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Correlators in simultaneous measurement of non-commuting

qubit observables

Juan Atalaya', Shay Hacohen-Gourgy>>*, Leigh S. Martin?>, Irfan Siddiqi*® and Alexander N. Korotkov'

One of the hallmarks of quantum mechanics is the impossibility of simultaneous measurement of non-commuting observables with
projective measurements. This, however, can be circumvented by using continuous quantum measurements. Here we investigate
the temporal correlations of the output signals of detectors continuously and simultaneously measuring the qubit observables o,
and o, cos@ + g, sing, for various angles ¢. Using the quantum Bayesian formalism, we obtain analytical expressions for the
correlators, which we find to be in good agreement with those obtained from experimentally measured output signals. The
agreement is particularly good for cross-correlators, even at times shorter than the cavity modes decay time. We further discuss
how the correlators can be applied for parameter estimation, and use them to infer a small residual qubit Hamiltonian arising from
calibration inaccuracy in the experimental data. Our work opens up new possibilities to perform quantum metrology based on

temporal correlations of measured data.
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INTRODUCTION

Continuous quantum measurements (CQMs) have become a
unique platform to explore fundamental aspects of quantum
phenomena and have potential applications to quantum informa-
tion science. They have been discussed theoretically in various
contexts (e.g.,' %), and in the past decade superconducting qubits
have become the main experimental system for the realization of
CQMs."""7 CQMs are shedding new light on our understanding of
the quantum measurement process, and there is also a growing
interest in CQM applications, including quantum feedback,'>'%'&
20 rapid state purification,?’ preparation of entangled states,>**
and continuous quantum error correction.?>%%

While a simultaneous measurement of non-commuting obser-
vables is impossible with instantaneous projective measurements,
nothing theoretically forbids such a measurement using CQMs.
(This is so because a CQM can be regarded as a series of
infinitesimally weak quantum measurements, and partial mea-
surements of non-commuting observables become commuting
with each other in the limit of infinitesimally weak strength.) Aside
from new physics, such a protocol may open up new areas of
applications, inaccessible to projective measurements. The theo-
retical discussion of a simultaneous measurement of incompatible
observables has a long history.>’° For the measurement of non-
commuting observables of a qubit, statistics of time-integrated
detector outputs and fidelity of state monitoring directly via time-
integrated outputs has been analyzed in ref. 3'. The evolution of
the qubit state due to simultaneous measurement of incompatible
variables has been described theoretically in ref. 32 and has been
recently demonstrated experimentally in ref. *,

In this work, we focus on the temporal correlations of the
output signals from two linear detectors measuring continuously
and simultaneously the qubit observables o, and ¢, = 0, cosp + oy

sing, where o, and o, are the Pauli matrices and ¢ is an angle
between the two measurement directions on the Bloch sphere
(Fig. 1). The experimental setup is described in detail in ref. *3; it is
based on a Rabi-rotated physical qubit, which is measured
stroboscopically® using symmetric sideband pumping of a
coupled resonator, so that o, and o, for an effective rotating-
frame qubit are being measured. Description of such a measure-
ment based on the theory of quantum trajectories®®>>3¢ has been
developed in ref. 33, In this work we will use a simpler approach
based on quantum Bayesian theory.'®*”° The quantum Bayesian
description of the rotating-frame experiment®? is developed in
Supplementary Note 1.

We will also show that the considered correlators can be used
as a sensitive tool for parameter estimation. This scheme is
different from conventional quantum metrology schemes (e.g.,
see ref. *° and references therein) because it is not necessary to
initialize the qubit state; in fact, the considered correlators are
insensitive to the initial state even before the steady state is
formed. Furthermore, the continuous measurement capability
may enable monitoring of correlators in real time to perform
parameter estimation of slowly time-varying parameters. Access to
two different measurement channels (corresponding to o, and o)
also enhances the parameter estimation capability by circumvent-
ing the ubiquitous problem of spurious slow fluctuations of the
measurement signals offset, affecting mainly self-correlators but
not much cross-correlators, since noise in different amplifiers is
usually not correlated. We will demonstrate such correlator-based
parameter estimation scheme by finding a small frequency
mismatch, Qg, between the frequency of stroboscopic measure-
ment and the Rabi-oscillations frequency, using the cross-
correlator for ¢ = /2.
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Fig. 1 We consider the simultaneous continuous measurement of
qubit observables o, and o, which differ by an angle ¢ on the Bloch
sphere, and calculate time-correlators for the output signals /,(t) and
I,(t) resulting from this measurement

|0)

The goals of this paper are (i) calculation of the time-correlators
for the output signals measuring o, and o, and their comparison
with experimental data, and (i) demonstration that these
correlators may be a useful tool for sensitive parameter estimation
in an experiment. The considered correlators are also important in
the analysis of quantum error detection and correction based on
simultaneous measurement of non-commuting operators.*’ We
note that the analyzed output signal correlators are different from
qubit-state correlators.*?

RESULTS
Quantum Bayesian theory

A simultaneous continuous measurement (Fig. 1) of the qubit
observables o, and o, by two linear*> (non-switching) detectors
produces noisy output signals /,(t) and /,(t), respectively.***"~>°

Iz(t) = Tr[ozp(t)] + \/Egz(t% (M
lo(t) = Trlopp(t)] + /T & (1), 2

where p(t) is the qubit density matrix and 7, and 1, are the
“measurement” (collapse) times needed for an informational
signal-to-noise ratio of 1 for each channel. Note the chosen
normalization for /, and I,. In the Markovian approximation, the
noises &, and &, are uncorrelated, white, and Gaussian with two-
time correlators

(&) &) = (E(D&(1)) = 8(t = 1) (3)

and (&(t)&,(t')) = 0. The qubit state is characterized in the Bloch-
sphere representation as p(t) = [1 + x(t)oy + y(t)o, + z(t)0;] /2.
The experimental method of simultaneous measurement of 0, and
o, for the effective qubit is rather involved (see Methods and
ref. 33); however, its theoretical description can be based on the
standard quantum Bayesian approach for the circuit QED
measurement. Note that the measured operator “direction” ¢ is
determined by a phase shift between the applied sideband tones,
so parameters of the o,-measurement channel do not depend on
¢@. Each of the two channels uses a separate phase-sensitive
amplifier, with the amplified quadrature determined by the phase
of the local oscillator (parametric pumping). Here we assume that
in each channel, the optimal (informational) quadrature is
amplified, so that the qubit evolution due to measurement is
not affected by the phase backaction related to fluctuations in the
orthogonal (non-informational) quadrature.®*=*° Then there is only
the quantum informational backaction, which for measurement of
0, and g, is described***”~* by the evolution equations (in the Ito
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interpretation, see Supplementary Note 1)

X = —T,x —T,cos(xcosg — zsing) — T, *xz&, )
—T(;]/Z[XZCOS(p — (1 — Xz)Sin(P]Equ
y=—(z+Tp)y — 1, yz& — 1, %ylzcosp + xsinglé,,  (5)

—2%)&,

+7,"%[(1 = 22) cos @ — xzsin )€,

z="T,sin@(xcosp —zsiny) +T;1/2('|

(6)

Here T, and T, are the ensemble dephasing rates due to
measurement, so that the quantum efficiencies® > for the two
channels are n,=1/(27,1,) and n, = 1/(27,l,). In the experiment
n,=0.49 and n,=041 (note that n, is a characteristic of the
measurement channel and therefore does not depend on ¢).

Equations (4)-(6) describe evolution of the effective qubit due
to measurement only. We also need to add terms due to unitary
evolution and due to decoherence not related to measurement.
We assume the Hamiltonian H=hQOro,/2, describing Rabi
oscillations about y-axis with frequency Qg. In the experiment,
Qr = Qr — Oy is a small (kHz-range) undesired mismatch between
the Rabi frequency Qg of the physical qubit and rotating frame
frequency Qy defined by detuning of sideband pumps,® see
Supplementary Note 1. Decoherence of the effective qubit arises
from the decoherence of the physical qubit, which is characterized
(in the laboratory frame) by energy relaxation time T; and
dephasing time T, [the pure dephasing rate is then
Tod =T, —(27;)""; note that T;' may have a significant
contribution from qubit hybridization with leaking resonator, i.e.,
the Purcell effect]. To find decoherence of the effective (Rabi-
rotating-frame) qubit, we need to average physical decoherence
over fast rotations Qg >> T, '. As derived in Supplementary Note 1,
the corresponding decoherence of the effective qubit (with added
unitary evolution) is

X=MWz—yx,y=-T,'y, 2= —Qpx —yz, @

y=(T7"+T7,")/2, ®

Evolution of the effective qubit is described by adding terms from
Egs. (4)-(6) and (7).

Correlators

Our goal is to calculate the two-time correlators, Kj(1), for the
output signals,

Ki(t) = (i(ti + 1) li(t1)), ™0, i,j € {z,¢}. 9)

Self- and cross-correlators correspond to i=j and i=#j,
respectively. The averaging in Eq. (9) is over an ensemble of
measurements with the initial qubit state p;, prepared at time
tin<t;. We will see, however, that somewhat surprisingly, the
result does not depend on p;,, ti,, and t; (even during initial non-
steady-state regime), so Eg. (9) can also be understood as
averaging over time t;. Note that this statement is correct only
because of unital (symmetric) evolution in Eq. (7). We assume that
the parameters describing strength of measurement, decoher-
ence, and unitary evolution in Egs. (4)-(7) do not change with
time. By assuming 1> 0, we avoid considering the trivial zero-time
contribution to the self-correlators, AK;(1) = 1,6(1).

As shown in Supplementary Note 2, calculation of the
correlators from Egs. (1)-(7) is equivalent to the following recipe:**
we replace an actual continuous measurement at the (earlier) time
moment t; with a projective measurement of o, so that the
measurement result /it;) is +1 with probability {1 +Tr[o; p(t1)1}/2,
and the qubit state collapses correspondingly to the eigenstate
[1;) or |0;) of o; (0i]1;) = |1;), 0i|0;) = —|0;)). We emphasize that
this recipe does not assume a steady-state measurement process
and does not assume a unital evolution. The recipe gives the
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correlator

Kij(t) = Tr[0jpay (t1 + T|1) | (1 + Tr[ojp(t1)]) /2
—Tr[0jpa (t +710)] (1 = Tr[oip(t1)]) /2,

where p,,(t; +1|1) is the ensemble-averaged density matrix at
time t; + 7 with the initial condition pay(t;|1) = [1;)(1;; similarly,
Pav(t; + 70 starts with p,,(t1|0;) = |0;)(0;]. The evolution of p,, is
given by Eqgs. (4)-(7) without noise, {, =&, =0 (because of the Ito
form), so that

(10)

Xav = —ToXay — T COS P(Xay COS Y — Zay SINP) + QpZay — YXay,  (11)

}./av - _(rz + r(p)}/av - T{U’aw (1 2)

(13)

These equations have an analytical solution presented in
Supplementary Note 2 (note that the evolution of the y-coordinate
is not important in our analysis). Thus we obtain the following
correlators (alternative methods for the derivation are also
discussed in Supplementary Note 2):

1 [, 4+ cos(2¢)l
+ + (‘P)(p:|

Zay = T SINQ(Xay COSP — Zay SINP) — QpXay — YZay-

K (t) == |1

—r.r
e —
2 ro—r_ *3

r—r_
(14)

(T, +Ty)cosp + 20gsing
2T, — 1)

cos @
2

Kzp(T) =

(e—l',r

_ e—l’ﬂ) +
(15)

_571/2
M4yt [I’ﬁ + 12 4 2T, [, cos(2¢) — 40;]

re = 5

(16)

Because of the rotational symmetry, the results for the correlators
Kpo() and K,(1) can be obtained from Eqgs. (14) and (15) by
exchanging I, <, and ¢ — —¢. The rotational symmetry also
makes the correlators insensitive to a y-rotation in both
measurement directions, z— Qaqq, @ = @ + Qaga, By any angle
Padd-

We emphasize that the obtained correlators do not depend on
the qubit state p(t;) and therefore on p;, and t;, (this property
would not hold in the presence of phase backaction or non-unital
evolution). We also emphasize that the correlators depend on T,
and I, but do not depend on 7, and 1, and therefore on the
quantum efficiencies n, and n,. Physically, this is because non-
ideal detectors can be thought of as ideal detectors with extra
noise at the output.>’~° Since the extra noises are uncorrelated
and have short (zero) correlation time, they only affect the zero-
time self-correlators K;{(0).

Let us discuss some special cases for the results (14)-(16). (i) At
small times, T — + 0, we obtain correlators

Kzz(+0) =1, qu:(o) = Ktpz(o) = COs Q.

(ii) For |@| < 1 and sufficiently small 7, and Qr, we have Zeno
pinning near the states |0) and |1) with rare jumps between them
with equal rates I',mp. This produces cross-correlator® K.o(1) = exp
(=2l umpT) with jump rates

(17)

@2, + O
2(T;,+Ty)

(iii)) In the case Qg = T,' =T, =0, we have full correlation for ¢
=0, KM =K,(1)=1, full anticorrelation for @ =1, K,(T) =
—K,,(t)=—1, and no correlation for ¢ =71/2, K,,(1)=0, while
K1) = e7™" and K,,(t) = e~"". (iv) In the case Qr =0, the cross-
correlator is symmetric, K,,(1) = K,,(1), for any ¢.

I_jump = + (Tf1 + T{I)/4. (18)
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Comparison with experimental results

Experimental data have been taken in the same way as in
ref. 33(see also Methods). Experimental parameters correspond to
well-separated frequency scales, as needed for the theoretical
results, (T;", T, |Qr]) < (T, Ty) < (KzyKy) < Qg with Ty =
60 b, Toramsey = 30 M5 (Techo =40 s), ;' = T," = 1.3 ps, damp-
ing rates of the two measurement resonator modes K,/2m=
4.3 MHz and K,/21m = 7.2 MHz, and Qg = Q¢ = 271 x 40 MHz. For this
work we use 11 values for the angle ¢ between the Bloch-sphere
directions of simultaneously measured qubit observables: ¢, =
nm/10, with integer n between 0 and 10. While ¢, is determined by
well-controlled phases of applied microwaves,>® the effective ¢
includes a small correction 8¢ = (k, — k,)/2Qg = 0.036 (see Sup-
plementary Note 1), so that ¢ =@, + 6¢. We have used about
200,000 traces per angle for the output signals I,(t) and I,(t), each
with 5 us duration and 4 ns sampling interval. The traces are
selected by heralding the ground state of the physical qubit at the
start of a run and checking that the transmon qubit is still within
the two-level subspace after the run (this procedure eliminates
about 15% of traces). The recorded signals J;(t) are linearly related
to the normalized signals /(t) in Egs. (1) and (2) as [i(t) =
(81;/2) 1;(t) + 1%, where responses Al; have been calibrated using
ensemble-averaged (ji(t)) (see details in Supplementary Note 3),
giving in arbitrary units Al, = 4.0 and AZP =4.4. The offsets 7,9“ are
approximately zeroed individually for each trace by measuring the

(efFJ_Feme)p-rotating physical qubit after each run. Additional offset

removal, [I°f| = 0.15-0.20, for all traces with the same ¢ is done

using (Ji(t)), see Supplementary Note 3. For calculating the
correlators, we average over the ensemble of ~200,000 traces and
additionally average over time t; in Eq. (9) within the 0.5 ps range
Tus<t;<1.5ps (first 1s is not used to avoid transients in the
experimental procedure, and longer averaging reduces the range
for 1, we also used averaging over 1ps duration with similar
results). Note that in the experiment the applied microwave
phases in the two measurement channels actually correspond to
angles +¢,/2; however, because of rotational symmetry, we still
label the first measured operator as o, and the second operator as
0,. Also note that we use subscripts z and ¢ in various notations (
I, K, etc) simply to distinguish the first (“z") and second (“¢")
measurement channels.

Figure 2a shows the agreement between the theory and the
experimental data, where the solid lines show the symmetrized
cross-correlator [K,,(1) + K,,(1)]/2 calculated from the experimen-
tal traces for 11 values of the angle ¢, while the dashed lines
correspond to the theoretical result, Eq. (15). For the analytics we
used Qg = 0; however, there is practically no dependence on Qg
for the symmetrized cross-correlator, since the dependence comes
only via Eq. (16). Note that because of the Markovian assumption,
our theory is formally valid only for T3 ;! ~ 30 ns; however, the
experimental results agree with the theory even at T<k;'
(experimental curves do not show any extra features in this
range, and they are also not expected theoretically). Figure 2b
shows the same symmetrized cross-correlator at T=0 as a
function of ¢. The agreement between the theory (cose, line)
and the experiment (crosses) is also very good. Note a minor
discrepancy between the theory and experimental results in Fig.
2a for @ =m, while there is no discrepancy at ¢ = 0; the physical
difference between these two cases stems from different effective
initial states (see Supplementary Note 3), so that we expect the
largest contribution from transients for ¢ =m.

The self-correlator K,,(1) as a function of tis shown in Fig. 2c for
11 values of ¢ (results for Ky, are similar). The agreement between
the theory (dashed lines) and experiment (solid lines) is in general
good, except for small 7 (discussed below). A significant
discrepancy at relatively long 1 for values of ¢ close to 71/2 is
probably caused by slow variations in time of the signal offsets I?ff,
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Fig. 2 Comparison between normalized experimental and theore-
tical correlators for the detector output signals. We used 11 angles
between the measurement axes: ¢ = @, + 6¢ where ¢, =nmn/10,n=
0, 1, ... 10 and 8¢ ~0.036. Solid and dashed lines in all panels
correspond to experimental and analytical results, respectively. a
The symmetrized cross-correlator [K,,(1) + K,,(1)1/2 for 11 values of ¢,
from n=0 (top) to n=11 (bottom). b The crosses show ¢-
dependence of experimental cross-correlators from a at T= 0, while
the dashed line, cosg, corresponds to Eq. (17). ¢ The self-correlator
K,,(t) for 11 values of ¢ [n =0 and 10 at the top, n = 5 at the bottom,
the same colors as in al. d Deviation of experimental self-correlators
(for @, =n/2) from the theory at small T due to finite bandwidth of
amplifiers and filters; the thick black line at the left illustrates the
theoretical 6-function

so that they are different from trace to trace and cannot be fully
removed. The corresponding slight increase of the correlators
become especially visible when K., is small (because of the
logarithmic scale), i.e., for ¢ close to 71/2 and long 1. Note that the
lines in Fig. 2c come in pairs, corresponding to angles ¢, and m —
@n. The separation of the analytical lines in the pairs is due to &¢,
while separation of experimental lines is smaller, probably
indicating a smaller value of §¢ (partial compensation could be
due to imperfect phase matching of applied microwaves or their
dispersion in the cable).

Looking at the experimental self-correlators K,(1) and K,,(7) at
small 7 for ¢,=m/2 (Fig. 2d), we see that in contrast to the
theoretical results, there is a very significant increase of Kj(1) at T <
0.1 ys. The discrepancy is due to the assumption of delta-
correlated noise in our theory, while in the experiment the
amplifying chain has a finite bandwidth (the Josephson para-
metric amplifiers have a half-bandwidth of 3.6 MHz and 10 MHz
for 0, and g, channels, respectively), and the output signals /;(t)
are also passed through analog filters with a quite sharp cutoff at
~25MHz (this cutoff produces clearly visible oscillations with
~40 ns period). Therefore, the theoretical delta-function contribu-
tion 1; 6(1) to K1) becomes widened in experiment. As shown in
Supplementary Note 4, it is interesting to note that, somewhat
counterintuitively, a finite bandwidth of measurement resonator
modes does not produce a contribution to K;(r) at 0<T<k; "
when T; < k; (k;' =37 ns, K(;1 =22 ns). This can be understood by
considering a resonator without a qubit; then a finite bandwidth ;
does not affect the amplified delta-correlated vacuum noise, so
that only classical fluctuations of the resonator field (e.g., due to
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Fig. 3 Estimation of the residual Rabi frequency Qg from the
antisymmetrized cross-correlator K, (1) — K,,(1). Solid line shows
experimental results for ¢, =7/2, while dashed line represents Eq.
(19) with the fitted value Qg/2m = 12 kHz. Averaging over ~200,000
experimental traces produces a clearly-visible difference signal,
though with a significant noise

parameter fluctuations or elevated resonator temperature) will
produce output fluctuations with 2/k; time scale. We have checked
that the lines in Fig. 2d do not contain noticeable exponential
contributions with decay time of 2/k; (small expected contribu-
tions with amplitude on the order of I'/k; are below experimental
accuracy, see Supplementary Note 4). Note that there is no
contribution from the amplifier noise at small 7 in Fig. 2a because
the noises in the two amplifiers are uncorrelated.

Estimation of residual Qg

We now show that the antisymmetrized cross-correlator is a useful
tool and can be used to estimate small residual Rabi oscillations
frequency Qg in the experiment. From Eq. (15) we find

Kap(1) — Ko (1) = 28N (o0 iy (19)

r,—r-

Since in the case |ﬁR| & T, we can neglect Qg in Eq. (16) for T,
Eq. (19) gives a direct way to find Qg from the experimental
antisymmetrized cross-correlator. The solid line in Fig. 3 shows
K.(T) — Ky,(1) from the experimental data for ¢ = 71/2. Fitting this
dependence on T with Eq. (19) (dashed line), we find the value
Or/2m=12kHz, which is within the experimentally expected
range of frequency mismatch between Qg and Q. Note that the
overall shapes of the solid and dashed lines agree well with each
other. Estimation of Qg via the antisymmetrized cross-correlation
is a very sensitive method and can be used to further reduce |Qg|
in an experiment, in which a direct measurement of 40 MHz Rabi
oscillations with a few kHz accuracy is a difficult task.

DISCUSSION

Using the quantum Bayesian theory for a simultaneous measure-
ment of non-commuting qubit observables, we obtained analy-
tical results for the self- and cross-correlators of the output signals
from the measurement. Their comparison with experimental
results shows a very good agreement. The correlators can be
used for sensitive parameter estimation, in particular, to estimate
and eliminate the mismatch between the Rabi oscillations and the
sideband frequency shift used for measurement.

Our theoretical method and results can be applied to a range of
related problems. In particular, in subsystem error detection/
correction codes operated with continuous measurements,*' the
error syndrome is based on correlators from measurement of a set
of non-commuting observables. Therefore, the analysis of
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correlators is necessary for logical error analysis as well as for
diagnosis of spurious dynamics of gauge qubits and deviations of
monitored observables from intended observables. Our method
can also be extended to multi-time correlators*® and to
experimental systems with phase backaction. Another possible
application is to exploit continuous measurements to track slow
variations of Rabi frequencies due to 1/f noise. It may also be
possible to stabilize the Rabi frequencies by quantum feedback'®
based on cross-correlators from several measurement channels.

METHODS

Experimental setup

The experimental setup is the same as the one used in the experiment,®*
where full details can be found. For clarity we briefly describe the
experimental apparatus for simultaneously applying and controlling two
measurement observables. We use a transmon qubit placed inside an
aluminum cavity, such that it is dispersively coupled to the two lowest
modes of the cavity. The cavity has two outputs, each primarily coupled to
a different mode. The outputs of these modes are amplified using two
lumped-element Josephson parametric amplifiers (LJPA) operated in phase
sensitive mode. Each mode is then used to measure an observable of the
qubit, as described below. The apparatus is cooled to 30 mK inside a
dilution refrigerator.

We drive Rabi oscillations Qg/2m =40 MHz on the qubit by applying a
resonant microwave tone modulated by an arbitrary waveform generator.
In the frame rotating with Qg, this produces an effective low frequency
qubit. To couple the effective qubit to the cavity modes for measurement,
we apply a pair of microwave sidebands to each mode. The sidebands are
detuned above and below the two cavity modes by Qg, which leads to a
resonant interaction between the qubit Rabi oscillations and the mode.
This coupling may be understood as a stroboscopic measurement of the
qubit oscillations. The relative phase of the sidebands determines which
quadrature of the qubit oscillations is measured. This coupling causes the
cavity mode state to displace in a way that depends on the state of the
qubit. We couple to the internal cavity field using a small antenna that
protrudes into the cavity, allowing read out the cavity state as described
above. Quantum trajectory reconstructions are validated using post-
selection and tomographic measurements.

DATA AVAILABILITY

All relevant data can be obtained from the authors upon request.
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