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Correlated quantum measurement of a solid-state qubit
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We propose a solid-state experiment to study the process of continuous quantum measurement of a qubit
state. The experiment would verify that an individual qubit stays coherent during the process of measurement
(in contrast to the gradual decoherence of the ensemble-averaged density, nfaisxconfirming the possi-
bility of qubit purification by continuous measurement. The experiment can be realized using quantum dots,
single-electron transistors, or superconducting quantum interference devices.
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The impressive advantages promised by quantuntHHamiltonian, method of restricted path integral, Bayesian
computind have revived interest in the fundamental quan-formalism, etc. The theory of selective quantum evolution
tum effects in two-level systems, which in this context arewas only recently introduced into the context of solid-state
called qubits. In this paper we address the problem of thénesoscopics*’~?°In particular, it was shown that the con-
continuous measurement of a qubit state having in mind #nuous measurement of an individual qubit does not lead to
solid-state realization of the setup. Among numerous proposdradual decoherencén contrast to the conventional result
als of quantum computers, the solid-state realizatiwes, for an ensemble instead, the measurement can lead to
e.g., Refs. 2-Blook more promising because of better con- gradual purification of the qubit density matrix.
trollability of qubit parameters and interqubit couplings. Since the concept is still considered controversial, an ex-
However, the qubit measurement in this case is not aBerimental check is quite important. In this paper we propose
straightforward as in typical optical experiments where theBn experiment which can be realized using three possible
single photon just “clicks” the detector. The reason is finite Setups available for present-day technology: double-
(and typically weak coupling with a solid-state detector and duantum-dot qubit measured by quantum point corftegti-
finite intrinsic noise of the detector. As a result, the measurebit based on single-Cooper-pair box measured by a single-
ment cannot be done instantaneously, and so the collap§ectron  transistof; or superconducting quantum
postulate of the “orthodox” quantum mecharfiasannot be ~ interference devicéSQUID) based qubit measured by an-
applied directly. Instead, the quantum measurement shoufether SQUIDZ#
be considered as a continuous process, so that the rate of Let us start with reviewing the result of the conventional
information acquisition(which defines the collapse time formalism for the continuous measureméfig. 1) of a qubit
scald can be comparable to the typical frequency of qubitState(see, e.g., recent publications in Refs. 21 and 25-30
evolution. For the qubit characterized by the standard Hamiltonian

There are two main theoretical approaches to the continutos= (£/2)(cici—clc,) +H(clc,+cley) in the basis de-
ous quantum measurements. One approatich dominates  fined by coupling with the detectaihere e is the energy
in solid-state physics and so can be called “conventionsl” asymmetry andH is the tunneling strengihthe evolution of
based on the theory of the interaction with dissipativequbit density matrixp is given by the equations
environment.® Taking the trace over the numerous degrees

of freedom of the detector, it is possible to obtain the gradual p11=—p2=—2H Impy, (1)
evolution of the density matrix of the measured system from )
the pure initial state to the incoherent statistical mixture, thus pro=lepotIH(p11—poo) —I'p1y, (2

dgscribing the measurement Process. Since th? procedu.re iW’here the continuous measurement is described by the
plies averaging over thensemblgthe final equations of this dephasing rat€

formalism are deterministic and can be derived from the h . d d d he d b
Schralinger equation alone, without any notion of state col- These equations do not depend on the detector out_put e
' cause they represent the result of ensemble averaging, in-

lapse. i )
, cluding averaging over the measurement result. To study the
The other approactsee, e.g., Refs. 914 closer to the gvolution of an individual qubtt-1"~2%et us denote the noisy

coII_ap_se_ viewpoint and describes the stoch_astlc evolution letector signal as(t) (assuming current for definiteness
an individual qguantum system due to continuous measures, . ocalized” qubit states|1) and |2) correspond to av-
ment (note the close relation to the theory of imperfect q P

measureme®19. Such evolution obviously depends on a erage detector currents andl, which by assumption do not

. _ 3 o lel=h _ S
particular measurement result and is usually called selectlvg'ffer much.Al=1,—12<10=(11+1,)/2. The intrinsic noise

or conditional quantum evolution. Depending on the details
of the studied measurement setup and applied formalism, | qubit j<—>] detector W

different author$ ** discuss quantum trajectories, quantum-

state diffusion, stochastic evolution of the wave function, FIG. 1. Schematic of a qubit continuously measured by a detec-
guantum jumps, stochastic ScHioger equation, complex tor with output signal (t).

0163-1829/2001/64.9)/1934074)/$20.00 64 193407-1 ©2001 The American Physical Society



BRIEF REPORTS PHYSICAL REVIEW B 64 193407

of the detector signal is characterized by the spectral density on on

S which is frequency independent in the range of interest. ,TA\C’—ﬁ i Ta off

The noise determines the typical measurement time - -

~S/(A1)? necessary to distinguish between stdtes and Q4 <—{det. Ak—={qubit k—{det. B[ Qp

|2), and thus defines the time scale of the selective evolution

of the qubit density matrixp(t). Within the Bayesian QA% j # Qg

formalism*1"~2°the selective evolution is described by the T

equations | 1 | }
p1u=—2H 1M p1ot+ (2A1/S)p1ipd 1 (D=1l (3 f ]% f

FIG. 2. Schematic of two-detector correlation experiment using

p1=1ep1ot IH(p11— poo) — (Al -
P12=18P12 (P11 p22) = (AV/S)(p11~p2o) Cooper-pair box and two single-electron transistors.

X[1(t)=lolp12— v P12, (4)

where the dephasing=T"—(A1)%/4S=0 is now due to the
contribution from the “pure environment” only. In particular,
y=0 if the qubit is measured by symmetric quantum point
contact, since in this cadé=(A1)?/4S (see Refs. 25,26,21

and 30. We will call such a detector an ideal detectay, width of the detector signal coming out of the cryostat

=1, wheren=1-y/T is the ideality factor. In contrast, the should be at least 1 GHz, which is very difficult experimen-

single-electron transistor in the operation point far outsid . 0 :
the Coulomb blockade range is a significantly nonidea?[a"y' Another proposed experiméft® is to measure the

detecto?® n<1; however,» becomes comparable to unity spectral density of the quantum coherent oscillations and

when the current is mostlv due to cotunneling procesddk check the predicted maximal peak-to-pedestal ratio of 4.
y gp " Such an experiment may be easier to realizecause the

The SQUID is an ideal detector when its sensitivity is quan-___. . S
tum limited 19:32:33 basic spectral analysis can be done on-chip inside the cry

Equations(3) and(4) allow us to calculate the evolution ostay; however, it would not prove unambiguously the Baye-

of qubit density matrix if the detector outpuk(t) is known sian formalism, since an alternative interpretation of the re-

from a particular experiment. To simulate the measuremen?u“ is possible?
P P ' Here we propose an experiment which is even easier to
we can use the replacemé&ht

realize and which can test the Bayesian formali@nand
B (4). The main idea is to use two detecto’s &nd B) con-
() =1o=Al(p11= p22)/2+ £(1), ®) nected to the same qulifig. 2). The detectors are switched
d on for short periods of time by two shifted-in-time voltage

“white” spectral densityS,=S. One can check that averag- pulses (one for each detectbwith durations 7, and g,
ing of Eqs.(3) and(4) over all possible measurement resultssuPpl!ed from the outside. ThTe output signal from t.he detec-
[i.e., over the random contributio&i(t)] reduces them to for Ais the total charg®@,=J "l 4(t) dt passed during the
Egs. (1) and (2). Notice that the stochastic equations aremeasurement period. Similarly, the output from deteBtos
written in Stratonovich form which preserves the usual caIQB=f:+ "Bl g(t) dt, wherer is the time shift between pulses.
culus rules, while averaging is more straightforward in Itolf the measurement by detectdrchanges the qubit density
form.3* matrix, it will affect the result of measuremeBt Repeating

As follows from Eqgs.(3) and(4), if a qubit with initially  the experiment many time®vith the same initial qubit state
pure state)p,5(0)|?=p13(0)p,x(0), is measured by an ideal we can obtain the probability distributioR(Qa,Qg|7) of
detector, then its density matrix(t) stays pure during the different outcomes, which contains information about the ef-
measurement process. Even if the initial state is a statisticdaéct of the quantum measurement on the qubit density ma-
mixture, p(t) is gradually purified during the measuremé&ht. trix. In comparison with previous suggestions, the advantage

The predictions of the Bayesian formalism can beof this correlation experiment is that the wide signal band-
checked experimentally; however, it is not simple at thewidth is required only for input pulse&hat is relatively
present-day level of solid-state technology. The direct experisimple) while the outputs are essentially low-frequency sig-
ment was discussed in Ref. 14. The idea was to perform theals. The experiment can be called “Bell type” because of
measurement by a near-ideal detector during timeescord  some similarity with the famous proposal of Ref. 8. both
the detector output(t), use Egs.(3) and (4) to calculate experiments a quantum system is measured by two detectors
p(7), and then check the calculated value. This check can bso that one detector collapses the system and the other de-
done by changing qubit parametetrsand H in a way to  tector “feels” this collapse. However, in Bell's experiment
ensurep;;=1 at some specified moment of time, that can bethe main point is the lonlocality of the collapse, while we
verified by the detector switched on again. Since for coherentheck the effect of continuous collapse.
evolution the qubit can be placed with 100% certainty in the Figure 2 shows a realization of the experiment using
state|1) only if the wave function is known precisely, such a single-electron transistors as detectors. The transistors are

check(repeated many timgserifies thatp(7) is pure and
coincides with the calculated value.

Unfortunately, this experiment would require very fast re-
cording ofl(t). Since the expected coherence time is on the
order of 10-100 ns at mossee, e.g., Ref. 22the band-

where the random proces§(t) has zero average an
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switched on by short pulses of the bias voltdtfee use of
gate voltage pulses is also possible; however, this would in-
troduce an extra noi$eQubit is realized by the Cooper-pair
box*®??s0 that the electric charge of the central island can be |

05 41

0 (dashed)

-0.3 (dotted)

(@) r 4
1 (Qafra-Tga)iAl = 0.6 (solid line)

®) |

after =/2 pulse [

0.5

in coherent combination of two discrete charge states. An-béa
other similar setup is two quantum point contacts measuring
the charge state of a double-quantum-dot qubit. One more
setup is the 3-SQUID experiment in which the qubit is real-

0

ized by one SQUID while two other SQUID’s are in the 1 ear s, =1 ,

detecting regime. ] y=02m m=05 (@l M8 21
The conventional formalisrl) and(2) does not give any 0.5 et 12257 L) /,H.SB.».I. oy

explicit predictiond’ for the resulting probability distribution 0 ! wapn 30 ! w0 ? 3

P(Qa,Qg| 7). Since these equations cannot describe the cor- "] rA:TBﬂ/'H' - © | 1 T ater a2 pulslel '(d')-o'3

relations betweemp(t) and I(t), they imply, for example,
that the average result of the second measuremen.&
Qg(Qa,7)=/QgP(Qa,Qg|7)dQg does not depend dQ, . ]
The Bayesian formalisn(8) and(4) makes the different pre- 1
diction: Qg does depend 0@, . PR B
For simplicity let us assume symmetric qubi=0, 0
which is initially in the ground statep;;=p,,=p1,=0.5, _
and also assume relatively strong coupling between the qubit FIG. 3- The normalized average resalj of the second mea-
and detectors, Al ») 2/HSA>1, (Alg) 2/HSB>1 (subscripts suremgnt for seve.ral selected res@isof the first measurement, as
A andB correspond to two detectdrso that we can neglect 2 function of the timer between measurements. Partelsand (b)
the qubit evolution due to finitél during the measurement are for strong Cou.p"ng and panéts and(d) for moderate coupling
. . between the qubit and detectdisther parameters are the sgme
ge”c;?ZTA a)n 2d TI'Bhe\If]vrf]rlc();; Elifrgs?g)s ;rr?de(i)ti Eoellcc))vr\l/st?ﬁact)rt?]?ar 0fThe calculations are done by Bayesian formalism while the conven-
fi;\s’iS meagiJBrement localizes the qubit state only partially, angonal formalism does not predict any nontrivial dependence.
after obtaining the resul@, from the first measurement the
gubit density matrix is

(Alp)YHSg=1 [

2
1 2 2 30 1 1:Ql2n2 3

The dependence becomes quite different if #18 pulse
is applied to the qubit immediately after the first measure-
ment, which multipliesp15(74) given by Eq.(7) by (minug
(Qa—7al2)2— (Qa— 7al 10)2 the imaginary unit. In this cadé-ig. 3b)],
2p11(7a) —1=tanh :
ZSATA

(6)
og=Asin(Q r+arcsinz/ A)exp(— y;7/2),

(@)

Here Eq.(6) is just the Bayes formula, so this result can be
called “quantum Bayes theorent®[The probability to get
Qa has the distributionP(Qp)=(p1+p2)/2 where p;
=(7Sa7a) ~ Y2exp(—(Qa—7alia)/Saa).] The qubit performs
the free evolution during the time— 7, between measure-
ments(here we neglect,<7) and the average result of the

second measuremefiz= 7g[ 1,5+ p11(7)Alg] depends on

p1A 7a) =[p11(7a) P2l TA)]llzexq — YATA)-

A=[(Z2+y?—yzy/2H)I(1— y}/16H) ]2, (9)

Where ZEpll(TA) - 1/2 and yE Im plZ(TA+ 0): Replz(TA
—0) are given by Eqgs(6) and (7). This expression consid-
erably simplifies for weak dephasing,7o<1 and y;<H;
then,

1. . Vi
6B=55|r[Q T+arcsin2p1(7a) — 1)]ex;{ — —) .

Q, in the following way[Fig. 3@)]: 2
(10)
5 :_tanerA— 7al20)° = (Qa— 7al 14)° In contrast to Eq(8), now the phase of oscillationsg( )
B2 2S\7A depends on the resu@, of the first measurement, while the

oH amplitude is maximum possible and independentQf.

i This fact is very important since firovesthat after the first
><_ — —

Q COS(QT arc5|nm> exX— y17/2), ® measurementby an ideal detectorthe qubit remains in a

_ pure statefor any resultQ, . This new state depends @y
where 6g=(Qg— 7glos)/78Alg, ¥: is the dephasing with and is not one of the localized states as somebody could
both detectors switched off, arfd=(4H2?— y?/4)*2 is the  naively expect[Notice that Eq(8) can in principle be inter-
frequency of quantum oscillatiosinderdamped case is as- preted in terms of such “classical” localization, as indicated
sumed. Notice thatsg changes sign together with the sign of by its independence om,.] It is easy to check that the
Qa—7aloa, While the phase of oscillations is a piece- conventional equationd) and(2) would lead to a prediction
constant function ofQ, . quite different from Eq(10).
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In a realistic experimental situation the assumption oftune the qubit continuously in order to overcome the dephas-
strong coupling with detectors may be inapplicable. In thising due to environment and so keep the qubit “fresf.”

case the full probability distributioP(Q,,Qg|7) as well as
the dependenc®g(Qa,7) should be calculated numerically
using Eqgs.(3)—(5). The results of these calculations for
(Al,)2/HS,=(Alg)?/HSz=1 are shown in Figs.(8) and

To realize such state purification the qubit is continuously
measured by a weakly coupled detector and the detector sig-
nal is plugged into Egs(3) and (4), which allows us to
monitor the evolution of the qubit density matrix. It is com-

3(d). Weak coupling as well as the nonideality of the detec-pared with the desired evolution and the difference is used to
tors decreases the correlation between the results of the tvgenerate the feedback signal which controls the qubit param-
measurements; however, for moderate values of the couplingtersH and ¢ in order to reduce the difference. We have

and nonideality the correlation is still significant.

performed a Monte Carlo simulation of the qubit purification

An experimental demonstration of the correlation andby the feedback loop in the regime of well-pronounced quan-
quantitative agreement with the results of the Bayesian fortum oscillationd® and found strong suppression of the qubit

malism would prove the validity of this formalism and there-

dephasing due to the environment in the case when the

fore confirm its other predictions. In particular, an importantdephasing ratey is comparable or weaker than the “mea-
prediction for practice is the gradual qubit purification due tosurement rate” A1)?/4S. It is interesting to notice that even
continuous measurement which can be useful for a quanturinaive” feedback[which responds to the difference between

computer.
All quantum algorithms require the supply of “fresh” qu-
bits with well-defined initial states. This supply is not a

trivial problem since the qubit left alone for some time dete-

desiredp,(t) and properly normalizedi(t)] leads to some
degree of purification.

In conclusion, we have proposed a Bell-type experiment
which can test the predictions of the Bayesian formalism for

riorates due to interaction with environment. The usual idedhe evolution of an individual qubit due to continuous quan-
is to use the ground state which should be eventually reachegtdm measurement. The neggind much more difficultstep is
and does not deteriorate. However, to speed up the qubibe experimental realization of the qubit purification using

initialization we need to increase the coupling with environ-

the quantum feedback loop.

ment that should be avoided. The other possible idea is to

perform the projective measurement after which the state be- The author thanks L. P. Rokhinson, D. V. Averin, M. H.
comes well defined. However, in a realistic case the couplindgpevoret, C. M. Marcus, and K. K. Likharev for useful dis-
with the detector is finite, which makes projective measurecussions. The work was supported in part by NSA and
ments impossible. A natural solution of the problem is toARDA under ARO grant DAAD19-01-1-0491.
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