 2 2 [ 2
\/OL+OL1 \/OL+OL1 +OL2 (03 OL+(12

2
OL+OLZ
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2
" apy +a5B —oganBs 9

{of #-a, a5 #-a,
Ja+a2Ja+a2+a2 . ?
2 1 2

z—liog(]Tl) Re(OLZZ ) N Z—liorFTz ) Re(a22 ) -

: 2 2,2 _
Zlior?Tl)[Re(az +ajz +2a1Blz)+In|z|}_

= lim [Re(azz+(x1222+2a1[312)+|n|z|]:
z2—0(T,)

= lim Re(a22+a§zz+2a2B22)+ln|z| =
Z—)oo(Tl)

_Z_)IJOIT(]TZ)[Re(azz +oc§2 +20t2l322)+|”| |]_

= |im [Re(az +a1222+a22

2 +2(11312+2(12[322)+ 2In|z|]:
z—0(Ty)
= z—)lc!or?TZ )[Re(azz +0(1222 -|-oc§z2 +2(11[312+2a2322)+2|n|2|]:+oo;

A==1if lim Re(«/a+a12+oc% z):— lim Re(«/a+a12+oc§ Z):ioo,
Z*)OO(Tz)

2—0(Tp )

A=0if Iir‘? )Re(\la+a12+(x§ Z)- lim Re(\la+a12+oc§ Z)=+oo}.
Z—>0! Tl

Z—)OO(TZ )

A%
12. fzexp(— az? )erf(alz)erf(azz)dz =0

-V

2.7.3.
—+00
1. J-sz exp(—azz)erf(alz)dz— (2m)! 7)(m a,ar) {a>0}.
5 !
+00 2m)
2. [ 22Mex erfi(a,z)dz = ( W(7) m,a, a {a>a?}.
[ 2" ep(-ar® Jerfi(az)dz = W, (m.a,2)
T om 2 1°7 om
3. [z exp(—az )erf(alz)erf(azz)dz=5j exp( )erf(alz)erf(azz)dz=
0 —00
M Am
N GEY A ——arcty f182 {a>0}.
Jro oa™ \/_ \/az +aal +aa;
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+00

+00
4. jzzm exp(— az? )erf(alz)erfi(azz)dz =% Jzzm exp(— az? )erf(alz)erfi (ayz)dz =

0 —o0
m 2 2 2
D™ o™ | 1 \/a +aa; —aa; +ajay ,
= | = {a>a’}.
2Jn ™| Va \/a2 +aal —aal —aja,
+0 1t
5. jzzm exp(— azz)erfi (ay2) erfi(ayz)dz =5 jzzm exp(—azz)erfi (ag2) erfi(ayz)dz =
0 _—
(—1)m 6m 1 dian 2 2
= -——| —=arctg {a>af +a5}.
Jr ™| Va \/a2 —aal2 —aa%
i | m 2k)!
6. [ 2™ exp(—azz)erf(alz)erf(azz) dz="" g—)
0 m k=0 (k!) aMHk

><[a1W1(7)(k,a+al2 : a2)+a2W1(7) (k,a+a§ , al) } {a>0}.

o m 2k)!
7. I22m+1exp(—a22)erf(alz)erfi(azz) L (2—)
0 T k=0 (k!) am+1—k
x{alwzm(k,awaf,a2)+a2W1(7)(k,a—a§,a1) } {a>a3}.

o m 2k)!
8. I22m+1exp(—a22)erfi(alz)erfi(azz) dz =0 (2K)
0

k=0 (k1)7 amHk

x[a1W2(7)(k,a—af,a2)+a2W2(7)(k,a—a§, 1)]{ a>a’ +a’}.

+00
9. fz” exp(—az2 +Bz)erf(alz+[31)dz :n—r:W?f7)(n, a,ag, B, B1) {a>0}.
2

—0o0

+00
10. jz” exp(— az? +Bz)erfi (aqz+Byq)dz =n—:WAf7)(n, a,ay, B, B1) {a>a’}.
2

—00
—+00 m 1
2m+l 2 _ml (2K)!

x[al exp(—Bl2 )ng (2k, a+af,ay,—2aPy, B )+

+ay exp(—B%)Ws,m (2k,a+a§,a1,—2a2[32 ,[31) J {a>0}.
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mt O (2k)
—X

x[alexp( [31) (Zk a+a1 yas,—2a1P1, [32)

~+00
12. fzzm”exp( )erf(alz+[31)erf|(a22+82)d2—

—00

va,exp(p2 )W) (2k, a-a2 ay, 2a,p,.p1) | fa>al}.

m! O (2k)|

+00
13. [22™exp (—az? Jerfi (agz + By Jerfi (agz + Py )dz=—= Y — 20

—00

oW ot

va,exp(p2 )W, (2k,a-a2 ay,2a,p,.p,) |{ a>a? +a2}.

@ 2m)!
14. [ 2™ exp(—oczz)erf (alz)dz:( m) w7 (m, o, 0y) {a#0,0f #-a,
5 mi/r

Iim[Re(az ) (2m-1)In|z ”_Ilm[Re(az +afz ) (2m-2)In|z ” +0}

Z—0 Z—0

© m
15. [2°" exp(—azz)erf(alz)erf(azz)dz_ ALD

A L arctan %
0 \/750‘ Vo ﬁ«/amfm%

{Iim[Re(ocz ) (2m- 1In|z|}_llm[Re(az +atz ) (2m-2 In|z|]

71— Z—®©

= lim [Re (az2+a§zz) (2m-2 In\z\] I|m [Re (az +a1222+a22 ) (2m-3 In\z\] +o0,

71—
ocf ;t—a,ag #z—a; A=(-1)" if lim Re(1/a+oc12 +(X%Z)=+OO,

Z—>00

A= (D)™ if lim Re(mz) — o}
Z—>0

o0 m
16. [ z2™ ex erf (o, 2) erf (a,z dz=ﬂ! S S A
-([ p( ) (oyz) erf (a;2) n g, (k1) ™K

x a1W1(7)(k,(1+a12,a2)+a2W1(7)(k,oH—ag,ocl) }
{a12 ;ﬁ—oc,ocg £ —q, oclz +oc§ #—q,
I|m [Re(az )—2min|z |]— lim [Re(az +a1 ) (2m-1 In|z|]
Z—>
= lim [Re(az +a z ) 2m-1)In|z |]

Z—0
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70

:JLTO[Re(azz +afz? +a§22)—(2m—2)|n|z|:|:+oo 3.
0(Ty) nl
17. _[ 2" exp(—a22 +Bz)erf(alz+Bl)dz = A—r;W3(7)(n, a, o, B, B1)
o(Ty) 2
{a=0, lim [Re(ocz2 —Bz)—(n—l)ln|z|}:

2—0(Ty)

= lim )[Re(ocz +a?z% +204By2 - Bz) (n—2)|n|z|}=

Z%oo(Tl

- tim [Re(ad® -pz) (o]

Z*)OO(TZ )

- I|m [Re(azz+oc1222+20c1[312—Bz)—(n—Z)In|z|J:+oo

ZA)OOTz
A=+1 if I|m Re(~/a+a1 ):— I|m Re(\/a+a12 Z):J_roo,
7-0(Ty) 7—0(Ty)
A=0if lim Re(\/a+af z)- lim Re(w/a+a12 Z)=+oo}.
7—0(Ty) 7-0(Ty)
o(Ty) m
j 22m+1exp( )erf(alz+[31)erf(a22+[32)dz LS (2—k)1kx
oo (Ty) V2o 4% kia™

x[(xl exp(—Bf) W3(7) <2k,0~+0t12 » 0o —2(11[31132)"'
+aL, exp(—B%)W3(7) (2k,oc+oc§ 0y, —20B, Bl)J

{ lim [Re(az) 2m|n|z|}_ lim [Re(azz)—ZmIn|z|}:

z—00(Ty ) z—0(T, )

= lim )[Re(ocz2 +afz? +20c1[312)—(2m—1)ln|z|}:

ZA)OO(T]_

= lim )[Re(az +a?z +2alﬁlz) (2m—1)|n|z|}=

z *)OO(TZ

Re az? +a5z? +2a2522)—(2m—1)ln|z|J=

z—>oo(T1 [
LRel

I| Re az? +a32? +2a2522)—(2m—1)ln|z|}=

= lim )[Re(ocz2 +alz? +a5z? +2a1B12+2a2B22)—(2m—2)In|z|J=

z —)OO(Tl



= lim Re(oczzﬂxlzzz+oc§zz+2a1[312+20c2[322) (2m—-2)In|z| | =+,
Z‘)OO(Tz)

2 2 .
o #—0, o) #—0;

A=+1if lim Re(«/a+a12+oc§ z):— lim Re(«/a+a12+oc§ Z):ioo,

Z—)CD(TZ ) Z*)OO(Tl )
A=0if lim Re( o+0? +ab Z)~ lim Re(«/a+a12+a§ Z)=+oo}.
Z—)OO(T]_) Z—)OO(TZ )

A%
19. J'zzm exp(—oczz) erf (aqz)dz=0

-V

A%
20. [ 2™ exp (—ocz2 ) erf (ayz)erf(ayz)dz=0.

%

Introduced notations:

2
1) W(7)(m,a,a (R 1 arctg +o (11 ’
1 VT amom /o J_ . |zo (21 +1)1(40)™ '(a+a1 )Hl
Vo +a s (19
2w (m. . g 1 n 1,4 ;
2 1 o2m+l m [ Ja - oq ' Ig(:) (2l +l)!(40t)m_| (a_alz )I+1
) Vm 82 | 20Birasp [FQD pr?
3) w; (n,a,al,B,Bl)—ﬁexp(aJerf[Zd—\l/j} S 1(n- 2|)la”'
1

1 exp{Bz_MBf_mlBBl}nE(n/Z) l1gn+i-2! l4'+l—r(2r—2)!X

v & (@(ne1-21E (r-1)

r1 o2 12a 20, +0yp 2r-2-2q E(n/2) n-21 I
XZ oy ( 1 1 ) T Z B lZ( _1)

qioq!(Zr—Z—Zq)!a”"”‘zq((“.al) iz (n-21)3

2
40L+40.1

r-1 2r-2q 2 2r-1-2q
.5 oy (20By + 1)

9=0q1(2r -1-2q)ta" %9 (a +af

W3(7) (2m,a, 01,0,B)= mlﬁ\/aerf[\/\/ilzJ
: o+ oy

)2 r-1-q |
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(XBIZ ] ml |Z (112|+2_2r (2‘31 )2r+1—2r

1
exp| — —,
m!«/OL+0le [ (X+(112 (2|+1 2I') (OL+OL12 )2|+1 r

wi" (2m, a, a1,0,0)=0,

2
wi (2m+1,0,a1,0,B; )= (m+1)tay exp[_&}

2
(2m+2)!w/oc+a12 o+ay

m I 4mi-r Olﬂ 2l-2r
Z m+l 1 Z ( : l) 21-r "’

Na™ T ri(20-2r)(a+af)

(m+Dlag & 4™y

@m+2)1a+a? 1=0(12 0™ (ot o2 | |

N 2 E(n/2) n—-21
4) W(7) L, B, T [B J £i 2aﬁl +aqB B
2 (o, 0q,B,B1)= \/Eexp 4o | X — alz |§o 2 ——

a—o? 4o—40? (2I)(n+1 201= (r-1)!

r-1 12r—1 2q (20LB1+OL1B)2r_2_2q E(n/2) Bn Y

XZ )Zr—2—q + Z ZI:( _l)

W3(7)(2m+1,a,a1,o,o)=

1=1

a=0 q!(zr—z—zq)!an_l+r_2q (oc—oclz ia N(n-21)5
z aZr—Zq (2GB1+OC B)2r7172q
X
2r-1-
a=0q1(2r —1— 2q)|ocn I+r— Zq( alz) r-1-q

W}Y)(Zm,a,al.O,Bl) m'fferf[ ;/_[3112}+

OLBlZ ]m—l I | 2|+2 2r (2B1)2|+1—2r

1
exp Z - z
m!\loc—oclz [01—(112 -

=00 r=0r|(20+1- 2r)((x oclz
w " (2m, a,a;,0,0)=0,

+

)2|+1—I' '

2

em+2M(a-a?) | o-a?

4m+1—r (alﬁl )2 1-2r

(2| )(a_alz)Zl—r !

i (er)llllZ

oo

72



(m+1)loy m 4™ (o)

(2m+2)LJa—aZ  1=0(j1)2 o M- (a—af)' |

W£7)(2m+1,a,a1,0,0):

2.8. Integrals of sin2"*1 (oczz2 +Bz+ y), sinhszfl(oczz2 +Bz+y),

cos 2/t (onzz2 +Bz+ y), C05h2m+1(a222 +Bz+y)

2.8.1.

+00 I 2 2

1. J'sin(azzz+bz+y)dz=ﬁ{[sin[y—b—J+cos(y_b_ﬂx
0 4a 4a? 4a®

i+1 b b? ) b? i+1 b

x| 1-Re erf (——ﬂ+ cos| y——— |[—sin| y——— | [Im erf[_._j )
[ V2 2a l: ( 432 4a2 V2 2a
+0 +00

2. Isin(a222+bz+y) dz=2 | sin(a222+bz+y)dz:

—0 —b/(z az)
b/(z a2

) 2 2
=2 | sin(azz2 —bz+y)dz =\/\/§a|:cos£f?—yJ—sin(f—2—yJ:|.

—00

3. OJ?sin(oczz2 +Bz+ y) az= %{(i—l)exp[i[y _B_zzﬂx

e areomeel ([ )4

{ lim [In|z| —‘Im (a222 +[32) H=+oo; A =+1

72—

if lim[Re(az)+(3-21)Im(az)]=+x}.

77—

4. Isinh (a222 + Bz +;/)dz :ﬁ{exp[%‘;—y] [erf (%)— Ai}+

4o

+eXp(Y—%J{A2 —erfi(%ﬂ} {;m[ln|z|—‘Re(a222 +Bz) ‘ J:+oo;

Ay =1if lim Re(az)=+w, A =-1if limRe(az)=—x,

Z—© ™
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Ay ==i if limIm(az)=1w}.

Z—>0

2.8.2.

+o0 2 2
1. jcos(a222+bz+y)dz=m cos y—b— —sin| y— b® 11,
4a 432 432

(i 2] ool e 2)

2. +focos (azz2 +bz+y) dz =2 T cos(azz2 +bz +y)dz:
~o —b/(2a2)

b/(2a) , ,
=2 | cos(azzz—bz+y)dz=\/,£{sin (b__yj+cos(b—2—yﬂ.

2a 432 4a

=]

—00

3. jcos(a z +Bz+y)d 8£{(1+|)exp[(y—%ﬂ {A& erf(

el

{Ilm[ ‘Im o’z +Bz)”:+oo;

Z—>0

=

S

A =+1if lim[Re(a z)+(3-21)Im(a z)] = £ }.

77—

oGl a-e( 2]}

4o

S

{ lim [In |2| - ‘Re a‘z +BZ)H:+OO; A; =1if lim Re(az) =+,

Z—0 Z—®©

Ay =-11f lim Re(az)=—w, Ay =i if lim Im(az)=+x}.
Z—>0 Z—®©
2.8.3.

1. Tsin2m+1 (azz2 +bz +y) dz =
0

(2m+1)!JﬂX

4m+1 a
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m (-)* | 02 )|
"2 (m—k)1(m+1+K)1V2K +1{Sm{(2k +1)(E_yj_ "

1+i J2k+1b 1+i V2k+1b) |
x| Reerf | —. +Imerf | —- -1
J2 2a J2 2a

+cos [(Zk +1)(b—22—yj] {Im erf [ﬂm bJ_

4a J2 2a

—Reerf(l—ﬂ- 2k+1 bJ+1H.

2 2a
+00 +©
2. | sinz”‘“(azz2 +bz+y) dz=2 | sinz”‘”(azz2 +bz+y)dz =
—0 —b/(2a2)
b/(2a?) K
2 i m -1
=2 | sin2m+1(a222—bz+y)dz=( m+1) \/;z )
e 4" g k=0 (M—k)I(m+1+k)!vak+2
(2k+1)[ 2 in| (2K 1) -2
x{cos +1)| ——7 ||-sin +1)| —— :
4a2 ! 43 !
® ]
3. jsin2m+1(oc222 +Bz+y)dz:Mx
0 4m+1a

.3 (-0 {(i—l)explii(2k+1)[y— i Hx
ko (M=K (M+1+k)IV4k+2 40,2
x[erf (];/_;zl V2k2;1 BJ_Ai}_(i +1)exp {i (2k +1)[B—22—yJ]x

4o,
{erf (1—\;; 2;;1 BJ— Az}}

{ lim [In|z| —(2m+1)‘|m (oczz2 +B2)H:+oo:

Z—>0

A ==+1 if !Lrg[Re(a 2)+(3-21)Im(az)]= 0}
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4. TsinhZ"‘”(azzerﬂHy)dz (2m+1)x Zm: ()" X
0 4™ g K)i(m+k+1)1v2k +1

Jodn( )

k=0

o 2]

[ —erfi [ [2k+1P } } { lim [In| |- 2m+1)‘Re((x222 +BZ)H=+OO;

Z—>0

A =1if limRe(az)=+0, Ap =-1if limRe(az)=-x,

Z—0 Z—00
Ay = =i if limIm(az)=1x}.
Z—>0
2.8.4.
e 2m+1)1yJ2x M

1. IC052m+1(a222+bZ+y)dZ:( +1)t2n L x

0 4™la S (m=k)(m+1+k)2k+1

2 on i1 iR ]
x4sin| (2k +1) b——y Lo tmerf | L0 N2KHLD ] po o | 1l N2ZKHLD
432 ﬁ - 2a J2 2a |

+C0S [(Zk +1)[i‘“/j] {PRG erf [1—\}; 22;1 b]— Im erf (1—\}%‘—“ 2k2;1 b]_

L
——

4a*

2. +focosz””l(azz2 +bz+y) dz =2 T coszn”l(azz2 +bz+y)dz =
- ~b/(2a%)
b/(2a°) mits @ )
_ am+1( 2.2 _ :
=2 [ cos (a z bz+y)dz T k%)(m—k)!(m+1+k)! mevk

Jof a2 aenf 2]}

< 2 DY
3. jcosszrl (oczz2 +Bz+y)dz =Mx
0 4m+1a

m 1 . . p2
"2 (m—k)H(m+1+ k)!M{(“')eXpll (2 +1)(Y_EHX
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x[/s& —erf [%‘ Zzglﬁj}ﬂl—i)exp {i(Zk +1)(%—YH x

frl )

J2

{ lim [In| | - 2m+1)‘|m oc 22+BZ)H

Z—>0

A =+1if lim[Re(a z)+ (3—21)Im(a z)] =+ }.

77—

[°e] | m
4. jcosh2m+1(a222+Bz+y)dz—(2m+1)'\/; L

a Ty A (mo k) (ML k)KL

RTINS N Eo=1) BN |
[a-e ]

{ lim [In|z| (2m +1)‘Re(a222 +BZ)H=+OO; A =1if lim Re(az) =+,

Z—® Z—>00

A =-11f lim Re(az)=—-0o, Ay ==i if lim Im(az)=10}.

z>® 2%
2.9. Integrals of z" sin(a222 +Bz+y) exp(B,2)
2.9.1.
+00

1. [sin (azz2 +bz+y) exp (b z) dz = ?sin(azz2 —bz+y)exp(blz)dz=

0 —00

LN -

: ~b? 1 b +ib i-1 b +ib
—sm( " yMHReerf (E o ]+Imerf (E ” H} {b >0}.

00 ok 2
2. .([sin (a222 +Bz+y) exp (B,z) dz= \s/gi_n{(lﬂ)exp {(BLTIZB)_I ]x
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x{Al +erf (1—\/__2' Blz_aiﬁj}r(l—i)exp { (614:[3) }

1+i l31+|l3

[Aﬂ f }{hm Re (B.2) "m(G222+BZ)‘—In|z|]:—

A ==1if lim[Re (az)+(2k-3)Im (a'z)]=%=}.

Z—w

2.9.2.

0 0
1. +I zsin(azz2 +bz+y)exp( bz)dz =~ J' zsin(azz2 —bz+y)exp(blz)dz:
0

(;O:Y \/ﬁ {sm b bl)Reerf(I\/E1 b12+a|b]+
+(b+bl)|merf[i%zl-bl;:libj+b—bl}+cos[b:;;blz —Y]x

x{(b—bl)lmerf [T b12+a'bj (b+b; )Reerf (T bl;a'b] b—bl} } {b, >0}

= Jn —1)(iB; —B)x
—Sﬁag{(l ) (iB—B)

. (B +B)? 1+4 By +/P . .
xeXp[Iy— i H/& rf(\/E 2g ﬂ—(l+/)([3+/[31)x

(B —iB)2 . 1-i By —ip cosy
xeXp{T—IY]{Aererf(ﬁ- e ﬂ}+2a2

{I|m [Re (Blz)+‘lm a“z +BZ)H —o0;

2. Tzsin (oczz2 +Bz+y) exp (B,z) dz
0

A ==L if lim[Re(az)+(3-2k)Im(az)]=4w}.

Z—>0

2.9.3.

1. +foz”sm(azzz+bz+y)exp( byz)dz = J'z sm( 272 bz+y)exp(blz)d

0 -0

n! bby b? —b° i—1 b +ib 9)
ENTANCE y]Re{ef[ﬁ L dunan-al-
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n__ (bb b —b® i-1 b +ib (9)
_2—nexp(2a2]cos{ o +yjlm{ {erf[—z. > j+1}wl (n,a,b,—b )+

{b; >0 if n>0}.

2. {20 sin(o2? i J BB
!z sin(a’z® + Bz+y )exp(B,z)dz {exp{ 1

2n+1 4i
o .
{erf(%‘%}rﬁ}wfg)(”’aaﬁlﬁl)—exp{iv—(ﬁzss) ]x
1+i Py +iP
(5 B e [ 0

+exp(—iy)W2(9) (n, a?, B, Bl)—exp(iy)wz(g) (n, —a?, -B,B1 )}

{ lim [Re([?)lz)+‘lm(a222 +Bz)‘+(n—1)ln|z|}=—oo;

Z—>0

A =+1if lim [RG(OLZ)-{—(ZK—3)|m((x2):|:ioo}.

Z—©

294.

+o0 0
1. [2"sin(bz +v)exp(~byz)dz = (-1t [2" sin(bz - y)exp(byz)dz =
0 —o0
= (=1)" W (¥ (b, =by ) {by >0}.

2. Tz” sin(Bz +y)exp(Byz)dz = (-1)" n!WAfg) (B,B1)
0

{ [312 #—B%, lim [Re(Blz)+|Im(Bz)|+nIn|z|]:—oo}.
Z—>00
Introduced notations:

Jz_rﬁ—i)ﬂnz’?) (By—ip)"?

=0 1(n—21ie2 )"

D W, (n, a,p,p1)=
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Vr@=i)(=i)™

a2 w,®) (2ny +1, o, B, iB) = 0;
ng! o

Wl(g) (anv a, B, iB):

(9) ) ~ n-E(n/2) (1-1)! L gl-r (B1 _iB)n—1—2I+2r )
2) W, (n,a :5’[31)_ Ei (2l-)(n+1-2I) rzzl (r—l)!(iaz)n_IH
_E(gZ) 1 | r'(B )n —1-21+2r

=1 |!(n—2|).r:1 (Zr)!(loc )n—|+r

4™ ny!

wi® (2ny, a2, 8,i)=0, ) (2n, +1, a2, p,ip)= -
(2ng +fia2 ™

Ver(+i) B2 (g +ip)"*

(9) =
3) W™ (n, o, B, By)= 4o, E(:) |!(n—2|)!(—ia2)n_l |

wi® (2ny, o, B, —iB)= w9 (2ny +1, o, B, -iB)=0;

Ny !\/§a2n1+1

i L P B02) (-1) p?ip
(B2 +p7)" { " & @i 2y

4) W‘fg)(ﬁ,gl):

n—E(n/z)(_l)'sz'Bf“‘z'}i{ exp(iy)  exp(~iy) }

SR G120 |2 (g i)™ (b —ip)™

2.10. Integrals of z" exp(—oczz2 +Bz)sin(oc122 +Blz+y)

2.10.1.

+00 b2—b
1. j'exp( a%z? +bz)sm(blz+y)dz_2£exp( ¥ Jx

e om 2l 252

+00 b2 _ b
2. jexp( a’z +bz)sm(blz+y)dz:£exp 5 jsm +yj.
o a 4a

o a’b? —a?b? - 2a;hb
3. jexp(—azzz+bz)sin(a122+blz+y)dz:£exp L cancll ¥
2 4a* +4a?
0 1
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a;b? —ash? +2a%bb b+ib
><sin[1 [lll 5 1+y Re ! erf 1 + ! +
4a” +4a a? —ia 2\/a ~iay \/az—ial_

a;b? —a;b? +2a®bb; 1 b+ iby
+ Cos 2 5 +v [Im
4a” +4a, a’ |a1 2\/a —iay \/a ~iay |

{a>00r[a=0,a; #0,b<0]}.

4. T exp(—azz2 +bz)sin(a122 +byz +y) dz :Lx

—o0 21'344—312
2.2 2.2 2 2 2
abc —a“bh’ —2a;bb a.b° —a;bS +2a“bb
xexp[ L ! 1}[\/a2+1/a4+a12 sin( ! 11 5 1+y]+

4a* +4a? 4a* +4a;
aib? —ajb? +2a’bhy
\/w/a +a1 —a? cos +y
434 +4a

{a>0or[a=b=0,3 >0]}.

0 4q,

(o252l 257 ]

{ lim [Re(oczz2 —Bz)—|lm([312)|+In|z|J:+oo, lim Re(az)=+o0}

) . H 2
5. jexp(—mzz2 +Bz)sin(ﬁlz +v)dz :%{exp{w—iy}x

Z—0 20
6. Iexp(—azzz +Bz)sin (oclz2 +Blz+y) dz = \/j ! {\/aziiial x

(B-iB1)? } B-iBy 1
xexp | —————-iy || ef| ———— |+ A |- —=X
{40°2+4i0‘1 [ [2\/a2+ia1J l} o? —ioy
N2 [ .
XGXp[&.F |y:| erf ﬂ + A2

2 ; f .

{lim [Re(oczz2 —Bz)— Im(oclz2 +[512)‘+ In|z|} = 4o0;

Z—00

A ==£1 if lim Re[\/a +(3—-2k)ioy z } +o0 }.

Z—>0
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7. Texp(—azzz +BZ)Sin(iia222 +B12+Y) dz = exp(i'_v) . J2ri

! 2B, £1p) T Ba

X exp{% + iy}{erf (%j + A}

{ lim [Re(zoﬁzz _Bzxiﬁlz)+|n|Z|J=+oo, ZIim Re[(BFipy)z]=-;

Z—>0

A=1if lim Re(az)=+w, A=-1if lim Re(az)=-x}.

Z—>0 Z—0

2.10.2.

+00 b2 —p2
1. J'zexp(—azz2 +bz)sin(blz+y)dz = Jn exp{ 1 Jx
433 4a?
0

bb b +ib b +ib bb
x{sin(—1+yj{bReerf( ! lj—bllmerf( ! 1j+b}+cos[—l+y}<
2a2 2a 2a 2a2
bai b .
ol by Reert [ 27 ) e (2510 ] g | 1 ST
2a 2a 2a2

+00 b2 —p2
2. jzexp(—azzz +bz)sin(blz +y)dz = Jr exp{ L }x

“» 2as 432
. ( bb bb
x{bsm(—12+yj+b1cos(—12+yﬂ.
2a 2a
e 2 9 2 a’siny+a; cosy
3. Izexp(—a z +bz)sin(alz +blz+y)dz= +

4 2
0 2a™ +2a]

202 242 2 w2 2
+%exp(a b2 —a2b? 2a1bb1HSin[alb a,b? +2abb, +va

4a* +4a? 4a* +4a?

XRe[ b+iby erf[ biby |, b+iby }
(a2 —iay )\/az —iay 2\/a2 —iay (a2 —ial) a? —iay

Im b+ib; orf b+ib, N b+ib; y
(a2 —ial)«/a2 —ia, | 24/a%® -ia (a2 —ial)«/a2 —igy

ab? —a,b? +2a%b
xcos[ 1 1 Df by +

4 2 Y]} {a>0o0r[a=0,a, #0,b<0]}.
4a” +4q]
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o it {55,

—00

{ . {alb2 —albl2 +2a2bb1 JR b +iby
x4 8in +v |Re +
4a* +4af (a2 —iay a2 —ia

ajb? —a;b? +2a2bb
+cos{ ! L 1 ] bel {a>0}.
4a* +4al a —|a1 a? —|a1
i
S. jzexp( a’z +[32)sm B1z+7y)d { —iBy)exp (B Bl) —iy}x
0 4(1

Bip (B B) B+ip sin
x{erf(#jil} (B+Il31)exp{ 4a21 +|y]{erf 2a1j+1}} ﬁ

{ lim [Re(a z —Bz) |Im( [312)|J=+oo, zlin!oRe(az):i_OO}'

Z—®

2
6. IZGXD( a?z? +Bz)sm(oclz +Blz+y)d a”siny+ay COSY \/_I

0 20 +20c1 8

B - iy [(B—iﬁ1)2 { [ B - iy J ]
x exp iyl erf| ————— |+ A1 |-
{(a2+ia1)\/a2+ial 40‘2+4i0‘1 i 2\/(12+i(11

B+iBy [ (B+iBy)® ] B+iBy
- exp +iy || erf| ——— |+ A
(az—ial Naz—ial 4(12_4“11 L 2\/a2—ia1 i

{lim [Re(oczz2 —Bz)—‘lm(oclz2 +[312)H=+oo; A =+1 if

7—>0

lim Re[\/a +(3-2k)ioy :I +o0 }.

Z—>0
© /2 .
7. jzexp(—oczzz +Bz)sin(ir ia?z? +Blz+y)dz :L;IB)X
0 32a

y (BiiB1)2+_ { B+ [31 }_iexp(iiy)_‘_ iexp(Fiy)

{lim Re(zoczz2 —Bziiﬁlz)=+oo, lim [Re(Bz FiB12)+In|z|]=—o0;
Z—>®0

Z—>0

A=11if lim Re(az)=+w, A=-1if lim Re(az)=-x}.

Z—>0 Z—©
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2.10.3.

+o0 . a?b® —a?b? —2a;bb
1. J'z”exp(—azzz+bz)sin(a122+blz+y)dz:n'\/; X L e
0 2t 43" +4a12

2 .42 92 - W (. a a b,
xsin{alb abl +2abby +y]Re erf[ b+iby ]+1 " (n,a,8,b,by) N
2

4,402 ; :
4a” +4a Ja? —ia Ja? —ia

nive [ @a?b?—a’bZ —2a;bby ajb? —a;b? +2a’bb;
+ T ex n 5 cos n 5 +7 |x
2N+ 4a” +4a; 4a” +4a]

Im{ | erf b+iby +1 Wl(m)(n'a'al'b'bl) +
X
2\/a? —iag | a’ —iag

!
+i[ReW2(1O) (n,a,ag,b,by)siny +ImW2(10) (n,a,a,b, bl)cosd
2n

{a>0o0r[a=0,a #0,b<0] for n>0}.

X

+0 ! a?h? —a2h? —2a;bb
2. fz” exp(—azz2 +bz)sin (alz2 +blz+y)dz = n'\/Eexp 1 1
n 4a* + 432
1

—00

2

ab? —ah? +2ab W(m) n,a,a,b,
x<8in 1 1b1 bl+y Re | % ( ! bl) +
a® —iy

4a* +4af

2 2 2 (10)
+Co{a1b _a,b? +2a2bh, ”jlm[wl (n,a,al,b,bl)]

4 2 / .
4a +48.1 a2 —igy

{a>0 for n>0}.

0 . o 2
3. 2" exp(—mzz2 +Bz)sin(oclz2 +B,2 +y)dz =m—®{exp{m—iy]x

0 2n+? 402 +dioy

. (10) _ _ . 2
{erf[—ﬁlﬁl J+A1]W1 (o e, B, Bl)—exp{—(ﬁﬂﬁl) +iy}<
2

\/az +ioy \/az +iog 4a.” —4ioy

. (10) .
«| erf B+iPBy A Wi (n, o, 09, B, B1) s n!|1
2\/(12—ia1 20+

o2 —iog
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X[EXP(—iY)Wz(lo)(n, a,—oq, B, —Bl)—exp(iY)Wg(lo)(n, a, o, B, Bl)]

{Zli_)n;[Re(azzz —[32)—‘|m(oclz2 +312) ‘—(n_1)|n|z|J -t

A =21 if lim Re[\/az +(3_2k)i0tlz:|=ioo}.
4. TZ” exp(- 222 +Bz)sin(tia?22 +Byz+v)dz = F (-1)" n!iexp(ﬁiy)_
° 2(BFiPy)™
_nli [2n (BLipy)? B+ipy

a 2420

") (n, a,ia®, B, iﬁl)’Lexp(iiY)Wz(w) (n, o ia’ B, iﬁl)}

{lim [Re(Bziiﬁlz)+nln|z|]:—oo,
!irg[Re(zazzz_ﬂz¢iﬂlz)—(n—1)ln|z|}=+oo; A=1if lim Re(az)=+wx

Z—>0

A=-1if limRe(oz)=-x}.

Z—>0

Introduced notations:

E(n/2) - n-21
1) Wl(lo)(n,oc,ocl,B,Bl): > (B+15) 1’
1=0 I!(n—2|)!(oc2 —ial)
Wl(lo)(znll(l,allﬁyiB): - n ’Wl(lo)(2n1+1'a’o"lvl31iB)ZO;
nl! (Qz —i(Xl) '

n—E(n/2)

_ l-r . n-1-21+2r
2) W' (n, o, 0, BBy ) = -y 4 (BriBy)

1=1 (2| —l)!(n -i-].—2|)!r:1(r —1)!(0,2 ~ia )nfl+r

E(n/2) 1 L ri(B+ip n-1-21+2r
_ z T ( l)

=1 (n—2|)!r:1(2r)!(a2 _ial)n—l+r

Wi 2y, o, aq,B,iB) =0,
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4M !

n1+1 '

w20, +1, o, a1, B, iB) =
(2n1+1)!(a2 —ial)

2.11. Integrals of z"erf(az +B)exp(B1z)sin(Boz+7y)

2.11.1.
+00 0
1. [erf(az)exp(—byz)sin(byz+y)dz = [erf(az)exp(byz)sin(byz—v)dz =

0

b2 —b?
exp L 2 {Sin(ﬂ—ny
by +b3 4a° 2
—ib —ib b
by b, —b, Imerf by b, —by |-cos &—y X
2a 2a 2a

bl;;sz—bz}} {a>0,b; >0}.

><[bl Re erf(

{bz Re erf [bl ;;bz j+ by Imerf(

dz =
"2, -ip1)

By +iB2 1 (By—iB2)? By —iB2
x[erf[ 2 Jﬂ}Z(Bz“Bl)exp{ 4o —ni{erf( 20, jil}

0 2
eprBlHBZZ) +iy}<
4o

2. Terf(az)exp(Blz)sin(Bzz +7v)
0

o
(B % tim [Re(azzz —Blz)—||m(522)|+2|n|zﬂ:+°°’

lim [ Re(p,z) +[Im(B,2)| | =, lim Re(oz)=+o0}.

2.11.2.
+00 0
1. [erf(az+h)exp(~byz)sin(byz+y)dz = [erf(az—b)exp(byz)sin(byz—y)dz =
0 —0
b2 —bZ + 4abb
= erf (b) (by siny+by cosy)+ exp| -2 L {sin[y—ij
bZ +b3 Z+b3 43’ 2a*

by ~ib, ]—bl Re erf [b+—b1 — 1, H—cos(y——blbz +2abb, Jx
2a 2a 2a’

x{bl +b, Imerf [b +

x[bz Reerf (b+b1;|b2 j+b1 Imerf [b+b1;|b2 ]—bz}} {a>0,b >0}.
a a
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2. Terf(az+B)exp(Blz)sin(Bzz+y)dz:ezrf—(B)Z(Bz cosy—Pqsiny)+
0 1 TP

[ 1 (B —iB2 )(By —4ap—-ify) . B1—1B2 \_
+E{B1—iﬁzexp{ e _'YM”{B_ 2a )*1}

1 p{(131+'l32)(l31 4ap+ipy) }[erf[ﬁ—wjﬂ}}
2a

B1 +iBy 402

{ lim [Re(a 2° +20pz - ) |Im(B,2)|+ 2In|z ”

Z—0

lim [Re(B12)+[Im(B22)]]1= -, B =—pZ, lim Re(az)=w}.

2.11.3.
+00 0
1. J'z erf (az)exp(—byz)sin(byz +y)dz =( J'z erf(az)exp(byz)sin(byz—y)dz =
0 —00

B b’ —bZ | (byb, by —ib, (11)
_exp[ a2 Jsm(zaz —ije{[erf(z—aJ—l}Wl (a,0,-by, by )}_
_EXp(bl4a2 2 Jcos@l 2 _ j Im{erf (%}—1}%@ (a,0,-b, bz)}+

+siny~ReW2(11) (a,O,—bl,b2)+005y'ImW(“) (a,0,—b;,by) {a>0,b >0}.

2.Tz”erf(ocz)exp(Blz)sin(Bzz+y)d > p(ﬁl i {exp[i(zl—ﬁzzﬂfﬂx
(04

0 402

{erf(ﬁl2 BZJ+1}W( ( ,0,[31’[32)—exp —i[%ﬂf}
o

{erf(ﬁl;—'%]ﬂ}wl(“)(ayo,ﬁl Bz)} exp(-irwi™ (0,61, ) -

a
—exp(in)W.™ (a, 0, ;. B, )} { ZIer;}[Re(oczz2 —Blz)—|lm([322)|—(n—2)In|z|}=+

lim [Re(B12)+[Im(B2z)[+nin|z|]=—c0, B2 = —p?, lim Re(az)=+x}.
Z—>0 Z—®©

2.11.4.

+o0
L [ z"erf(az+b)exp(~byz)sin(b,z+v)dz =
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=(-1)" T 2"erf (az—b)exp(byz) sin(b,z—y)dz =

—00

2 p2
:exp[bl % +4abbl}in[y_ b.b, +2abb, )X

4a° 242
—ib 2_h2 4 4ab
xRe< | 1—erf b+u W(ll)(a,b,—bl,bz) +exp M %
2a 1 482
2 _.
XCOS(v—Mj|m{1—erf(b+—bl 10, le(“)(a,b,—bl,bz )}+
2a2 2a

+§ny-Remdﬂ”(a,b,—q,b2)+c05y-Hnmé“J(a,b;—q,bz) {a>0,b >0}.

2. Tz”eﬁ(az—rB)exp(Blz)ﬂn(Bzz—ky)dz:aéexp{
0

ol 022 | o B o ) o) -

202 a

_exp[i(Zaﬁﬁz'—Blﬁz__yj }{eﬁ(ﬁ-—ﬁl_iﬁzjil}\Nf”J(G,B,Bl,—Bz)}+

20,2 20,

B2 —p2 —4043131}

4o.°

% exp(iy WS (a, B, By, B )—exp(— i WS (B, By, —B2)]
{ lim | Re(?2% + 20z - By2) - [Im(B,2)| - (n - 2) In[¢] | = +=0,

Z—w

lim [Re(Byz)+[Im(Bz)|+nln|z|]=—c0, B3 = B2, lim Re(az) =0}
Z—>0 70

Introduced notations:

n n+l-k E(k/2) (3. _9 : )kle
)W (o 8,81 B, )= n_!{_ 1 J (B —20B+iB;
) 1 (a B Bl BZ) |<Z:%)2k Bl"‘iBZ i |!(k—2|)!0c2k_2|

nl E(n/2) 1

(11) - - _ :
Wl (O,,B,B]_,|B1—2|0~B)_(2a)n+1 o k!(—B)n+1_2k '

n+1
2) w (1) = N = 02 )y *
)vv2 (o, B, B1.B2) rﬂeﬁ(B)( Bl+432J +\G;exp( B )EiZk_l
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( 1 )n+1—kl:k—E§/2) (I—l)' Iz4|—r (Bl_zaB+|B2)k—1—2|+2r ~

" _Bl +iB2 1=1 (2' —l)|(k +1—2|) = (r_l)!a2k—1—2l+2r
o Mk-20175 (2r )1 2k-1-21+2r ’

(11) . . 1\ (=) n! )
W2 (G,B,B1,|B1_2|G,B):n! erf (B)(_ZQBJ +\/7an+1 exp(_B )X
T

n—-E(n/2) (k—].)'
1 (2k_1)!(2l3)n+2—2k '

X

2n+1

2.12. Integrals of z erf (az +B)exp(—a122 )sin(a222 +y)

2.12.1.
~+00 H
. ap siny+aj, cos
1. jzerf(az+b)exp(—a122)sm(a222 +y)dz: ikl i yerf(b)+
2a? +2a2
0 1 2
2 2,2
a , a‘a;+a; +a; ) azazb2
o2 7 &P b 2. MYt T 2,2 2. |”
2a; +2a, a’ +a; +a, +2a’ay a’ +a; +a, +2a’ay
a +ia ab a
xRed ——2—|1—erf +— 5 X
Ja? +a —ia, Ja? +a —ia, 28 +2a,
, a’a +al+al a’a,b?
xexp | —b* ————— S |C0S| Y+ ———— — |*
a‘+a; +a; +2a°y a +a; +a; +2a°y

x Im G Sl B 1-erf o {a >0}
\/a2+a1—ia2 \/a2+a1—ia2

2. Tz erfi (az +b)exp(-a,2° Jsin(a,2° +) dz =
0

= T zerfi(az—b)exp(—alzz)sin(azz2 +y) dz =

—00

aq Siny + a, cos .
=4 Z 22 yerfl(b)+—2{’1 5%
2a1 +2a2 2.':11 +2a2
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90

x exp

X Re{

><exp[b2

+o0

a2

a” +a; +a, —-2a

8 +13; {1+ erf{

\ag ~a’ —ia,

2, .2 .2
a; +a; —a‘y

x Im

4.2 2 2
a’'+a +a; —2a°y

a; + ia2

Vag ~a’ —ia,

1+erf

Zval-a’y ainl s aZa,b?
X
4 2 .2 2 VYT 2 2
a

2
a’ +a; +a; —2a°ay

ab a
— || 2
al_az _ia2 2a1 +2a2

a’a,b?
Cos| v+ —————, > |
a’ +a +a; —2a°y

ab

NEN ~a? —ia,

{a, >a® or [alza2 >0, a, #0, abso] }

3. [z erfi(az+b)exp(—a222)sin(a122 +y) dz =
0

= T z erfi(az—b)exp(—azzz)sin(alz2 +y)dz =

a2

—00

siny +a, cosy

2a* +2a?

a;

erfi(b)+

a
(a“ +a? )\/a

exp(b2 )x

Hy bj {(az e )Re erf[ JlZ_bJ( rag )

xIm erf[ L

+00

4. [z erf(az+b)exp(—alzz)sin(azz2 +y)dz =

—00

X exp ~b?

+i

ab]+a2 —a1]+cos[y+a b

+(a2 —al)lm erf[ 1+

2

Ny

2,2 1ui
. J[(az +a1)Re erf[\/%abJ+

: ab}+a2+a1] {a>0,a >0,b<0}.

a

2 2
al +aj

2 2
a“a; +a; +a, _ a%a,b?
4.2 .2 .2 Yt .2 ¥
a’ +a; +a, +2a%a a’ +a; +a, +2a%a



. 2 2 .
a +ia a“asb a +ia
xRe| ——21 22 +cos{y+ — 22 - J Im 1= %2
Ja? +a; —ia, a’ +a; +a; +2a°a Ja? +a; —ia,
{al >0}
—+00 a
5. | zerfi(az+b)exp(—alzz)sin(azz2 +y)dz=
2 .2
o ay +a5
, al+al-a’ay _ a’a,b?
xexp| b T 5 sinf y+————— 5 X
a’ +a; +a, —2a“a; a’ +a; +a, —2a“a;

. 2 2 .
a; +ia a“a,b a; +ia
« Re 1 2 2 } 1 2

—+cos£y+ T I 12
Ja; —a? —ia, a’ +a; +a, -2a"a Ja; —a? —ia,

{a >a® or [alza2 >0, a, #0,b=0]}.

6. Tzerfi(az)exp(—a222)sin(alz2 +y)dz = 2

e (a"’ +a12)\/a><

><[(a2 —al)siny+(a2 +a1)005y] {a; >0}.

oy Siny + o, CoSy y

7. [zerf(az+P)exp(-a 22 )sin(a,z? +y) dz =
{ (w24 Bexp( o2 Jin(ez2” +1) 202 +203
—BZ 20L1+i(12 —iy]x

1
exp _
(0y —iog Wa? +oq +ia, a” +agtlap

[0
><erf(B)+Z

ap

1
+ x
Ja? +aq +io (0y +iog Wa? +oq —iay

x| A —erf

o —io i o
X exp —B221—2_+|y A, —erf P
- +ap—lay Va2 +oq —ioy

{ lim [Re(oczz2 +a,2° +2aBz)—‘Im(a222) ‘+In|z|}:

Z—>0

= lim [Re(alzz)—‘Im(azzz)uzwo;

Z—©

A ==1if lim Re[\/az +oy +(3-2k)ia, Z}:ioo }

Z—>0
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8. Tzerf (aZ+B)eXp|:(a2 ii(xl)ZZJSin(oclzz +y)dz= (1$i)oc

0 8@(a2i2i0¢1)x

2 .
y (o a® +2iaq ; i o _A erf(B)exp(+|y)
"HB 20, Yﬂ“z ) By 7 i

_iexp(Fiy) exp(—[}z) . 2), 1 _
+T erf(B)+\/_T[3 {Zlinw[Re(aBz)ilm(alz )+Eln|z|}_

= lim Re(apz) =+, lim [Re(a222)$2Im(alzz)J_ lim Re( 2 2) —0;

Z—® Z—>0 7—0

A=1if lim Re[ (1%i)\Joyz|=+0, A=-1if lim Re[(1Fi)|Joyz]|=—0}.

Z—>0 Z—00

2.12.2.

nla

2 +y) dZ_TX

J' 22" erf az+b)exp( a122)3|n(a22

0
) a2a1+a12+a§ _ a%a,h?
xexp| —b o s Syt —7————5 > |*
ay a”+a

a” +a; +a; +2a | tas; +2a%y

_W(lz) a,a,a,,b
xRe 1—erf[ ab J (233 )+n_!ax

JaZ+a —ia, )| Ja?+a —ia, 2

2 )
aq +a”+a W, (a,a,ap,b
xexp —p? 2 21 azl 22 Im 4 | 1-erf ab 1 (@a 2 )><
a’+a) +a; +2a%y Ja?+ag-iay a2 +a —ia,
2, 12
a“apb nlerf (b _
xC0S| Y + 2 + (b) Re L siny +
4, .2 .2 o2 el
a' +af +a; +2a°y 2 (a —ia,)

1
+ Im[micosy}'F
1~ 92

[Rew( ) (a,a;,8,,b)-siny+ Isz(lz) (a,a;,a,, b)-cosd {a; >0}.

2f

2. T 2n+1erfl(az+b)exp( alzZ)Sin(azZ2 +V>dz=
0

92



i 2 .2 .2
. _ nla a +ta, —a'a
_ J Zzn+1erf|(az_b)exp(_alzz)sm(azzz+y)dz:—exp b2 - y y 2 > 12 x
2 a®+a +a; —2a°y

—00

2 9 (12) . .
b W, ia,a;,ay,ib
xsinLH ke JRe erf[ ab }1 1 ( 1.3 ib) +

4 [ . [ .
et) —a2 —lay 2] —az —lay

a +a12 +a§ —2a? Y]

nla , al+al-a’y a’a,h?
+——exp| b T S |C0S| Y+ —————, - |*
2 a’ +af +a; -2a°a a* +af +a5 -2a‘a

ab J Wl(lz) (ia,a;,a,,ib)

Ja, -a? —ia, Ja —a® —ia,

nlerfi(b) 1 . 1 nla
+ Re siny+Im| ——————|cosy ; + X
2 (ay —iaz)"** (ay —iaz)"** 24n

X[Rewz(lz) (ia,a,ay,ib)-siny + Imwz(lz) (ia,a, ay, ib)-cosd

xIm 1+erf[

{a, >a% or [a1=a2>0,a2¢0,ab<0] for n>0}.

3. T 2n+1erfl(az+b)exp( 2)sin(alz2 +y)dz:
0

0 I

= [ 2™erfi(az - b)exp( )sm(alz +y)dz_ n-a exp(bz)sin[y+a2b2]x
—o \1231 &
. (12) :
xReﬂHerf( Gl abHW1 (Ia a al’lb)}+ n‘a exp(bz)x

23y 1-i

a’h? i ([ (12.2% i)
xCOS| v+ Ims| 1+erf ab - +
a1 /23_1 1-1
+—n!erfi(b) Re —1 siny +1
— y+1m —|cosy +
2 (a2 —ial) (a2 —ial)

[ReW( ?) (ia, a’,a, ib)-siny+

2f

+ImW2(12)(ia,a2,al,ib)-COSy} {a>0,a;>0,b<0 - for n>0}.
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: Tzz””erf (az+b)exp (— a,z° )sin(azz2 +y) dz =

I

—00

2

2 52 2, 12
o 2 a a1+al -|-a.2 . a azb
=nlaexp| —b I 5 sinf y+ ————— > x
a’+a +a; +2a%y a’+a +a; +2a%y

w ") (a, a;, 2, b) a®a,b?
x Re +COS| v +— X
a” +a

[ . 2,2 2
a2+a1—|a2 +a; +2a%a;

1

(12)
xlm[wl (a'al’az’b)ﬂ (a; >0).

\/az +ay —ia,

erfi(az + b)exp(— a;z°2 )sin(a222 + y)dz =

, af +a5-a’a . a’a,b?
=nlaexp| b TR > sin| y+———— > x
a“+a +a; —2a‘gy a“+a +a; —2a°gy

w, ') (ia, a1, a, , ib) a%a,b?
x Re +Ccos| y+ X
a*+a

: 2, .2 2
Jag —a? —ia, 1 ta; —2a%y
Wl(lz) (ia,a;,as,ib)
x Im

ag ~a? —ias

+J?021
5. [z

—00

H {a >a%for n>0}.

22n+1erf (OLZ + B)exp(_alzz )Sin(a222 +Y) dz Z%X

x{expl:_M_Hy:l {erf[ of }—A]_]Wl(m)(a,al’az’ﬁ)-y

o’ +ag —iop Ja? +oq —iay Ja? +oyq —iay

+exp[— p? (og +iay ) _iY] A, erf{ af ] W1(12) (o, 0q,—0ty,B) .\

a” +oy +la, Jo +oy +iay Jo? +ay +ia,

6.

o—8

+Z—:{exp(iy){erf (B)(OLl —1ia2 j +%W2(12) (ot oy, 0ty B)} _

oy +iop Vr

n+1
—exp(— iy)[erf(s)(;j + 2w (o, ay, -0y, B)} }
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{ lim Re(cxzz2 + 0,22 +2aBz)—‘Im(a222) ‘—(2n—1)|n|z|=

Z—>0

= lim [Re(alzz)—‘lm(azzz) ‘—2n|n|z|} =40 ;

Z—>0

A ==+11if lim Re[\/a +ay +(2k - 3)|azz} +o0 }.

Z—>0

n'(l+|)oc

8«[&1
2,2 :

xexp{—Bz ii(az—B+yﬂ{A—erf(%-a—BHW§m(a,—ocz $ioc1,4_roc1,[3)i
o

1 o1

7. Tzznﬂerf(az +B)exp[(a2 +iog )22 ]sin(oclz2 +y)dz =
0

n+1
+4—exp(+|y){Tw( )(a ~a? Fiog, tay, B)+erf(|3)[ %ﬁalj ]+

M e (Fiy erf (B) +eXp(‘BZ) n (2k)!
(-2 B Sk2ap) (—a?)

{lim [Re(Zoch)J_rZIm(cx1 ) (2n-1) In|z|J_I|m[ e(apz)—nin|z|] =+

Z—0 77—

lim [Re(azzz)¢2Im(alzz)+2nln|z|J: lim [Re(a222)+2nln|z|}:—oo

Z—© Z—>©

A=1if lim 1 Re[(LFi)oyz]= -+, A=Lif lim Re[(1%1) oy 2] =<}

Z—>0

Introduced notations:

n n+1-k
1) Wl(lz)(oc,ocl, ay,B)= 2. (2l 1 j x
k=0

k! kOLl—iOLZ

) (ap)2*2!
y ,
1=04! |!(2k—2|)!(oc2 +ag —ioy )Zk_l
n+1-k
W) (o, 0y, 05, 0) = > 2 [ : j |
=044 (k02 (2 + oy —iarp | 17102

2) W2(12) (o, 04, 01y ,B):exp( B2 )

2k) 1 n+1-k
X
k! { oy —ia,

=
g M=
L
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K 2k-1-21+2r

' ri(op)
| LTk 2|)lZ

r=14!- (2r)!(oc2 +oy —ia,

i (I-1)

P T&@-n(2k+1-21)

XIZ (OLB)Zk—l—ZIJrZr

o | Wz(lz)(oc,ocl,az,O):O.
r=1(r- 1)(a +0Ll—|a2)

2.13. Integrals of z”erf(az+ﬁ)exp(—alzz +Blz)sin(a222 +B22+y),

z"erf (az)exp(— o, z? )sin(ﬁz), z nerf(ouz)exp(— o,z? )COS(BZ)

2.13.1.
1.+foerf (az)exp(—alzz)sin(azz2 +y)dz =- ?erf(az) exp (—alz2 )sin (a222 +y)dz =
0 —o0

= n n
2\n Jag +ia,  (Jay +ia, —ia Jag +ia,  (Jay +ia, —ia

Ja +ia, +ia Ja, +ia, +ia
1 [Re{ ! | ! 2 Jcoswrlm( ! | ! 2 }siny]
{al >0 or [al =0,a2 ?50]}

+00

2. J' erf (az)exp (—a227— +bz)sin(blz+y) dz :gexp [bz —b? ]Sin ( bb12 +y]x

0 4a? 2a
xReﬂerf( \/%j } }+£exp[%}:o (2b:l j
X Im“erf (bzf/l_balj 1}2} {a>0}.

3. jerfl az)exp( a122)5|n(a222 +y)d

5 2f
{Re[ ! In V8 + 18 +aJsiny—lm( ! In V&, +14; +aJCOSy}

Jag +ia, 4Ja; +iay —a Jag +ia, 4Ja; +ia, —a

{a >a%}.
+00 1 +00
4. [erf(az)exp (— a;z2 )sin(bz)dz =5 jerf(az)exp(— a,z° )sin (bz)dz =
0 —o0
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T b2 ] . ab
= |—exp| —— |erfi| ———=|{a, >0}
\ 42 ( 4oy [21/a12+a2a1J

+00 +00
5. jerfi (az)exp(— a;z° )sin(bz)dz =% jerfi (az)exp(— a 22 )sin(bz)dz =
0 —00

= = exp( L Jerf _a {a, >a’}
= - i .
48 48y 2. /a? —a’a,
+00

6. J'erf(az+b)exp(— a,z2 +blz)sin(a222 +hyz +y)dz =

—0o0

—\/;exp alblz —albg —2a2b1b2 sin 2a1b1b2 +a2b12 —a2b22 y |x
4a? +4a’ 4af +4a’

ia,h — i 2a5byby +a,b7 —aybZ
xRe[ 1 erf[ 2a;b +ab; +2iayb—iaby H—cos[ 19102 +azby —azl; +YJX

2 o] : : 2, 4.2
atiay | 2.a +iayya® +a; +iay 4a) +4a,

< Im 1 __erf 2a.b +aby + 2ia,b —iab,
vap+iay | 2./a; +ia, y/a? +ay +iay

{al >0 or [a1=bl =0,3.2 ¢O]}

+00 \/_ b2_b2
7. [erf(az)exp(-a2z2 + bz Jsin(byz +v)dz = > exp L 1x
Jerf (a2 ex Jin(oyz )0z =~ Fexp) =

—0o0

x[sin (ﬂﬂ()Re erf(b+lb1)+cos[ﬁ+yjlmerf (bel ﬂ {a>0}.
2a* 2v/2a 2a? 2v2a

+00
8. J'erfi (az+b)exp (— a;z2 +blz)sin (a222 +bzz+y)dz =

—0o0

2 2 2 2
:\/;exp albl —a1b2 —2a2b1b2 sin 2a1b1b2 +a2bl —a2b2 oy |x
4a? +4a’ 4af +4a’

«Re 1 erfi[2a1b+abl+2|azb|ab2 J B

V3 Figy 2.[a, +ia, \Ja, —a +ia,

2aybyby +aybZ —a,b? 1 [ 2a;b+aby +2iayb—iab,
—Cos 5 5 +y [ Im —erfi
4a2 +4a3 Vay +iap 2,Ja; +ia, ya; —a? +ia,

{a >a%}.
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98

9. Terf(az)exp(—alzz)sin(azf+7/)dz: 1 l:eXp(iV) y

) MW | Jo, —ia,

Jo, —ia, —ia N exp(—iy) In Jo, +ia, +ia
Jo, —la, +ia \/a1+ia2 \/a1+ia2 —ia

{lim [Re(alzz)—‘lm(azzz)‘Jr In|z|] =

72—

xIn

= lim [Re(a222 +a122)—‘Im(azzz)‘+2ln|z|J=+oo,

72—

2
a5 #-a?, o’ 7&—((12 +oc1) }
0 : 2
10. jerf(az)exp(—azzz+Bz)sin([312+y)dz:£exp (B-+iBy) +iy |x
0 8ia 402

. 2 o \2 . 2
x{erf[ii}%)il} —%exp{m;fi) —iy] {erf(z:/%jil}
{ lim [Re(a22? - Bz ~|Im (3,2 +In||| -

= lim [Re(ZaZZZ —Bz)—|lm(Blz)|+2In|z|]=+oo, lim Re(az) =+o0 }.

Z—© Z—®©

B 2
11. gerf(ocZ)eXp(— ay2? )Si”(BZ) dz =+ 2\/\/5_1 EXP(_ 4Ba1 JX

xerfi {2 o J { lim [Re(alzz)—|Im(Bz)|+In|z|}=

= lim [Re(oczz2 +a122)—|Im([32)|+2|n|z|}=+oo, lim Re(wlm2 +oy z):J_roo}.

71— Z—>0

12. | erf(az+B)exp(—oc122 +[312)sin(oc222 +[322+y) dz =X x

w(Ty) 2

{ A exp{(ﬁl—isz)z_iy}rf[a(Bl—iBz)+ZB(a1+iaz)]_

Yo Floy 4oy +4ioy 2oy +ioy \a? + o +ioyp




{ lim [Re(oclzz—Blz)—‘lm(oczzz+Bzz)‘+|n|z|}=

Z—)OO(T]_)

_ o 2.2 2 2 _
_Z_!LOr?Tl)[Re(a 7° +oyz +2aBz—Blz)—‘lm(oczz +B22)‘+2In|z|J_

_ im [Re(alZz—Blz)_‘lm(aﬂz +[322)‘+|n|z|}:

20(Ty)

= lim )[Re(azzz +a,2° +2aBz—Blz)—‘lm(oc222 +[322)‘+2In|z|J:+oo,

Z*)OO(TZ
ag ¢—a12; A =+1if  lim Re[\/a2+a1 +(3—2k)ia22}=
Z‘)OO(Tz)

=— lim Re[\/a2+a1 +(3—2k)ia22}:ioo, A, =0if

z2—0(Ty)

lim Re[\/a2+a1+(3—2k)iazz] lim )Rewaz+a1+(3-2k)iazz}=+oo}.

Z—)OO(T]_) Z—)OO(TZ

13. }erf(az)exp(—alzz)sin (a222 +y)dz:0.

-V

14. ]’erf (az)exp(— alzz)cos (Bz) dz=0.

-V

2.13.2.

—+00

1. [ zerf (az)exp(—azz2 +bz)sin (byz+y)dz= ! exp b* —by x
0 432 432

x{sin(mlz+yJRee+cos(b—blz+yJIme} {GZMX

2a 2a 2a

b+ib )| (b+iby )? b+iby
{1+erf£2ﬁaﬂ +\/§exp{—T] {1+erf(2\/§aﬂ, a>0}.

+00 +00

2. ({ zerf (az)exp(—alzz)cos(bz) dz:% [ zerf (az)exp(—alzz)cos(bz) dz =

—00
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1 2a b2 Vb b2 ) .. ab
= %P ——— - exp| ——— lerfi| ——————
41| Ja? v a, 42’ +4a; ) +Jay 43 2\a’a; +al
{al >O}

+00 +0
3. | zerfi(az)exp(—alzz)cos(bz)dz:%j zerfi(az)exp(—alzz)cos(bz)dz:

0 -0
1| 2a exp[ b2 J_\/Ebexp{_ b }erf ab
43.1 y _aZ 43.2 —431 \/a 4a1 2 [alz _azal
{a >a’}.
+o0
4. [ zerf (az+b)exp(—a122 +blz)sin(a222 +b,z +y)dz =
a; (b2 —b2 )-2a,byb a, (b2 —b2 )+ 2a;byb
b s [ b
| 4a1 +4a2 4a1 +4a2
a, (bf —b3 )+ 23y, Jx(by —iby)
—C0S +y|Im6 {6= . — X
4af +4aZ (ay +iay )\fay +ia,
<erf 2a,b+ab, +2ia,b—iab, N 2a "
2\fa +iay \[@® +a, +ia, | (& +iay )@ +ay +ia,
(2a,b+ab, + 2ia,b —iab, )°
xexp| — ya >0}
4(ay +ia, )(a2 +a + ia2)
+00
5. [z erfi(az+b)exp(—alz2 +blz)sin(a222 +bzz+y)dz=
M (h2 2 2 2
1 da; (bl —b2 )—2a2b1b2 .| a9 (bl _bZ )+ 2a1b1b2
=—exp sin +v [Im6+
2 | 4a12 +4a§ 4a112 +4a§

+COS

X
4a; +4a +iay ) /3y +ia,

"az(bfb§)+2a1b1b2+y]Rea} t0- V(b ~ib,)
&
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«erf { ab, —2a5b + 2iayb + iab;

2ia
X
2 a; +ia, ya; —a® +ia, (al +iay Wa; —a? +ia,

2a,b+ab, +2ia,b—iab, )?
xexp{( L i 2 2) ],al >a’}.

4(ay +iay )(a1 —a®+ iaz)

“ . 1 (B+iy)” .
6. .([z erf (ocz)exp(—oczz2 +Bz)sm(Blz+y)dz:8iOL2 exp! 4a21 +Iy]x

(B i Lo ()] |

] o] [ (R
e S [

{ lim [Re(a z Bz |Im (B.2) ”

Z—>00

—|Im|:Re(20L222 Bz ~[Im(B,2) |n|Z|:|=+oo lim Re(0z) = +o0 }.
71— Z—>0

© 2
7. jz erf(az)exp(—alzz)cos(ﬁz)dz=i 1 20 exp| — P -

0

—\/;B exp[ ik { lim

Jor Jf{zrﬁﬂ fim [Re{a2? ) -[im(pz) |-
= lim [Re(azzz+oc122)—|lm([32)|+ln| |J +o0, lim Re(«/a +ay z):J_roo}.

*(T2)

| zerf(oaz+[3)exp(—oclz2 +Blz)sin(oc222 +[322+y)dz =

o(Ty)
i (B - B, )’ | (13) o
—%ZEXP{W iy W (e ag, 00, BBy B2) AZZX

0 12
xexp[wm]w;%, o aq, oz, BBy, —B2)

40(1 —4|(12
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{ lim [Re(alzz—Blz)—‘lm(oczzzﬂszz)H:

Z—)OO(T]_)

o 2.2 2 2 _
—ZigPTl)[Re(a 2° + o4z +2aBz—Blz)—‘Im(oczz +B22)‘+In|z|J =

_ Z_JLTT(‘Tz)[Re(alzZ _Blz)_‘lm(ag 22 +B, Z)H -

= lim [Re(a222+a122 +2a[32—[312)—‘lm(a222 +Bzz)‘+ln|z|} =400,

Z*)OO(Tz)
2 2. : . 2 R
oy #-ap; A =+1 if ZJL%Z)Re[\/a +oy +(3-2k)ia, z}:
. 2 . _ H
=—Z_I>Lon(1Tl)Re[\/oc +oy +(3-2k)ia, Z}:ioo, A =0 if

lim )Re[\/a2+al+(3—2k)ia2 z] lim )Re[\/a2+al+(3—2k)ia2 Z}=+oo}.

z A)OD(T]_ z —)OO(TZ

9. ]' zerf (ocz)exp(—oclzz )sin(Bz)dz =0.

-V

2.13.3.

400
1. J'zzr‘erf(az)exp(—alzz)sin(azz2 +y)dz _(2n) [siny-Rewz(lg)(a, ap,ap)-

0 nivn

—COSy-ImWZ(ls)(a,al,az )] {a; >0 for n>0}.

+00 b2 _blz
2. | z”erf(az)exp(—azz2 +bz) sin(byz+7v) dz :exp( . ]x
0 4a

x{sin(b—blﬁy] ReW3(13) (a,b, bl,1)+cos(b—b12+yj ImWS,(ls) (a,b, bl,l):l
2a 2a
{a>0}.

+o0
3. | zznerf(az)exp(—alzz)sin(b z) dz =% [ 22"erf (az)exp (—alzz)sin(b z)dz =

0 —o0

__(2n) b? (13)
__22n+1 eXp _E ImW, (2n,a,a1,b) {ay >0}.
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+o0 +o

4. | 2n+1erf(az)exp( alzz)cos(bz)dz=%.[ 2n+1erf(az)exp( alzz)cos(bz)d2=

0 o
_(2;:1) xp{—%JReW( Y(2n+1,a,a,b) {a, >0).
5. fo "erfi az)exp( a122)3|n(a22 +y) (\/X[siny-ImW2(13)(ia,a1,a2)+
0
+c05y-ReW2(13) (ia,a,,a, )} {a >a’}.
6. Tzznerfl(az)exp( a1z )sm(bz)dz_— J'z erfi(az)exp(—alzz)sin(bz)dz=
0 2
:%exp(—%]mwﬂfm) (2n,ia, a;,b) {a>a’}
7. +f022”+1erfi(az)exp(—alzz)cos(bz)dz ;T 2n+lerfl(az)exp( alzz)cos(bz)dz=
0 —0

| 2
_ (2n+l)'exp( f

(13) 2
i alJImW (2n+1,ia,a;,b)  {a >a’}.

—+00

8. | z”erf(az+b)exp(—a122 +blz)sin(azz2 +b22+y)dz =

. 2
=2n—n!siny- Re{exp[wlwlm) (n,a,a,a,,b,b,b, )}_

43 +4ia,
—n—!005y-lm exp M W(ls)(n a,a;,a,,b,b,hy)
on 4a, +4ia, | ! R
{a >0forn>0}.
+00
0. fz“erfi(az+b)exp(—a122 +blz)sin(a222 +b22+y)dz =

. 2
zzn—n!cosy. Re{exp[w}wlm) (n.ia, &, ay,ib, by, by )}Jr

4a, +4ia,

. 2
+2n—n!siny‘ Im{exp{—(bl —|b2-) ]W1(13) (n,ia,a, ay,ib, by, b, )} {a >a’}.

4a, +4ia,
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10. 0J;BZZ“erf(ogz)exp(— alZZ )sin(azzz +y)dZ _ ;i/n_)r']ll

oW ) (0 ag. g ) - explin W) (o, g, —arz)]

{ lim [Re(alzz)—‘lm(azzz)‘—(Zn —1)In|z|] =

71—

:JLTO[Re(oczzz +oclzz)—‘Im(azzz)‘—(2n—2)|n|z|}=+
a5 #—a?, a5 #—(a? +a,)?}

11. jz”erf(oaz)exp(— a?z? +Bz )sin(ﬁlz +y)dz =
0

:2| p[(B 131) } W (o, B, By, +1) exp{(ﬁ iBy)? iy}
4 4

(1 OL

W5 (0,8, =P 1)L fim [ Re(a?2” ~pz)- ()| (n-1infl] -

= lim [Re(Zoczz2 Bz) |Im(By2)| - (n—2)|n|z|}=+oo, lim Re(oz) = +w0}.

Z—®©

2
12. jzznerf az)exp( oz )sm (Bz)dz = +(222:11 exp(—iTlJW‘fB)(Zn,a,al,B)
0

{ Hn1[Re(alz ) [Im(Bz)|-(2n— 1anl]=

Z—®©
- lim [ Re(222 + 0,22 ) | (B2) ~(2n2)Ine] | =+c0, lim Re( o + 0y 2) =]
22m (2n+1)! 52
13. g z2n 1erf(az)exp( )cos(Bz)dz:J_r e exp o «

W (2n+1a,a3,8)  { lim[Re(oy22)-[im(p2)| - 2ninfe]|=

= lim [Re(oczz2 +0le2)—|Im([32)|—(2n—1)|n|z|}=-|—oo , ZIirr;)Re(,/oc2 +ay Z):ioo}.

Z—>0

(T2 )
14. jz”erf(az+B)exp(—a122 +Blz)sin(oc222 +B22+y)dz =
o (Ty)
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li B-15) . 13

(By +iBy)°

4(11 —4i0(2

~ A exp{ +iY}W1(13)(n,a:aly—azyﬁ’ﬁly—ﬁz)}

{ lim [Re(alzz—Blz)—‘lm(azzz+Bzz)‘—(n—1)ln|z|} =

Z—)OO(Tl)

= lim [Re(alzz—Blz)—‘lm(azzz+l322)‘—(n—1)ln|z|} =

Z—)OO(TZ )

:ZJETl)[Re(aZZZ +oy2° +2aBz—Blz)—‘lm(oc222 +Bzz)‘—(n—2)ln|z|} -

= lim [Re(a222+a122 +2a[32—[312)—‘|m(a222+Bzz)‘—(n—2)ln|z|:| = +o0,

Z—)OO(Tz)
agi 0‘1 A =+1if z_)llor?Tz)Re[\/a +oy +(3-2k)ia, z}:
=— lim Re[ o +aq +(3-2k)ia z} +0, A, =0 if
Z—)oo(Tl) \/ ! ( ) 2 k=

lim Re[\/oc +ay +(3-2K)iay z] lim Re[\/a +ay +(3-2K)ia, } oo}

z —)OO(T]_ z —)OO(TZ

15. ]'zznerf(ocz)exp(— 0y2° )sin(oczz2 +y)dz =0.

-V

A%
16. jzznerf(az)exp(— 022 )cos(Bz)dz =0.

-V
A%
17. |z 2n+lorf (az)exp(— 022 )sin(Bz)dz =0.

-V

Introduced notations:

1) Wl(ls) (n,aaal’%aﬁ,ﬁliﬁz):%
1t+1ay

26( 1+ia2)+a(ﬁl—iﬁz) E(n2) (Bl—iBz)”*Z'

xerf +

[ [ 2 —l

X

105



L o] [28 (eavian)ca(p-ipy)
ol +oy +ia, 4(0‘1”0‘2)(0‘2+0‘1+i0‘2)
{n E(n/2 ( ) (Bl _i BZ )n+1—2l |222|+1—2I' (2!’—2)!)(

& T(@a-n(nt1-20) & (r-1)

J’_

r-1 o224 [2B(oy +ioy)+o(By —iB,) }zrizizq

>< p—
4=0q1(2r—2-2q)! (o +i atp)" n-+r=2q (a +a1+|a2)2r727q

E(n/2 ( i Bz )n—2I

r-1 a?) 2B(oy +1 0y )+a(By —iB; A
SR Al R RTS)

=0 q!(2r_1—2q)!((x1+i0t2)n +r-2d (oc +oy +i ocz)

2r-1-q

W(13)(2n1 o,0y,0,,0,0,0)=W, 1(13)(2”1’0‘10€110L2101i32’52):
W(lg)(an +1,a,04,05,0,0,0)= W(ls)(an +10,04,0,,0,i By B, )=

) nl!a % 22nl+1—2l (2|)!
(2n, +1)!m 1=0 (1)% (0 +1i oy )™ (062 +oy +i az)l

Wl(ls)(znllala]_!aZ’ﬂloyo)zwl(lg)(znllalal’az’ﬂ'iﬂZ"BZ):

_ Jn erf[ Bay +i o, ] 1

— X
nl! a1+ia2(a1+ia2)n1 '(12+(11+i(12 n1| ’(12+(X,1-I—ia2
1+1-r [+1-
exp{ BZ(a1+ia2)]r§1 I |Z (OLZ) (ZB)Z +1-2r
X - L
ol +oy iy |20 (g +i o )ﬂ1—| fzor!(2I+1—2r)!(a2 ray +ic, )2I+1—r

W20, + 1,0, 0,0, £,00) =W 20, + L, .0y, .15y ) =

2 -
n! o +1a
- 1 exp —BZ( L 2) x
(2m +1)1Jo? +oy +i a” +oq +la,
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I-r

n (2|)! 02 +1-21  2141-2r (BZ)

XZ v +1-1 ZI:

=0 11(ay +i0p) r=0 r!(2|—2r)!(oc2+oc1+ioc2)

i o +io, —ia
2) Wz(lg)(“’al’az): : In X2 2 +

2n+l \/7 :
i o +lo, +la
(2 0L1+|0L2) 1 2

o5 0

=0 (2| +1)! [4(ocl+i0c2):|n7| (0(2 +0c1+i0L2)IJr1 ’

3) W) (o, . By, A) =

2l-r '’

'\/;nl ‘:erf(ﬁ"‘lﬁl J+ A:|2 E(n/2) (B+|Bl)n_2k
40,M1 2420, koo 4KKI(n-2k)(2a)" 2K

+2 W (2041, 0, B, By A)+

n! r(”’z) B+ip)"* &

a™ G kI(n-2k)i(20) 2 iS4 (21+1)!

n—E(n/2) k!(B"‘iBl )n+1—2k k1 (13

+ = ) o ;
kzﬂ (2k)!(n+1-2k)!(2a)“*“k§ TR GE ,B,BPA)}

Jn
in+2 \/a

4) W4(13)(n,a,0t1,|3):
K

i E(n/2) (_1)k Bn—2k
erf
2@\/% +a?

I
o
=~
ol
S

I

N
~

N—
R

s

=

2n2 E(n/2) n—2k
+ ¢ exp[ a’p }[ > B—Zk:(l—l)!x
4@1 = 2k

: 2
i"™ oy +a? (Otl +a )

11 (-1 (oc2[3)2|7172r nE(2) (1)K

x .
r:Or!(ZI _1_2r)!a{1—k+|—2l’ (al +(12 )2|717r k=1 (2k—1)|(n +1—2k)

x
!

Kk 22k+1—2l (2| _2)! -1 (_1)k+l—r (a2B)2|—2—2r ]
21-2-r |’

1=1 (1-2)! r=0 r!(2|—2—2r)!(xf7k+'72r(ocl +0L2)

. 2 .
5) W5(13) (n,a, B, By, A)=(f;!)%6xp{—m;£l) } {erf(ij/gz}r A}x
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X

E(%M) (B+iBl)n1_2rn_2r+ LA _(|3+i[321)2 )
r=0 2" ri(my —2r)}(2a)™ (-2)" " r 4o

"W g G auprip)’t
a1 ri(ng—2r)(2a)™ 72" 452" 9 (2 +1)1(20)29

X

+

ny—E(ny/2) r!(B+iB1)nl+l_2r r-1or-q (B+i31)2q
S @on +1-20020)m 2 (S qr2e)2 |
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2.14. Integrals of z"[+1—erf(az+B)],

2" [erf(arz+B1)Ferf(arz+B,)]

2.14.1.
1. T[l—erf(az+B)] dz =- T[—l—erf (az-P)] dz = ! exp(—Bz)+E[erf(B)—1]
0 o Jra a
{a>0}.
2. +.fo[erf(az +B1)—erf(az+B5)]dz= %[1—erf([31 )]+B?2[erf([32 )—1]+
0

+

L oleszl-onl )] a0l

3. T[erf(alz+l31)—erf(azz +PBy) ] dz =2—1[1—erf (By )]+2—2[erf([32)—1]+
0 y 5

1 1
+ o, eXp(—B%)—fTalEXp(—Bf) {a; >0,a, >0}.
4. [[erf(az+Py)-erf(az+p;)] dZ:é(Bl—ﬁz) {a>0}.
5. T’[erf(alz +PBy)—erf(azz+p, )} dz =2(§—1—2—2] {a; >0,a, >0}.

6. I[il—erf(oczﬂS)]dz: 1 exp(—32)+g[erf(ﬁ)¢l]

o

{ lim [Re(oczz2 +2aBz)+2In|z|J:+oo, lim Re(az)=+w}.

Z—>0 Z—0

7. T[erf (az+PBq)—erf(az+B,)] dz= ﬁ[exp(— Bg )—exp(— B12 )]+

0
+%2[erf (B2 )11]‘%1[6“‘ (B)F1]  { Jim|Re(02 +2apyz)+ 2y |-

= lim [Re(oczz2 +2a[322)+2ln|z|J:+oo, lim Re(.z) =+

Z—>0 Z—0

8. [[erf (cyz+ By )T erf (opz + B )] dz = DL [ Ay —erf (By)]5 2 [ A, —erf(B,)]-
0 a1 (8%
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1 B2 2
_\/Eotl exp( ) focz exp(—BZ)
{ lim [Re(alz +2alﬁlz)+2In|z|J = !m[Re(azzzz+2a2ﬁzz)+2In|z|J=
A =1if lim Re(ayz)=+
Z—0
Ay =-1if lim Re(ayz)=—o; lim Re(oyz)- lim Re(apz)=+0}
7—>0 Z—0 Z—>0
2.14.2.
i ¢ 2p% +1
1. [ z[1-erf(az+B)]dz= [ z[-1-erf(az—p)]dz= o
0 o a

x[1—erf(B)]- exp(—BZ) {a>0}.

\/_a

+o0 l
2. E[ z[erf (az+P, ) —erf (az +B, )]dzzm

Bl

[[31 exp(—Bl2 ) B2 exp(—B% )J +

BZ aoef(py)] a0},

[erf(Bl) 1]+

3. +foz[erf(alz+[31)—erf(a22+BZ)] dz = L B—éexp( B; )—B—Zexp( B%) +
0 2\n a; a2

2B7 +1 287 +1
+ ﬁa; Lerf (4,)-1]+ ﬁ s [1—erf(,82)] {a; >0,a, >0}.

+0o0 BZ_BZ
4. [z[erf(az+By)—erf(az+p,)]dz =—2 5 L
e a

{a>0}.

2B5 +1 2B2 +1

5. +jzoz[erf(alz+[3l)—erf(azz+B2 )] dz= {a; >0,a, >0}.

e 2a3 2a’
< 2p% +1 B
6. J(;z[il—erf(ocz+[3)] dz = 22 [il—erf([})]—zﬁaz exp(—BZ)
{ lim [Re(mzz2 +2aBz)+In|z|}=+oo, lim Re(az) =0 }.
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7. Tz[erf(az +B1)-erf(az+B5)] dz =;2[B1 exp(—Bl2 )—Bz exp(—B% )]+
0 2 nat
L2 [erf(Bl)+1] Sz [erf (B2 )T 1]

{ lim [Re(oczz2 +2aﬁlz)+ In|z|} =

Z—>0

= lim [Re(oczz2 +2aBzz)+In|z|J:+oo, lim Re(az) =+ }.
Z—0

Z—>0

8. E[z[erf(alz+ﬁl)$erf(azz+ﬂ2)]dz:%Lﬁjexp( -B)F ﬁ:Z exp (- ﬂj)}
2 1 2
By + [erf(By)—A |+ B + [Az—erf B2)]
4(11 2

{ lim [Re(ocfz2 +2alﬁlz)+ln|z|} = !i_r)g[Re(aizz+2a2ﬂzz)+ln|z|}:+oo;

Z—0

A =11 lim Re(oy z)=+

Z—>0
Ag =-11if lim Re(ayz)=-o0; lim Re(oyz)- lim Re(a,z) =0}
Z—>00 Z—00 Z—>w©
2.14.3.

1. +J?022 [1-erf(az+B)] dz =— ?22 [-1-erf(az-B)] dz =
0 —o0

2
:36\/_;% exp(—Bz) 266a+3B [erf (B)—1] {a>0}.

2. J' ;2 [erf(az+B1)—erf(az+Bz )] dz :3\/_%[ (Bg +1)exp(—[3§)—([312 +1)><

3 3
2B7 +33[31 [1—erf(By )]+w&rf(ﬁz )-1] {a>0}.
6a

<exp(-p2) |+
3. jzz[erf(alz+Bl) erf (ayz+pB,)] dz 2B1 31
0 ay

23 +3p B2 +1 B2 +1
ﬁ[l— rf (B2)]- 3\1/Ea13 eXD(—l312)+35;ag exp(—B%) {a; >0,2a, >0}.

[1—erf(Bq)]-
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1o 3 3
4. [ 2% [erf(az+By)-erf(az+B,)]dz= 21 +3P, — 25 ~ 3P,

{a>0}.
. 3a°
o, 2B3 +3B; 2B +3P;
5. [ z°[erf(aqz+py)—erf(apz+By)]dz= -
o 3a’ 3a;

{a; >0,a, >0}.

w B2 +1 2p° +3B _
6. _gzz [+1-erf(az+B)]dz= e eXp(—BZ)+ 6ol [erf(B)F1]
{ lim Re(a222 +20L[32):+oo, lim Re(oz) =200 }.
0 3 3
7. jzz [erf(oz+Py)—erf(az+p, )] dz =wwf(ﬁz )F1]- 2P +33l31 %
0 6o 6o

x [erf(mﬂhﬁ[@% +1)exp(-p3 )~ (B2 +1)exp(-pZ )]

{ lim Re<a222 +2a[312): lim Re(a222 +2a[322):+oo, lim Re(az) =0}

o 3
8. .[zz [erf(aqz+By)Ferf(ayz+By)]dz= 2Py +33B1 [A —erf(B1)]F
0 aq
2[32 +3pB, Bl +1 Bz 2
” [A, —erf(By)]- 3\/5 o eXp( Bl) o exp( Bz)

{ lim Re(ocfz2 +2a1B12)=

Z—>0

= lim Re(azz +2a2[322) +oo; Ay =1if lim Re(ayz) =+,
Z—®0 Z—w

Ay =-1if lim Re(axz)=-; lim Re(oyz)- lim Re(a,z) =0}
77— Z—>0 Z—>0

2.14.4.
+00 0
1 [z"[1-erf(az+B)]dz= (-1t [z"[-1-erf(az—p)]dz :W1(14)(n, a,p,1)
0 —0

112

{a>0}.

2. T)z” [erf (az +B1)—erf(az +B5 )] dz =W1(14)(n, a,B,, 1)—W1(14)(n, a,B1,1)
0

{a>0}.



(op]

~

0]

. Tz”[erf(alz+[31)—erf(azz+[32)] dz=Wl(14)(n, ay,By,1)-
0

—W1(14)(n,a1,[31,1) {al >O,a2 >0}

Tz” [erf(az +Bq)—erf(az+B,)]dz = n![\/V2(14)(n, a, Bl)—W2(14)(n, a,B» )]

—0o0

{a>0}.
: Tz” [erf(ayz+B,)—erf (ayz+B,)]dz =

:n![WZ(M) (n, al,ﬁl)—W2(14) (n,ay,B; )} {a; >0,a, >0}.

: Tz” [t1-erf(az+p)] dz :Wl(14)(n, a, B, £1)
0

77—

{ lim [Re(o@zZ +2aBz)—(n—2)In|z|}=+oo ; lim Re(oz) = o0 }-

: Tz” [erf(az+PBq)—erf (az+PB,)] dz =W1(14)(n, a, By, J_rl)—Wl(M)(n, a, By, 1)
0

{ lim [Re(onzz2 + 2aBlz)—(n —2)In|z|} =

Z—>0

= lim [Re(oczz2 +2a[322)—(n—2)|n|z|}: +0; [im Re(az) =0 }.

Z—© Z—>©0
o]

. [ 2" [erf(agz+By)Ferf(opz+P,)]dz=
0

:in(l4) (n,az,Bz ) Az)_W1(14) (nIG'l’Bl' Al)

{ lim [Re(afzz +2a1[312)—(n—2)|n|z|} =

Z—0

= lim [Re(a%zz +2azﬁzz)—(n—2)ln|z” = +o0;
Z—>©

Ag =11if lim Re(ayz)=+w,
Z—>0

A ==1if lim Re(ayz)=-o0; lim Re(ayz)- lim Re(a,z) =+ }.
Z—>©0 Z—>0 Z—0
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Introduced notations:

D) W™ (n,a,p, A)= (_;)}m {[A_erf(ﬁ)]nl:zig,m) 4 l<![zrr11+i_12k—2k)!Jr exp\(/%ﬁZ)X
o 2/2)“(“; Zk).lkllﬁnlil;j.l _Ein:)(zku)k(ln 2k)IZBn 2||!(+2I H
W (20, 0,0, A)= o +1;1ﬁaznl+1 '

W1(14) (20 +1, 0,0, A)= A(nl +(12);](12J;1))2!n1+2 |
2 Wi (n, o, B)= (anl+): : igafk—lﬁxﬁ—zk)!’

1
22n1+1(n1 +1)!a2n1+2

wit) (2ng, 0, 0)=0, Wi (2n; +1,0,0)=-

2.15. Integrals of z" [+1-erf(az+p)]?, z" [1—erf2(az+B)],
z“[erf(alz+B1)$erf2(azz+B2)],

z" [e"fz(a12+51)—erf2(022+32)]

2.15.1.

1. J.[l erf ( az+,B] dz__[[ 1-erf (az— /5')] dz—\/z_—[erf(x/_ﬂ) ]

—iexp(—ﬁ2 ) [erf (B)-1]- [erf ]2 {a>0}.

Jna
2. +£° []__erf2 (az+B)] dz= \/Ez aerf (B)exp(_BZ)Jr%[erfz (B)—J-J—
Zna[erf(ﬁﬁ)_q {a>0}.
i 0
3 [erf(al”ﬁl)_erfz(32”32)} dz=- | [erf(alz_ﬁl)+erf2(aZZ—BZ)J dz =
0 -0
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B et ()l exd—ﬁf%%{%erf(ﬁz)exp(—B§)+

+ zn[1—erf(\/532)]—32[1—erf2(32)]} fa; >0,a, > 0.

+00

4. j [erf2 (ayz+P,)—erf?(a,z +B2)] dz =[e3l—1[1—erf2 ([31)]—2—2[1—erf2 (B, )}+

0 1 2

2 |erf(B2) 2)_erf(By) 2
+ﬁ{TEXP(—Bz )—a—lexlo(—f’l )}L
5 |1-erf (\/5[32) erf (\/5[31)—1
+ 2n|: 2 + a {al >0,32 >O}
5. T [1—erf2(az+[3)]dz= 4 {a>0}.
2ma

—00

6. +J?° [erfz(alz+[31)—erf2(a22+[32)]dz:J%(%—éj {a; >0,a, >0}.

—0a0

[+1—erf(az+p)]%dz =

~
o—8

\/zina [erf («/EB):L 1]— \/%a exp(— [32 )><
[ert (p) 711~ L erf (p)71]7

{ lim [ZRe(a z +2aBz)+3In|z|}=+oo, lim Re(az)=xx}.

Z—0 Z—0

8. T[l—erf 2 (az + B)] dz =

2 erf(B)exp(—B2 )+%[erf 2 ([3)—1]—

0 Vra
— Jzina [erf (\/EB):L 1]
{ lim [ZRe(a z +2aﬁz)+3|n|z|}=+oo, lim Re(az)=xwx}.
! Off [erf(alerBl)T“erfz(o‘Zz+52)] dz :S_i[il—erf(ﬁl)]_\/%ql exp(_Blz )i

+L{Terf(ﬁz)exp( 08 b= lert (V2 Jlepa ot o) 1]}

a2
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{ lim [Re(oclzz2 +2alﬁlz)+2In|z|}:

71—

= lim [ZRe(azz +2a2B22)+3In|z|} +oo; A=1 if
Z—>0

lim Re(apz)=+w, A=-1if lim Re(ayz)=—o; limRe(o,z)=10}.
Z—®© Z—>0 o)

10. OJ? [erfz(alz+B1)—erf2((x22+[32 )J dz=[3_1[1—erf ([31)} 1322 [1 erf2 (B, )J+

0 0q

2[00 ) S0 (g2 )]

L2 {A—erf(ﬁﬁz)ﬁrf(ﬁﬁl)n}
Jon

{ lim [ZRe(alz +2a1B12)+3In|z|J

Z—©

2% g

= lim [ZRe(azz +2a2[322)+3ln| ﬂ +o0; A=1if

Z—>0
lim Re(opz)=+00, A=-11if lim Re(ayz)=-w; lim Re(oyz)=+x}.
2.15.2.
+00 0
1. J'z[l—erf(az+[3)]2dz:—jz[—l—erf(az—B)]Zdz_zlj1 +1[ rf(B)-1]° +
O —00 a
B exp(—BZ)[erf(B)—l:l— 2P [erf(ﬁﬁ)—l]— L exp(—ZBZ) {a>0}.
Jna? J2na? 2ma’
2. +J§O [1 erf (aZ+B)]dZ_Zia+1[l erf (B)]+\/2_ [erf(\/_B) 1]+
1 p
+2%12 exp(—2[32)—merf(ﬁ)exp(—ﬁz) {a>0}.
+00 0
3. jz{erf(alzﬂsl)—erfz(azz+Bz)} dz= | z[erf(alz—ﬁl)+erf2(azz—Bz)]dz:
0 —o0
22 2p2 +1
1al [erf (By)- 1]+2\/Ea12 exp(—Blz)+ 423 [1—erf2(52)]+
+ exp(—232)+ 2P2 [erf(fﬁz) } P2 erf(Bz)exp(—Bg)
2mal 2 J2na3 Jnas
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{al >0,a2 >0}

4, +jzoz[erfz(alz+[?51)—erf2(a22 +Bo )]dz = 2B2 ;1[1—erf2([32 )]+
0 482
1 p
maz [erf(\/_ﬁz) } 2n? exp(—ZBE)—\/_;Z erf(Bz)exp(—Bg)—
—%gl[l—erfz(ﬁl)]—\/g 2[erf( ) 1]— exp( 2B12)+
\/,al erf(Bl)exp( Bf) {a; >0,a, >0}.
+00 4B
5, _Lz[l—erfz(aus)] e {a>0l.

6. Tz[erfz(alz+B1)—erf2(azz+[32)]dz=\/‘21_[[3—;—[3—2] {a; >0,a, >0}.

S a a2
7. Iz[il—erf(azﬂ?s)]z 2ioil[erf(fs)u] \/_Baz exp(—B2 )x
x[erf (B)F1]— \/Zifaz [erf (\/EB)il]— 2n1(12 exp(— 232)

{ lim [Re(azzz+2aBz)+In|z|J=+oo, lim Re(az) =4}

Z—0 Z—0

8 2[3 +1

z[l erf (az+B)]dz_ [1 erf ([3)]+\/2_7t [erf (V2B)F1]+

O’—-S

1 2 B 2
+2m2 exp(—ZB )—\/Eaz erf(B)exp(—B )
{ lim [Re(oczz2 +2aBz)+In|z|J:+oo, lim Re(az) =0 }.
0 2
9. jz[erf(alz+Bl)4—.erf2(a22+[32)] dz = 2Py :1[erf(Bl)$1]+
0 oy
B 2B5 1 _ 2B
= riocf exp(—Bl)_ 412 [1— erf? (Bz)}i - exp(—2[3§)+mfx% x

<[A—erf(vV2B, )|+ JEZ erf (B )EXP(—Bg)
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{ lim [Re(ocfz2 +2alﬁlz)+ln|z|} = lim [Re(ocgz2 +2a2[322)+ln|z|J =+
Z—>0

Z—0

A=1if limRe(ayz)=+0, A=-11if limRe(a,z)=-x; limRe(a;z)=+x}.

Z—>0 Z—>0 Z—>0

10.

2
z[erf2(alz+B1)—erf2(azz+B2 )] dz = 2P :1[1—erf2([32 )]+
4

)

1 2\ _ B2
\/_az [erf(x/_Bz) J 27r0Lzexp( 2[32) \/Eag

2
 2p? 1[1_ i£2(py)|- \/2_ 2[erf(«/5131)¢1]_

OLl TCOLl

analz exp(—2|312 )+ i(lxlz erf (By )exp(—[312 )

o—8

erf (B, )exp(—B% )—

{lim[Re(c’2* + 201 B,2) + In|z[] = Iim[Re(ocjz2 +2a,,2)+ In|z|] = +4o0;
A=1if limRe(a,z)=+w, A=-1if limRe(a,z)=-w; limRe(a;z)=%0}.
Z—>0

Z—>0 Z—©

2.15.3.

1. Tz” [1—erf(az+p)]?dz =(-1)" .([)z“ [-1-erf(az—B)]%dz =
0 —o0

2
X
V27

(_ )n+1 {[erf(B) 1?w. 15)(n B)- \/_ (15)(n.B)—

[erf(\/_ﬁ) 1w, (n, p)- \/_ w ) (n B)H {a>0).

+00

2. _[ Z" [l—erf2 (az+[3)} dz = n!n+1 { [1—erf2 (B)J Wl(ls) (n,B)+
0 (-a)

o2 [t (Vap) 1] W o)+ Wi ﬁ)} (a>0}.
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3. T)z” [erf(alz +By)—erf?(ayz+P, )] dz =(-1)"*" x

0
0
XjZn[erf(alz_51)+erf2(azz—Bz)J dz n!n+1
-~ (-a)

) B (15) +i (15) + n
{[erf(ﬁl) 1w, (n, By ) \/;WZ (”'Bl)} (—ag)™

\/%[erf(x/iﬁz)—q 3 (n B2)+%W (n, Bz)}

T

W™ (n,B, )+

X

{al >0,a2 >0}

4. Tz” [erfz(alz+|31)—erf2(azz +B, )]dz=( n!)n+1 { [1—erf2([32 )]x
0 -a,

><W1(15) (n,By)+ \/%[erf (\/E [32)—1} W3515) (n, B2 )+%W£15) (n, B2 )}_

" {[1_erf2(51)}w1<15>(n,sl)+%x

(_al)n 1 -

[ erf (v2By ) -1 | W 19 (n, )+ —w* )(n,Bl)} {ag >0,a, >0}.

NEA
5. :rjiz” [1—erf2(a1z+[3)]dz=(—1)n n!—mdz;”*l W3(15)(n,|3) {a>0}.
6. sz”[erfz(alz+B1)—erf2(azz+62)]dz=(—1)” n!i 1 W(ls)(n,Bz)—

o Jor a2+1 3
—%W:s(ls)(n,ﬁl):l {al >0, an >0}

&
7. [ [s1erf ? dz = ”!{f 1w B)-
(J;z [+1-erf(az+p)] dz (—OL)rHl [erf (B)F ] (n,B)* \/, (n B)
2

_ £ (V28 )= 1w (25) w (1) }

T lerf (V2B)7 1wy (n,p) - 4; (n.B)
{ lim| 2Re(02? +2aBz)+(3—n)Infz| |=+0; lim Re(az) =0}
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< n!
8. gzn[l erf? (az +B) ]dz:(_a)mlx

{[1 erf (B)]W(15 (n,B)+ (V2p)z1]w 3f15)(n,ﬁ)+iwf5)(n,ﬁ)}

Jr

{ lim [Re(oﬂz2 +2a[32)—(n—2)|n|2|}=+oo for n>0; limRe(az)=t0}.
9. Tz” [erf(cxlz+[31)¢erf2(cx22+B2 )] dZ=n—!n+1><

0 (-ag)

{[erf Bl +1]W n B1)+%W(15)(n Bl)} (_a:!)n+1 X

2
N
Ll (o, )}

{ lim [Re(afzz +2alﬁlz)—(n—2)ln|z|}:

Z—>00

= Iim[Re(azzzz+2a2ﬁzz)—(n—2)ln|z|] =400 for n>0; A=1if

Z—©

lim Re(apz)=+0, A=-11if lim Re(a,z)=-o; limRe(ayz)=%x}.

Jso 750 71—
o -1)"n!

10. jz”[erfz(a12+B1)—eff2(azz+BZ)]dzz( n)+1n X
0 “1

x{ [1—erf2 ([31)} W1(15) (n,By)+ \/z_n[erf (ﬁﬁl)ﬂ} W3(15) (n,By)+

o ] ot G I )
<lert (W22 )- A (0,2 )+ WL (.2 )}
{ lim [Re(afzz +2alﬁlz)—(n—2)ln|z”:

= lim [Re(a%zz +2a2ﬁ22)—(n—2)ln|z|J=+oo forn>o0; A=1if

Z—>0

lim Re(opz)=+0, A=-11if limRe(a,z)=-c; limRe(oyz)=+x}.

71— Z—>0 Z—>0
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Introduced notations:

-E(n/2) pn+l-2k

n—E(
1 W(15) , =
) i (n B) ké) 4kk!(n+1—2k)!

w, ) (2ny,0)=0,

1

w® (2n 41 0)2 — =
i (2m+1,0) A" (g +1)1

E(n/2) K1 n—2k+2I

2wl (np)=erp )| X i Zk)zB -

n-E(n/2) 1 k |,Bn—2k+2I

2.

] kI(n+1-2k)! o 4% (21)!

W) (2n,0)= L w1 (20, +1,0)=0;

(2n1+1)
) E(n/2) k'Bn_Zk k ( )I
3w, (n, )= & (2k+1)!(n—2k)! § 8 (1

n]_! nl (2'()'

(15) N
(an +l)| k=0 8k (kl)2 ' W3 (2nl +1, 0) =0;

w™ (2ny, 0)=

n-E(n/2) n+1-2k K (1_1\1p2l-1
9 (n,p)= S g2)y (DT
HWnB)= 2 k!(n+1—2k)![erf(ﬁ)eXp( b )E4'<—'(2|—1)!+

exp(—sz) k-1 (|,)2 14l B2r-2 E(n/2) (k+l)!Bn—2k
" 2o 2 (2k+2)i(n—2k)! "

. 122k - r(r 1)

2l exp(-2p%) « 1
x| derf (B )exp( )ZB— p(\/} )Z (2|)2 >

1=0 I =1 (|!) r=1

(I’ _1)!B2r—1
5 )

" (2r -1)!

w1 (2n,,0)=0,

1 M1 (k1)2

w1t (2n; +1,0) = :
4 ! (ng + D1 (Sp22Mm+1K ok 1 1)1
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2.16. Integrals of z" exp(Bz)[+1—erf(az+B1)],

2" exp(Bz)[erf(aq1z+B1)Ferf(arz+PB5)]

2.16.1.

1. jexp(Bz)[l erf(az + Py )] dz_—J'exp( Bz)[-1—erf(az—py)] dz =

:—[erf(Bl) l]JrBexp(B _43[3[31}{&_]; P- 2aB1) }{a>0}.

2
2. j'exp(Bz)[erf(alz+[31) erf(azz+[32)]dz=—exp[B

0 4al

{erf(zal 131—5] 1} B2 —4aypp; { 2 2[32 1:|+
28 4a2

+= [erf (B,) erf(Bl)] {a; >0,a, >0}.

3. +foexp(Bz)[erf(alz +By)—erf(ayz+B,)] dz =

—0o0

2
exp B® —4asppy _exp| BT —421BBy (3,50, a5 >0
B 433 4a12
T 2
4, JEXD(BZ)[il—eI‘f(OLZ+Bl):| dz=1[erf(51)¢1]_lexp B™—4apB, |
0 B B 40,2

x[erf(zaﬁl _Bjil}
2a

{ lim [Re(o@zZ +2aﬁlz—[32)+2ln|z|}:+oo, lim Re(0z) =400}

70 Z—®©

5. Texp(Bz)[erf(alz +B1)Ferf(arz+By)]dz= Eexp[
0

x{erf(zalﬁl_BJ—Al}— exp B% —4a,BB, { f(zazﬁz—BJ_Az}_
20 B 40(% 207

—%[erf(ﬁlﬁ erf(By)]  { ZIerJO[Re(alzzz +2a1B12—Bz)+2In|z|J:

B —4%661}

4oc1
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= lim [Re(a%zz +20L2[322—BZ)+2|n|Z|J:+oo; A =11if lim Re(ayz)=+w,
750 Z—>®©

Ay =-11if lim Re(ayz)=-o; limRe(o,z)- lim Re(ayz) =10}
77— Z—>0 Z—>0

2.16.2.

1. +J?Oz exp(Bz)[Ll—erf(az+B1)] dz = ?zexp (-Bz)[-1-erf(az—Bq)] dz =
0

2 2 2
_B~-2a _Zaﬁﬁlexp B —4app, {erf(ﬁ_zaﬁlj+l}+
2a’p? 432 2a
+Bi2[1—erf(ﬁl)]+\/_%aﬁexp (—Blz) {a>0}.
2. Tzexp([}z)[erf(alz+B1)—erf(a22+[32)]dz=Bi2[erf([31)—erf([32)]+ J%Bx
L a2 L[ g2)], BY 20 —2aBp
le exp( Bz) a exp( By )}r 2alsz
xexp(Bz _4azlﬁslj[erf[2alsl _BJ_l} . B2 _zagz—iazﬁﬁz y
48’ a 2a2B
2
X eXp B ~4a,PBa {1—erf(mﬂ {a; >0,a, >0}.
4a’ 2a;

+00 2 —-p?
3. jzexp(Bz)[erf (agz+Pq)—erf (az+B, )] dz= 2a; +262ll[32l31 p "

o0 a; p

2 2 _p2 2
XEXD{B _4a21ﬁB1J—2a2+21262B2 & exp(B _4a22BB2J {ag >0,a, >0}.
4a1 a2[3 a,

B° —20® ~20pB;
2a2[32

2
x exp(wj[erf (B_z—aﬁlj i1:| _i[erf (Bl ) 11]
20 p2

402

4, Izexp(ﬁz)[il—erf(az +Bq)] dz = \/Eloc[i exp(— 312 )+

{ lim [Re(QZZZ +2aBlz—[32)+In|z|}:+oo, lim Re(0z) =40}

Z—>0 77—

5. [zexp(Bz)[erf (cyz + By )Ferf(apz+py)] dz _P 2(112 ialBBl x
0 201

123



Xexp[ mM ALE Al} B 205 ~20,Pp,
4o 20562

xexp( 4a,BB, ][ 20‘ 2B -
4o 20

fBle exp (- Bl) eXp( B%)}{ JLnl[Re(afz2 +2a151z—ﬁz)+|n|z”:

}+—[erf (B)werf(B,)]-

Az

= lim [Re(a%zz +2a2B22—Bz)+In|z|}=+oo; Ay =11if lim Re(ayz) =+,
Z—©

Z—>0

Ag =-1if lim Re(ayz)=—0; lim Re(ayz)- lim Re(a,z) =0 }.
Z—0

7—>00 Z—>0

2.16.3.

n+l

1 Tz” exp(Bz)[1-erf (az+B,)] dz= (- jz exp(-pz) [-1-erf(az—B) ] dz=
0

—00

=(-1)™ n!{Bn%[l—erf (B)]+W,"™ (a,B, By, 1)} {a>0}.
2. Tz” exp(Bz)[erf(a;z +B1 ) —erf(ayz+p,)]dz =
0

=(- 1)n+1nl{B—[erf (Br)—erf(B2)]-

W (a,, BBy, 1) + W (2, B, B, ,1)} {as > 0,2, >0}.

3. T)z "exp(Bz)[erf(a;z +By)—erf(ayz+P,)]dz =

—00

:(_1)n+1”'[ (al B.py)-W 2 (3213,32)} {B#0,2a, >0,a, >0}.

4. Tz“ exp(Bz)[+1—erf(az+Bq)]dz =
0

=(-1)""n { o[*1- erf(Bl)]+W )(oc,B,Bl,il)}
B
{ lim [Re(o@zZ +2a[312—Bz)—(n—Z)In|z|J:+oo, lim Re(az) =00}

Z—>0 Z—®©
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5. Tz” exp(Bz)[erf(ayz+Bq)Ferf(ayz+PBy)]dz=
0

= ()™ n|{B—|:erf (Br)Ferf(B2)]-

—W1(16)(011, B, B1, Al)iwl(lﬁ) (o2, B, B2, Ag )}

{ lim [Re(afzz +2a1[312—[32)—(n—2)ln|z|}:

7—>0

= lim [Re(a%zz +2a,B,2 —Bz)—(n —2)In|z|} = 40

Z—>0

Ag =11if lim Re(ayz)=+0, A =-1if lim Re(ayz)=-o;
Z—>©

Z—0

lim Re(ayz)- lim Re(oy2) =+ }.
Z—>0

Z—0

Introduced notations:

i n
1)Wl(lﬁ)(a,B,Bl,A):exp{WJ{erfE%J }Z

40, o k=02 BI’H—l k
20 1(k=21)o2k2!

k—E(k/2) T I 4|+17r(2a[31—[3)k_1_2|+2r
{ o (2D)(k+1- 2|)Z:: (r —1)1g 2k-1-21+2r -

n
+%eXp( )Zzlzk ek

E(k/2) 1 L (r-1)! (20p, _B)k—1—2I+2r
- E I (k—2|)' 1 (Zr_l)!a2k7172|+2r !

2
W1(16) (o, B,%, A) =exp(— B 5 Jx

4a,

2 n—E(n/2) Kl E(n/2) 1 -
n+2-2k 2k -1 —A z n+1-2k 2k |’
Jroia (2K)B k=0 k!B (20)

: B2 -4appy | & 1 ") (2ap-p) "
2) Wz(l)(a,B,Bl):ZeXp( e 1J|§)2kﬁn+l—k I;) T
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(16) B\_ p? " 1
W, ,B,—)=2exp| — .
b (o, B Za) p[ 4(12} kz::‘) k!Bn+1—2k(2a)2k
2.17. Integrals of z" exp(—a222 +Bz)[il—erf(a12+31)],

rak exp(—mzz2 +Bz) [erf(agz+By)Ferf(ayz+B,)]

2.17.1.

1. jexp( a’z )[1 erf (az + ]dz:—jexp( a’z )[ ~1-erf (az-p)Jdz =

—00

:%[1—erf(%ﬂ2 {a>0}.

2. jexp( a’z )[1 erf (8,2 ]dz:—jexp( a’z )[—1—erf(alz)]dz=

—00

=ﬁarctani1 {a; >0}.
3. Texp( )[1 erf(a;z)]dz =- jexp( )[—1—erf(alz)]dz =
0 —00
_ 1 a; +a
_Zﬁalnal_a {a1>a}.
4, jtfoexp(—azz2 )[erf(az+ﬁ)—erf(alz)]dz =
0
\/7 2
:ﬁarctan a 1a {1 erf(ﬁﬂ {a>0,a; >0}.
5. +§°exp(—a222)[erf(alz)—erf(azz)]dz_ﬁ[arctan%—arctaniJ

{a; >0,a, >0}.

+00
1 a,—a . a,-a
6. [expla?z?)[erf(ajz)-erf(a,z)]dz = N1 _ |22
J(; p( )[ (a12) (ayz)] Z\Ga[ a, +a a, +a

a;>a,a, >a}.
{ag 2 >a}
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7. jexp( a’z )[erf(az+[51) erf(az+B, )]dz =

e o] e

~+00 2
8. J'exp(—azz2 +Bz)[erf(alz+B1)—erf(a22+[32)]dz=gexp( P - ]x
4a

—00

a1B+2a2[31 ap+2a°p,
x| erf| ———= |—erf| ————< {a; >0,a, >0}.
{ {Zaw/a2 +al2 } (Zaw/a2 +a§ H
T exola22? ) N[ B
9. J;Oexp(a z +Bz)[erf(alz+[31) erf (ayz+P, ) |dz = . 4a2J

| 2a°B; —ap | 2a’By —a,p
x| erfi| ————— |—erfi| ————— {a; >a,a, >a}.
{ {Zaw/alza2 2a1/a§—a2 |

10. Iexp<_a222 )[J_rl—erf(ocz+[3)]dz :%[li erf(%ﬂz

{ lim [Re(a z +a[32)+|n| ” +o0,  lim Re(az) =40}

71— 71—
11. we —a?7%) [ +1-erf d :—arctan— {o? #-a?,
_([ xp(—a’2%) (ey2)]dz T i
lim [Re(cxzzz +0L1222)+2In|2|J:+oo; +Re(ayz)>0 if z—> oo},
Z—>©0

12 Iexp(—azzz ) [erf (az+B)Ferf (oy2)]dz =_ﬁ{A—erf [%HZ +

40, 2

arctan—  { lim [Re(a z +oc[32)+|n|z|}
O (X,l Z—®©

= lim [Re(a222 +oc1 )+2In| |] 400, a12 #—a?;
7o

A=1if lim Re(az)=+w, A=-1if lim Re(az)=-x

Z—>0 Z—>0

tRe(az+B)-Re(oyz)>0 if z—> oo},

13. jexp(—azzz)[erf(alz)ierf(azz)}dz:— ! (arctanixarctanij
0

™o oy (€5
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{ lim [Re(a222+a1222)+2ln|z|J: lim [Re(a222+0€22 )+2|”| ﬂ oo

Z—>0 Z—0

a? #-a?, a5 #-a?; tRe(oyz)-Re(0,2z)>0 if 25w},

14. Texp(—oczz2 ) [erf(az+Py)—erf(az+P,)]dz=
0

:1/_[1 erf(ﬁfﬂ —%[1 erf(ﬁ%ﬂ {Zlm[Re(oczzz+aﬁlz)+|n|z|}:

- JLTO[Re(aZZZ +0c[322)+|n|2|}:+oo, ZILr‘gORe((xZ)Zioo}.
o(Tz)
| exp(—(xzz2 +Bz) [erf (oyz+P;)Ferf(ayz+B,)|dz=

(Ty)
Jn {BZ ] 01 + 20°By opB+20°B,
=—exp| — || Aerf T Agerf
a 4072 20/ + 02 204Ja® + a3
{ lim [Re(azzz+a1222+2a1[312—BZ)+2|n|z|]=

z2—-0(Ty)

2,2 +2alﬁlz—[32)+2|n|z|]:

= lim [Re(oczzz-l—(xl

z2—>0(Ty)

= lim [Re(a222+a222+2a2[322 Bz)+2|n| |]

Z—)OO(T]_)
T 2.2 2.2 _
= lim [Re(a 2 +a5z +20c2[322—[32)+2In|z|]_
Z—)OO(Tz)
A, =1if lim Re(1/a2+a22j:— lim Re(,/a2+a22):+oo,
K Z—)OO(TZ ) k Z—)OO(T]_ ) k
A, =-1if lim Re(,/azﬂxzz):— lim Re(,/a2+a22j:—oo,
k z2—0(Ty) k 2—00(Ty) k
A, =0 if lim Re(,/a2+a22)- lim Re(,/a2+a22):+oo;
k z2—0(Ty) k 2—0(Ty) k

+Re(oyz+Py)-Re(opz+Py ) >0 if z—>oo(Ty) and z — (T, )}
2.17.2.

1. jzexp( a’z )[1 erf(a;z+p)]dz = jzexp( a’z )[ 1—erf(ayz—p)]dz =
0 —o0

128



1 3 a’p? ap
=—[1-erf(B) ]+ exp(— erf -1
2a* 2a%\Ja® +af a’ +a; Ja? +al

{al >O}

~+00 0
2. J'zexp(azzz)[1—erf(alz+B)]dz: [zexp (azzz)[—l—erf(alz—ﬁ)]dz:
0

—00

2,2
=L ferf ()1 —— ) 4P| erf| 22
2a 2a? al2 ~a? a; —a al2 —a?

{a; >a}.

3. Tzexp (azzz)[l—erf(az+b)]dz:_j)‘ zexp(azzz) [-1-erf(az—h)]dz=

= [erf(b)-1+————exp[-b?)  {a>0,b50}.

2a 2+ a

4. Tzexp(—azzz )[erf(alz+B1)—erf(azz+Bz )]dz =L2 [erf (B1)—erf(By)]+
0 2a

2n2
a a
H— ‘z—Blz
2a% \Ja? +af a® +aj

2p2
a
xexp| — P2 1—erf a2h2 {a; >0,a, >0}.
a2+a§ a2+a§

5. J?Ozexp(azz2 )[erf(alz +Bq)—erf(azz+p,)]dz S S

0 2a? a12 :

—a
202 202
a a a a
xexp( - Blzj erf L 2 exp( - Bzz}(
a —a Jaf —a? 2a” \Ja5 —a® a, —a

x {erf [&Jl}+é[erf(ﬁz)erf(ﬁl)1 {a; >a,a, >a}.

2 _ .2
a; —a

6. Tzexp(azz2 ) [erf (a,z+B)—erf(az+b)|dz=
0
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; 2.2 & a’p’?
= J' zexp(a z )[erf(alz—B)—erf(az—b)]dz= exp| ——— |

o 2a® \Jaf —a?
—b? _
X|:erf [LBJ—]_] exp( ) erf(b) erf (B) {a>0,al >a,b>0} .

+ +
alz _az 2\/;a2b 23.2

~+00
7. J'zexp(azz 2 )[erf(az +by )—erf(az+b, )]dz =

0
0
= | zexp(a222)[erf(az—bl)—erf(az—bz)sz:
:é[erf(bz)—erf(bl)]+2\/_ﬁ{éexp(—b§)—éexp(_blz )}
{a>0,b; >0,by, >0}.
400 2
8. [zexp (—azz2 +Bz)[erf(alz+[31)—erf (a22+[32)]dz:@exp( P ]x

—o0 2a° 4a?

2 2
x| erf 28 PP —erf 2a"P +agP + 4 X
2a1/a2 +a12 2a1/a2 +a§ a2, a? +a12
[BZ —4a?p?2 4a1331] a, {Bz —4a?p2 4azl3l32J
Xexp o exp
a

4a® +4a? a? +al 4a® +4a’

{a; >0,a, >0}.

~+00 2
9. J.zexp(azz2 +Bz)[erf(alz+[31)—erf(a22+[32)]dz:\/;Bexp[— B Jx
2a3 4a?

—00

x | erfi M —erfi a2[3—2a2[32 - ! X
2aw/a12—a2 2a1/a§—a2 a2 alz—a2

(BZ +4a2p2 —4a1[3[31J a, [52 +4a%p? —432532}
x exp + exp
32 _ a2

2 2 5 2 2
4al - 4a a2 4a5 -4a

a; >a,ap >ay.
1 2

10. jzexp(—azzz)[J_rl—erf(oclz+[3)]dz=%[i1—erf([3)]+#x
0 20 20.° oc2+oc12
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2n2
x exp _& erf 0(—1[3 - A
0‘2+0‘12 0L2+0c12

{ lim [Re(onzz2 +afz? +20L1BZ)+|n|Z|}:+oo;
Z—>0

A=1if lim Re(\/az +al Z)=+oo, A=-1if lim Re(./az +0? z):_oo;

2 Z—®

+Re(oyz+P)>0 if z >0},

11. Izexp(o@ 22 ) [+1-erf(az+p)]dz= #[erf (B)F1]+ p(_Bz )

1
—F—€X
2/ma’B

{lim Re(apz) =+, xRe(az+p)>0 if z— wo}.

Z—>0

12. Tzexp(—o@ 52 ) [erf (a2 +By)Ferf(ayz+B, )]dz :ﬁ[erf (B.)Ferf (B, )]_
0 o

2 n2
a, a’p; j a a,
- eXp| - erf -A |[t——F——x
20°\Ja® +af ( o +of [ [«/a2+0{12 20%\Ja? +a

xexp(—%j erf {az—ﬁz} -A

a +a, Jai+a;

{ lim [Re(oczz2 +alz? +2a1[312)+ln|z|]:

Z—>00

= lim [Re(aZZZ +oc§22 +2a2[322)+|n|z|]=+oo;
L—0

A =1if lim Re(«/oc2 +ol Z):+oo, A =-1if

Z—>©0

lim Re(\/oc2 +al z):—oo; +Re(aqz+Py)-Re(opz+Py)>0 if z— o0},

Z—>0

13. J'zexp(azzz)[erf(alz+Bl)$erf(az+B2)]dz: ” o1 x

0 2a oclz—ocz

xexp[ aZBlzzj{erf oy By : _A}_erf(ﬁl)+erf([}2)+exp(B%)
(07

2 _o o —a 202 2\/&12[32

{ lim [Re(afzz —a?z? +20c1|312)+ln|z|}= lim Re(aB,z) =+
Z—® 750
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A=1if lim Re(\/alz —a22j=+oo,A=—1 if lim Re(wlalz —(xzz)=—oo;

Z—>0 Z—>0

+Re(az+P,)-Re(oyz+Py)>0 if z—> oo},

14. Tz exp(oc2 z? ) [erf (az+By)—erf(az+P,)]dz= %[erf (By)—erf(By) ]+
0 o

2\/5(1 { ; exp( BZ)_B_eXp( By )}{zlﬁo[Re(aﬁlz):ZITOORE(GBZZ):HO}'

oo(T ) 2
15. J'Z z exp(—oczz2 +Bz)[erf(alz+[31)$erf(oc22+[32)]dz:@exp{ P Jx

2
(T;) 2a° 4o

20°By + s 20°B, + 0B
x| Ajerf | ———=— |F Ajerf | ———=——% | |+
[ [2(1#0(2 +(>L12 20“/0(2 +OL§

1] Ay [32_4(12[312_40%3[31}_
+— exp

F
2

a? | (g2 +af 40L2+4oc12

2 2
a2 +oc§ 4o +4aj

Agaip exp{ﬁz —40B5 —402BB, H

{Z_)Ilrr(1T [Re(oczz2 +0c1222 +2a1B12—Bz)+In|z|] =
o(Ty)

= lim [Re(azzz+oc1222+20c1[312—[32)+ln|z|] =
Z—)OO(Tz)

= lim )[Re(a22+a§zz +2a2B22—Bz)+In|z|J=

Z—)OO(Tl
= lim [Re(a222+a222+2a Boz— z) In ] = +00;
= 5 2B2z—Pz)+Infz|| =+o0;
Z—)OO(Tz)
A, =1if lim Re(w/a2+oczz):— lim Re(1/a2+a22):+oo,
k Z—)OO(TZ ) k Z—)OO(T]_ ) k
A, =-1if Ilim Re(1/a2+a22):— lim Re(1/a2+a22):—oo,
k z—0(Ty) k z—0(Ty) k
A, =0 if lim Re(,/a2+a22)- lim Re(,/a2+a22):+oo;
k 2—>00(Ty) k z—0(Ty) k

iRe(oclz+|31)-Re(a22+|32)>0 |f Z—)OO(T]_) and Z—)OO(TZ )}



2.17.3.

+00
1. jzzmexp(—a222)[1—erf(az+B)]dz=
0
0
=—[ 22" exp(—azz2 ) [-1-erf(az—B)|dz :W1(17) (a,p,1) {a>0}.
+o0 0
2. J‘sz exp(—azz2 ) [1-erf(a;z)]dz = - fzzm exp(—a222)[—1—erf(alz)]dz =
0 —o0
1 m-1 |2
:(Zm). 12 1arctgi—alz (k) | taa>05.
mir | 4™ a2™ a k:0(2k+1)!(2a)2m—2k (az +a12) +
~+00 0
3. jzzm exp(azz2 ) [1-erf(ajz)]dz=— fzzm exp(azzz)[—l—erf(alz)]dz =
0 —0
_emy ()" a+a w (k1) (2 >a).
mivr| (2a)’™" & -a 15 (422" " (a2 —a2 )"
(2k+1).(—4a ) (a1 -a )
~+00 1
4. [2°Mexp(—a®z? )[erf(az+B)—erf(a;z)]dz = (2m)!
/ pl-a?2? )fert (a2 + ) erf (ay2)Jaz = “T
a -t (k!)z (17)
x e arctg—-—a; -W,"" (a,B,1)

D (k) (2a) " (a2 a? )
{a>0,a; >0}.

(2m)!
4" miyra2m+t

+00
5. jzzm exp(—azz2 ) [erf(ayz)—erf(asz)] dz =
0

2m)im-1 k1)
X[arctgi—arctgij+( m) Z ( ) a’l aZ

a &) mir k=0(2k +1)!(4a2 )m_k (al2 +a® )k+l ) (a§ +a2)k+l

{a1>0,a2 >0}

6. TZ 2m exp(a222 ) [erf(a;z)—erf(ayz)]dz = mf:/;)(n;iz)r;nzll

X

x(ln a-a | az—a]+(2m)! "‘Z‘l (k1)?

K
a +a a+a) mir k=0 (2k +l)!(—4a2)m
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a; >a,an >ay.
1 2

7. Tzzm exp(—a222)[erf(az+B1)—erf(az+[32)]dz =
0

=W1(17)(a,Bz,1)—W1(17)(a,Bl,1) (as0.

~+00
8. jzzm” exp(— a%z? ) [1-erf(a;z+B)]dz =
0

0
= jzzml exp(—azz2 ) [-1-erf(a;z—P)]dz =

—00

_ ( ;n)!m+1 [1—erf(B)J_W2(17) (az,al,g,l) 21> 0}
2|a

9.

} 0
+I ,2m+l exp(a222 ) [1-erf(ayz+p)]dz = j ™ exp (azzz ) [—l—erf (a2 _B)] dz=
) -0

- [-erf ()] wi(a? e 1)ty >a).

2(—a2)

+00 0
10. jzzm” exp(azz2 ) [1-erf(az+b)]dz = J'zzm+1 exp(azz2 ) [-1-erf(az—b)]dz =

0 —©
m! m! m (2k)!
=—————[1-erf(b) |+ ——exp(-b*) > —
2(—a2) 1[ | Jna ( )k=0 k!(—az) k(2ab)2k+1
{a>0,b>0}.
11. +f022m+1 exp(—a222)[erf(alz+[31)—erf(a22+[32 )] dz =
0

m!
=—————]|erf —erf +
2(a2)m+1[ (By)—erf(B2)]
Wi (a2, 8y, By 1) Wi (0% 2p.2,1)  far>0.2, 50},
12. J?ozzm”exp(azzz)[erf(alz+B1)—erf(azz+Bz)]dz:

0
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m!

[erf (B, )—erf (B, )]+W2(17) (—a2 ,a, By, 1)—W2(17) (—a2 P ,1)

a;>a,a, >at.
1 2

+00
13. j22m+1 exp(azz2 ) [erf(ayz+B)—erf(az+b)]dz =
0

0
= [ 22 exp(azzz)[erf(alz—[&)—erf(az—b)]dz=

Lmﬂ[erf (B)—erf (b)} +W2(17) (—a2 ‘2,