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Analytical Characterization and
Production of an Isothermal
Surface for Biological and
Electronic Applications
Characterization and regulation of isothermal surfaces are key issues in a number of
thermal management devices. The surface temperature uniformity can be controlled uti-
lizing a variable area channel heat exchanger filled with a porous medium. A compre-
hensive analytical investigation of forced convection through a generic variable area
channel is carried out to design a compact heat exchanger in producing an isothermal
surface subject to a constant heat flux, which may be required in the biological, electron-
ics, optical, laser, manufacturing, and solidification applications. Exact solutions for the
fluid and solid phases and the wall surface temperature distributions as well as the
Nusselt number correlations are established while incorporating local thermal nonequi-
librium and transverse conduction contributions. The channel temperature field is ad-
justed utilizing either an adiabatic or a constant temperature on the inclined surface. The
effects of the pertinent physical parameters, such as channel inlet/outlet thickness, incli-
nation angle, Biot number, ratio of fluid and matrix thermal conductivities, working fluid
properties, and imposed heat flux, on the fluid and solid temperature fields and the
isothermal surface are thoroughly investigated. The results indicate that utilizing proper
pertinent parameters, an isothermal surface is achieved. The validity of the utilization of
the local thermal equilibrium model is also investigated and error maps are presented.
�DOI: 10.1115/1.2995690�
Keywords: isothermal surface production, porous media, analytical, PCR
Introduction
Porous inserts are quite effective in heat transfer augmentation

nd thermal control. A porous medium provides an extensive sur-
ace area for a given volume between a solid and fluid, which
nhances the interstitial heat transfer. As such, porous inserts are
n attractive choice for a variety of applications such as solar
eceiver devices, electronics equipments, building thermal insula-
ion, energy storage units, flat-shaped heat pipes �1,2�, catalytic
eactors, jet impingement and microchannel cooling technology
3–5�, bioheat transfer modeling �6�, and recently in biomicroflu-
dic thermal cyclers �7�. A key issue in a number of heat manage-

ent devices is the production and regulation of isothermal sur-
aces by maintaining a relatively constant temperature equal or
elow a maximum operating temperature for electronic equipment
ubject to a high heat flux �8,9� such as processors, memory and
raphics chips, telecom switches, and high powered military
quipments and laser devices, as well as imposing a uniform tem-
erature throughout a biomicrofluidic chip for thermal cycling ap-
lications such as polymerase chain reaction �PCR� for nucleic
cid �e.g., DNA and RNA� amplification �7,10�. Production of an
sothermal surface is also an important issue in thermal therapies
e.g., hyperthermia treatment for cancer tumors �11��, laser light
mitting diodes with similar wavelength light, solidification pro-
essing �12�, single crystal growth �13�, turbine blade manufactur-
ng utilizing directional solidification processes �14–17�, telescope

eniscus mirrors �18�, and optical systems �19�. The temperature
niformity can be controlled using a proper utilization of a vari-
ble area channel filled with a porous medium. The variation of
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the channel area can be controlled by the inlet/outlet channel
thickness or the angle of the longitudinal direction with respect to
the channel upper wall, the so called inclination angle. The veloc-
ity and temperature of the working fluid passing through the chan-
nel along with its properties �e.g., density, specific heat, and ther-
mal conductivity� are some of the other effective parameters that
affect the heat transport augmentation in these types of devices.

Two approaches can be pursued in investigating heat transport
through a porous medium utilizing a volume averaging technique:
averaging over a representative elementary volume containing
both the fluid and the solid phases, and averaging separately over
each of the phases, resulting in energy equations for each indi-
vidual phase �20–24�. These two models are referred to as the one
equation model �utilizing local thermal equilibrium assumption�
and the two equation model �incorporating the local thermal non-
equilibrium condition�, respectively �25–29�. The assumption of
local thermal equilibrium has been widely used in analyzing trans-
port processes through porous media �28–32�. However, this as-
sumption is not valid for applications where a substantial tempera-
ture difference exists between the solid and the fluid phases such
as high porosity fibrous materials �25–29,33–35�. Mahjoob and
Vafai �33� presented a synthesis of fluid and thermal transport
models for metal foams and considered the validity of local ther-
mal equilibrium assumption for foam metal modeling. They also
indicated the substantial advantages of utilizing metal foams to
improve the performance of heat exchangers considering both
heat transfer and pressure drop issues.

Heat transport characteristics in porous media are quite compli-
cated �36–40�. Utilizing the Darcy model and accounting for local
thermal nonequilibrium, Lee and Vafai �28� established an exact
solution for normalized fluid and solid temperature profiles and
the Nusselt number for forced convective flow through a channel
filled with a porous medium subject to a constant heat flux.

Marafie and Vafai �29� developed an analytical solution utilizing
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arcy–Forchheimer–Brinkman model and local thermal nonequi-
ibrium energy transport model and established the temperature
rofiles and heat transfer correlations. Amiri and Vafai �25,26�
mployed the generalized model for the momentum equation and
ocal thermal nonequilibrium model for the energy equation, in-
luding axial and transverse thermal dispersions to investigate
orced convection, and validated their numerical findings utilizing
n experimental investigation. They presented detailed error maps
or assessing the importance of various simplifying assumptions.
lazmi and Vafai �27� investigated the proper form of boundary

onditions for a constant wall heat flux imposed on a porous me-
ium under local thermal nonequilibrium conditions. Effects of
ariable porosity and thermal dispersion were also analyzed.

In this work, analytical characterizations and production of an
sothermal surface for biological �such as in DNA amplification
tilizing PCR�, electronic, optical, laser, manufacturing, and so-
idification applications are considered while incorporating the lo-
al thermal nonequilibrium conditions. Exact solutions for fluid
nd solid temperature distributions are presented as well as ana-
ytical surface temperature distribution and heat transfer correla-
ions for a generic variable cross sectional area channel filled with

porous medium. Pertinent design parameters affecting the iso-
hermal surface production such as channel inlet/outlet thickness,
nclination angle, Biot number, ratio of the fluid and solid thermal
onductivities and specific surface area are analytically character-
zed, and investigated.

Modeling and Formulation

2.1 Problem Description. Analysis and design of a highly
fficient and compact device for isothermal surface production,
hen subject to a constant heat flux, are presented in this work.
he variable cross sectional area channel heat exchanger is filled
ith a porous medium, which is attached to a target surface, as

hown in Fig. 1. The top part of the channel can be either a
onstant temperature or an adiabatic surface to minimize losses
nd control the heat transfer through the channel. The height of
he channel inlet is H and the top surface angle relative to the
ongitudinal direction, the so called inclination angle, is �. Flow is
ssumed to be hydraulically and thermally fully developed. Natu-
al convection and radiation are assumed to be negligible and all
hermodynamic properties of the solid and fluid are considered to
e temperature independent. The porous medium is assumed to be
omogenous and isotropic.

2.2 Governing Equations. The governing energy equations
or the solid and fluid phases incorporating local thermal nonequi-
ibrium conditions are as follows �25,27�.

In fluid phase,

kf ,eff�y
2�Tf� f + hsfasf��Ts�s − �Tf� f� = �cP�u�

��Tf� f

�x
�1�

In solid phase,

ig. 1 Schematic of a channel filled with a porous medium
ubject to a constant heat flux; Case I: adiabatic boundary con-
ition at the upper wall, Case II: constant surface temperature

oundary condition at the upper wall
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ks,eff�y
2�Ts�s − hsfasf��Ts�s − �Tf� f� = 0 �2�

where kf ,eff and ks,eff are the effective fluid and solid thermal con-
ductivities, � is the density, cp is the specific heat of the fluid, �u�
is the locally volume averaged fluid velocity, �Tf� f and �Ts�s are
the intrinsic phase average fluid and solid temperatures, and hsf
and asf are the interfacial heat transfer coefficient and specific
surface area, respectively.

2.3 Boundary Conditions. Based on the work of Amiri et al.
�26�, Lee and Vafai �28�, and Marafie and Vafai �29�, the imposed
constant heat flux boundary condition under local thermal non-
equilibrium conditions can be represented as

qw = − kf ,eff� ��Tf� f

�y
�

y=0
− ks,eff� ��Ts�s

�y
�

y=0
�3�

In most cases, a solid substrate of finite thickness is attached to
the porous medium and the heat flux is applied to the outer wall of
the substrate. The heat will then be transferred to the porous me-
dium through the substrate. The temperature at the interface of the
porous medium and the solid substrate is likely to be uniform
regardless of whether it contacts the solid or fluid. As such, the
temperature of the solid and the fluid at the wall interface will be
the same �26–28�:

��Tf� f�y=0� 	 �Ts�s�y=0 	 Tw �4�

For the upper wall of the channel, two general thermal bound-
ary conditions are investigated: adiabatic and constant tempera-
ture �Tw,up� conditions. These are represented as follows.

Case I: Adiabatic boundary condition

� ��Tf� f

�y
�

y=H−x tan �

= � ��Ts�s

�y
�

y=H−x tan �

= 0 �5�

Case II: Constant wall temperature boundary condition

��Tf� f�y=H−x tan �� 	 �Ts�s�y=H−x tan � 	 Tw,up �6�

2.4 Normalization. The governing equations are normalized
utilizing the following nondimensional variables:

Y =
y

H − x tan �
, � =

�H − x tan ��2

H2 , � =
kf ,eff

ks,eff
,

�7�

ū =
�u�

ueH/�H − x tan ��
, Bi =

hsfasfH
2

ks,eff

where the parameter � is the upper wall shape factor and the
parameter � represents the ratio of fluid to solid thermal conduc-
tivities. The parameter Bi is an equivalent Biot number represent-
ing the ratio of the conduction resistance within the solid matrix to
the thermal resistance associated with the internal convective heat
exchange between the matrix and the fluid phase. The temperature
is normalized utilizing the above nondimensionalization and con-
sidering the two general upper boundary conditions given by the
adiabatic and constant wall temperature boundary conditions, re-
spectively, as follows.

Case I: Adiabatic boundary condition

� =
ks,eff��T� − Tw�

Hqw

�

�8�

Case II: Constant wall temperature boundary condition

� =
ks,eff��T� − Tw�

Hqw

� + ks,eff�1 + ���Tw,up − Tw�

�9�

Utilizing Eqs. �7�–�9�, the governing equations �1� and �2� can be
casted as

�
�4� f

4 − �1 + ��Bi · �� �2� f
2 � = − Bi · � �10�
�Y �Y

Transactions of the ASME
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�
�4�s

�Y4 − �1 + ��Bi · �� �2�s

�Y2 � = − Bi · � �11�

long with the following boundary conditions for the lower
oundary:

�� f�Y=0 = ��s�Y=0 = 0 �12�

nd the upper boundary as follows.
Case I: Adiabatic boundary condition

� �� f

�Y
�

Y=1
= � ��s

�Y
�

Y=1
= 0 �13�

ase II: Constant wall temperature boundary condition

�� f�Y=1 = ��s�Y=1 = �w,up �14�

here

�w,up =
ks,eff�Tw,up − Tw�

Hqw

� + ks,eff�1 + ���Tw,up − Tw�

�15�

Additional boundary conditions can be obtained by evaluating
he second derivatives of � f and �s at the wall, which results in

� �2� f

�Y2 �
Y=0

= 1/�, � �2�s

�Y2 �
Y=0

= 0 �16�

A set of extra boundary conditions is obtained utilizing the
overning equations and evaluating them at Y =1 along with Eq.
13� or �14� for the upper boundary for adiabatic and constant wall
emperature cases, respectively. This results in the fourth set of
equired boundary conditions given by the following.

Case I: Adiabatic boundary condition

� �3� f

�Y3 �
Y=1

= � �3�s

�Y3 �
Y=1

= 0 �17�

ase II: Constant wall temperature boundary condition

� �2� f

�Y2 �
Y=1

= 1/�, � �2�s

�Y2 �
Y=1

= 0 �18�

2.5 Fluid, Solid, and Wall Temperature Fields. The fluid
nd solid phase temperature distributions can be obtained by solv-
ng the governing equations and boundary conditions given by
qs. �10�–�12� and �16�, and additional boundary conditions given
y Eqs. �13� and �17� for an adiabatic and Eqs. �14� and �18� for
constant temperature upper wall boundary, respectively. Differ-

ntial equations �10� and �11� are solved and modified using the
ppropriate Neumann and Dirichlet boundary conditions obtained
arlier. After considerable analysis, this results in the following
esults for fluid, solid, fluid bulk-mean, and wall temperature
rofiles.
Case I: Adiabatic boundary condition

ournal of Heat Transfer
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� f =
1

1 + �
�Y�Y

2
− 1� −

1

�1 + ��Bi�
1 −

e�Y + e��2−Y�

1 + e2� ��
�19�

�s =
1

1 + �
�Y�Y

2
− 1� +

�

�1 + ��Bi�
1 −

e�Y + e��2−Y�

1 + e2� ��
�20�

where

� = 
Bi��1 + ��/� �21�
and

�� = �s − � f =
1

�1 + ��Bi�
�1 −

e�Y + e��2−Y�

1 + e2� � �22�

� f ,b =
− 1

1 + �
�1

3
+

1

�1 + ��Bi�
1 −

1

�

e2� − 1

e2� + 1
�� �23�

Tw =
qw

�cpHue
x + Te +

qw�H − x tan ��
ks,eff�1 + �� �1

3
+

1

�1 + ��Bi�

�1 −
1

�

e2� − 1

e2� + 1
�� �24�

Case II: Constant wall temperature boundary condition

� f =
1

1 + �
�Y�Y

2
+ �1 + ���w,up −

1

2
�

−
1

�1 + ��Bi�
1 −

e�Y + e��1−Y�

1 + e� �� �25�

�s =
1

1 + �
�Y�Y

2
+ �1 + ���w,up −

1

2
�

+
�

�1 + ��Bi�
1 −

e�Y + e��1−Y�

1 + e� �� �26�

where

� = 
Bi��1 + ��/�
and

�� = �s − � f =
1

�1 + ��Bi�
�1 −

e�Y + e��1−Y�

1 + e� � �27�

� f ,b =
− 1

1 + �
� 1

12
−

�1 + ���w,up

2
+

1

�1 + ��Bi�
1 −

2

�

e� − 1

e� + 1
��
�28�
Tf ,b = �Te − Tw,up −
qwH

2ks,eff�1 + ���exp� − 12Biks,eff�1 + ��2x

�cpueH
2�7Bi�1 + �� + 12�1 −

2�e� − 1�
��e� + 1���� + Tw,up +

qwH

2ks,eff�1 + ��
for � = 0 �29a�

Tf ,b =
1

2
�Tw + Tw,up� + � 1

12
+

1

Bi��1 + ���1 −
2�e� − 1�
��e� + 1����Tw − Tw,up −

qw�H − x tan����
ks,eff�1 + �� � for � � 0 �29b�

Tw�x� = �Tw,x=0 − Tw,up −
qwH

ks,eff�1 + ���exp� − 12Biks,eff�1 + ��2x

�cpueH
2�7Bi�1 + �� + 12�1 −

2�e� − 1�
� ��� +

qwH

ks,eff�1 + ��
+ Tw,up for � = 0 �30a�
��e + 1�

MAY 2009, Vol. 131 / 052604-3
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Tw�x� = exp�−�
0

x

A�	�d	���
0

x

exp��
0

	

A�	�d	�B�	�d	 + Tw,x=0� for � � 0 �30b�

here

A�	� =

ks,eff�1 + ��
�cpueH

2�1
1/2 +

2 tan���
HBi�1 + ���1

3/2� ��1 − 3�e2�1 + 4�1e�1 + �1 + 3

�1�e�1 + 1�2 �
7

12
+

1

Bi�1�1 + ���1 −
2�e�1 − 1�
�1�e�1 + 1��

�30c�

B�	� =

��
ks,eff�1 + ��
�cpueH

2�1
1/2 +

2 tan���
HBi�1 + ���1

3/2� ��1 − 3�e2�1 + 4�1e�1 + �1 + 3

�1�e�1 + 1�2 ��Tw,up

+
qw tan���

ks,eff�1 + ��2Bi�1
�− �1 + ��Bi�1

12
+

2�e�1��1 + 1� − 1�
�1�e�1 + 1�

+
2�− 3�e�1 + 1� − �1e�1��e�1 − 1�

�1�e�1 + 1�2 + 1� +
qw

�cpueH
�

7

12
+

1

Bi�1�1 + ���1 −
2�e�1 − 1�
�1�e�1 + 1��

�30d�

�1 =
�H − 	 tan ��2

H2 �30e�

�1 =

Bi�1 + ��/�

H
�H − 	 tan �� �30f�

nd

Tw,x=0 =

qwH + ks,eff�1 + ��Tw,up

ks,effBi�1 + ��2 �1 −
2�e� − 1�
��e� + 1�� +

qwH

12ks,eff�1 + ��
−

5

12
Tw,up + Te

7

12
+

1

Bi�1 + ���1 −
2�e� − 1�
��e� + 1��

�31�

here

� = 
Bi�1 + ��/� �32�

A simplified solution for the wall and fluid bulk-mean temperature distributions at nonzero inclination angle for Case II can be
btained when x tan � is significantly smaller than the inlet of the channel.

Tw�x� = 
 + �Tw,x=0 − 
�exp�− 12Bi�ks,eff�1 + ��2 − 24�cpueH tan���� �� − 3�e2� + 4�e� + � + 3

��e� + 1�2 �
�cpueH

27Bi�3/2�1 + �� + 12�1/2�1 −
2�e� − 1�
��e� + 1���

x� for � � 0 �33�

Tf ,b = � 7

12
+

1

Bi��1 + ���1 −
2�e� − 1�
��e� + 1���

��
 + �Tw,x=0 − 
�exp�− 12Bi�ks,eff�1 + ��2 − 24�cpueH tan���� �� − 3�e2� + 4�e� + � + 3

��e� + 1�2 �
�cpueH

27Bi�3/2�1 + �� + 12�1/2�1 −
2�e� − 1�
��e� + 1���

x��
+

Tw,up

2
− � 1

12
+

1

Bi��1 + ���1 −
2�e� − 1�
��e� + 1����Tw,up +

qw�H − x tan����
ks,eff�1 + �� � for � � 0 �34�
here
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 = Tw,up +

�cpueH
2qw tan����1/2�−

�1 + ��Bi�

12
+

2�e��� + 1� − 1�
��e� + 1�

+
2�− 3�e� + 1� − �e���e� − 1�

��e� + 1�2 + 1� + qwHks,eff�1 + ��2Bi�3/2

ks,eff�1 + ��ks,eff�1 + ��2Bi� + 2H�cpue tan���� �� − 3�e2� + 4�e� + � + 3

��e� + 1�2 ��
�35�
2.6 Heat Transfer Correlations. The wall heat transfer coef-
cient for the local thermal nonequilibrium model is obtained
rom

hw,nonequil =
qw

Tw − Tf ,b
�36�

Case I: Adiabatic boundary condition
The Nusselt number at the channel wall subject to a constant

eat flux can be represented as

Nuw,nonequil =
hw,nonequilDh

kf ,eff
=

− 2

�
�� f ,b

�37�

tilizing Eq. �23� and after some manipulation,
temperature boundary condition �43�

ournal of Heat Transfer
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Nuw,nonequil = 6
1 + �

�
�

1

1 +
3

�1 + ��Bi�
�1 −

1

�

e2� − 1

e2� + 1
� �38�

Case II: Constant wall temperature boundary condition
Using Eq. �9�, the Nusselt number at the channel wall subject to

a constant heat flux can be represented as

Nuw,nonequil =
hw,nonequilDh

kf ,eff
=

− 2

�� f ,b�
� +
ks,eff�1 + ��

qwH
�Tw,up − Tw��

�39�
Utilizing Eq. �28� and after some manipulation, the Nusselt num-
ber can be represented as
Nuw,nonequil =

24
1 + �

�

6 + �− 5 +

12�1 −
2

�

e� − 1

e� + 1
�

�1 + ��Bi
� � � ks,eff�1 + ��

qwH
�Tw,up − Tw,x=0� + 1�exp� − 12Biks,eff�1 + ��2x

�cpueH
2�7Bi�1 + �� + 12�1 −

2�e� − 1�

��e� + 1�
���

for � = 0 �40a�

Nuw,nonequil =

24
1 + �

�
�

1 +
12

Bi��1 + ��
�1 −

2

�

e� − 1

e� + 1
� +

ks,eff�1 + ��

qwH
�
�Tw,up − Tw�− 5 +

12

Bi��1 + ��
�1 −

2

�

e� − 1

e� + 1
�� for � � 0 �40b�
2.7 Local Thermal Equilibrium Model. The energy equa-
ion for the one equation model can be obtained by adding Eqs.
1� and �2� assuming thermal equilibrium between the fluid and
olid phases with the following boundary conditions:

���Y=0 = 0 �41�

nd

� ��

�Y
�

Y=1
= 0 for Case I: Adiabatic boundary condition �42�

���Y=1 = �w,up for Case II: Constant wall
where �w,up is defined in Eq. �15�.
Based on the local thermal equilibrium model, the following

results for the wall, the temperature field, and the Nusselt number
are obtained.

Case I: Adiabatic boundary condition

� =
Y

1 + �
�Y

2
− 1� �44�

Tw = � 1

�cpHue
−

tan���
3�kf ,eff + ks,eff�

�qwx + Te +
qwH

3�kf ,eff + ks,eff�
�45�

Nuw,equil = 6��1 + ��/�
�� �46�
MAY 2009, Vol. 131 / 052604-5

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



C

w

t

T

0

Downlo
ase II: Constant wall temperature boundary condition

� =
Y

1 + �
�Y

2
+ �1 + ���w,up −

1

2
� �47�

Tw�x� = �Tw,x=0 − Tw,up −
qwH

ks,eff�1 + ���exp�− 12ks,eff�1 + ��x
7�cpueH

2 � +
qwH

ks,eff�1 + ��
+ Tw,up for � = 0 �48a�

Tw�x� = Tw,up +
qw�H − x tan����

1 −
12ks,eff�1 + ��

7�cpueH tan���

� 1

7ks,eff�1 + ��
−

12

7�cpueH tan����

+ �Tw,x=0 − Tw,up −
qwH

1 −
12ks,eff�1 + ��

7�cpueH tan���

� 1

7ks,eff�1 + ��
−

12

7�cpueH tan������H − x tan���
H

�12ks,eff�1+��/7�cpueH tan���

for � � 0

�48b�

Nuw,equil =

24
1 + �

�

6 − 5� ks,eff�1 + ��
qwH

�Tw,up − Tw,x=0� + 1�exp�− 12ks,eff�1 + ��x
7�cpueH

2 � for � = 0 �49a�

�49b�
here

Tw,x=0 =
qwH

7ks,eff�1 + ��
−

5

7
Tw,up +

12

7
Te �50�

The error in utilization of the local thermal equilibrium is established based on Nusselt number expressions derived for the local
hermal equilibrium and nonequilibrium models:

E =
Nuw,equil − Nuw,nonequil

Nuw,nonequil
�51�

his results in the following expressions.
Case I: Adiabatic boundary condition

E =
3

�1 + ��Bi�
�1 −

1

�

e2� − 1

e2� + 1
� �52�

Case II: Constant wall temperature boundary condition

E =

6 + �− 5 +

12�1 −
2

�

e� − 1

e� + 1
�

�1 + ��Bi
� � � ks,eff�1 + ��

qwH
�Tw,up − Tw,x=0� + 1�exp� − 12Biks,eff�1 + ��2x

�cpueH
2�7Bi�1 + �� + 12�1 −

2�e� − 1�
��e� + 1����

6 − 5� ks,eff�1 + ��
qwH

�Tw,up − Tw,x=0� + 1�exp�− 12ks,eff�1 + ��
7�cpueH

2 x�
− 1 for � = 0

�53a�
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�53b�
Results and Discussion
The effect of pertinent parameters and their physical effects on

uid and solid phase temperature distributions and heat transfer
re quite important in characterizing the production of an isother-
al surface. The analytical temperature profiles are compared
ith the numerical results at different inclination angles and lon-

ig. 2 Comparison of the present analytical temperature dis-
ributions for fluid and solid phases with analytical solutions
y Lee and Vafai †28‡ and Marafie and Vafai †29‡ at �=0 deg and

i=10. „a… �=100 and „b… �=0.01.

ournal of Heat Transfer

aded 08 Apr 2009 to 169.235.6.213. Redistribution subject to ASME
gitudinal locations, and also with the exact solutions by Lee and
Vafai �28� and Marafie and Vafai �29� for a rectangular channel. In
these studies �28,29�, forced convection flow through a channel
filled with a porous medium was investigated in which the upper
and lower channel walls were subjected to a constant heat flux.
Due to the symmetric geometry in these works �28,29�, the chan-
nel centerline can be modeled as an adiabatic wall. As such, the

Fig. 3 Comparison of the present analytical temperature dis-
tributions for fluid and solid phases with analytical solutions
by Lee and Vafai †28‡ and Marafie and Vafai †29‡ at �=0 deg and

Bi=0.5. „a… �=100 and „b… �=0.01.
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esults from Refs. �28,29� can be compared with the present exact
olutions for zero inclination angle when an adiabatic boundary
ondition is employed for the upper wall of the channel. For nu-
erical simulations, an implicit, pressure-based, cell-centered fi-

ite volume method is utilized to solve the coupled nonlinear
overning equations. The governing equations including Darcy–
orchheimer–Brinkman momentum equation and the energy

ig. 4 Comparison of the temperature distribution for the one
quation model obtained from the present analytical work, with
he analytical solution of Lee and Vafai †28‡ and computational
imulation for �=5Ã10−5 and �=0 deg

ig. 5 Comparison of the present analytical temperature dis-
ributions „utilizing the exact solutions of two and one equation

odels… with the numerical simulations at �=2 deg, Bi=100,
−5
nd �=5Ã10 . „a… X=1 and „b… X=4.

52604-8 / Vol. 131, MAY 2009
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equation with local thermal equilibrium assumption are dis-
cretized and linearized, utilizing second order upwind method for
the convection terms and central differencing for the diffusion
terms. Resulting algebraic equations are solved sequentially using
Gauss–Seidel point implicit linear equation solver in conjunction
with an algebraic multigrid �AMG� method in order to reduce the
dispersion errors while increasing the computational speed �41�.
As such, first, the momentum equations are solved to obtain the
velocity field. Next, the continuity equation is solved utilizing the
SIMPLE algorithm for the pressure-velocity coupling to obtain and

Fig. 6 Comparison between the wall temperature profile ob-
tained from the present analytical solution and numerical simu-
lation utilizing one equation model, at the inclination angles of
0 deg and 5 deg

Fig. 7 Effect of inclination angle on fluid and solid tempera-

ture fields for Bi=10 at X=2. „a… �=100 and „b… �=0.01.
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odify the pressure field, mass fluxes, and the velocity field �42�.
inally, the energy equation is solved to obtain the temperature
eld. An iterative procedure utilizing under-relaxation is used.
onvergence is assumed when residuals become less than 10−6.
Fluid and solid phase temperature distributions at zero inclina-

ion angle were found to be in excellent agreement with the ana-
ytical results by Lee and Vafai �28� and Marafie and Vafai �29�.
he temperature profiles are compared with four sets of Biot num-
ers �Bi� and ratios of effective fluid to solid thermal conductivi-
ies ���, as shown in Figs. 2 and 3. The small deviation in the

ig. 8 Effect of inclination angle on fluid and solid tempera-
ure fields for Bi=0.5 at X=2. „a… �=100 and „b… �=0.01.

ig. 9 Effect of the inclination angle „�…, flow rate, and effec-
ive thermal conductivity ratio „�… on the normalized wall tem-

erature distribution for Bi=10

ournal of Heat Transfer
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results is due to the utilization of generalized flow model to
present fluid transport through porous medium in the work by
Marafie and Vafai �29�. As expected, at lower values of the Biot
number, a larger temperature difference is seen between the fluid
and solid phases, due to a weak internal heat exchange between
the fluid and solid. Next, the analytical temperature distribution
for the case with an adiabatic upper wall is compared with the
numerical results in Figs. 4 and 5. The comparisons indicate a
very good agreement for the temperature profiles between the nu-
merical and the analytical one equation model at different incli-
nation angles �0 deg, 2 deg� and different longitudinal locations
�X=1,4�. The wall temperature distribution is also investigated to
obtain a better understanding of the optimization and production
of an isothermal surface. The analytical wall temperature distribu-
tions are compared with numerical simulations at different incli-
nation angles in Fig. 6. Once again the analytical and numerical
results are in excellent agreement.

To investigate the heat transfer aspects on production of an
isothermal surface, the variations in the pertinent controlling pa-
rameters, such as inclination angle ���, Bi, and � are investigated
to illustrate their influence on the fluid and solid temperature dis-
tributions �Figs. 7 and 8�. As can be seen in Figs. 7 and 8 an
increase in the inclination angle, over a wide range, results in a
more uniform solid temperature profile. The fluid temperature pro-
file follows the same trend, except for low values of Bi and � �Fig.
8�b��. For low values of �, the heat exchange between the fluid
and solid dominates over the conduction process as can be sur-
mised from Eqs. �10� and �11�. As such, an increase in the incli-

Fig. 10 Effect of the inclination angle „�… and effective thermal
conductivity ratio „�… on the normalized wall temperature dis-
tribution for Bi=0.5 and Re=Re1

Fig. 11 Effect of the upper wall temperature „Case II… on the

isothermal surface production for Bi=10, �=0.01, and �=0

MAY 2009, Vol. 131 / 052604-9
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ation angle at low Bi results in more deviation for the fluid phase
emperature from that of the solid and the wall. However, at
igher values of Bi, the inclination angle can be utilized as a
aluable and effective parameter to control the wall temperature
niformity, as illustrated later in this work. The effect of Bi and �
n the temperature field at downstream locations is also investi-
ated for nonzero inclination angles, which show trends that are
imilar to those shown in Figs. 7 and 8. Downstream locations are
ccompanied with a decrease in the channel thickness resulting in
larger convective term and heat exchange between the fluid and

olid phases.
To illustrate characterization and production of an isothermal

urface, the effects of the controlling parameters, ��� ,x�, Bi, and
, on the wall temperature are shown in Figs. 9 and 10. Figures 9
nd 10 indicate that for high effective thermal conductivity ratios
��, changing the inclination angle does not considerably change
he temperature uniformity, due to the dominating effect of the
onduction over that of the fluid/solid heat exchange. However, at
ow thermal conductivity ratios ���, increasing the inclination
ngle can modify the temperature profile. The effect of flow rate
n the wall temperature distribution is also investigated in Fig. 9.
he parameter Re1 in this figure indicates a reference Reynolds
umber for investigating the flow rate effect. The results show that
ncreasing the flow rate yields a more uniform temperature at the
all. For higher flow rates, the effects of inclination angle are
uite substantial at high values of Bi and low values of �. The
ffect of high flow rate in the cases with high value of � can be
ery low due to the dominating effect of conduction in high �.
A decrease in the effective thermal conductivity ratio can result

Fig. 12 Error maps on the validity of local
channel heat exchanger: „a… �=1, „b… �=0.75,
n larger temperature values due to a decrease in heat exchange

52604-10 / Vol. 131, MAY 2009

aded 08 Apr 2009 to 169.235.6.213. Redistribution subject to ASME
between the wall and the working fluid �Figs. 9 and 10�. Also, at
lower values of �, a decrease in Biot number �at the same flow
rate� results in larger wall temperature values due to a decrease in
internal heat transport between the fluid and solid phases. Further-
more, for very low � and Bi, an increase in the inclination angle
can result in a slightly nonuniformity in the wall temperature �Fig.
10�. For the second type of heat exchanger �Case II�, the upper
wall temperature also plays a role in isothermal surface produc-
tion, while the effect of other parameters that have been studied
earlier remains the same. Figure 11 indicates that an upper wall
temperature smaller or larger than the entry temperature �Te� can
result in a more nonuniform temperature distribution, since as
expected the upper wall is being employed to cool or heat the
working fluid along the longitudinal direction.

To investigate the validity of local thermal equilibrium model,
contour error maps are introduced based on the Nusselt number
analytical expressions. As seen in Fig. 12, the error in utilizing the
one equation model decreases for larger values of either the Biot
number �Bi� or the effective thermal conductivity ratio ��� or
both. For larger interfacial fluid-solid heat exchange, the fluid and
solid temperature distributions approach that of the one equation
model indicating a small error when utilizing the one equation
model. As Fig. 12 indicates, a decrease in the upper wall shape
factor ��� reduces the validity of one equation model for a given
Biot number.

4 Conclusions
Key issues in a number of thermal management devices, which

rmal equilibrium model in the variable area
�=0.5, and „d… �=0.25
the
may be required in biological, electronic, optical, laser, manufac-
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uring, and solidification applications, are the production and
egulation of an isothermal surface when it is subject to an im-
osed heat flux. In this work, analytical correlations are estab-
ished to design a compact device capable of producing an iso-
hermal surface. The analytical results were obtained considering
egligible natural convection and radiation, hydraulically and
hermally fully developed flow through the device, and homog-
nous and isotropic porous material. Exact solutions are presented
or the fluid phase, porous substrate and surface temperature fields
ncorporating the local thermal nonequilibrium conditions. Nus-
elt number correlations are also established analytically for a
eneric variable cross sectional heat exchanger. These analytical
esults can be used as design formulas to prescribe the precise
orm of the setup for production of an isothermal surface. The
nvestigation of the effect of the pertinent physical parameters
ndicate that the surface temperature uniformity can be regulated
tilizing the inclination angle, especially for high flow rates and
iot numbers, due to larger heat exchange between the fluid and

olid phases. It is established that an increase in the inclination
ngle results in a more uniform fluid and solid phase temperature
istribution within the channel. At high effective fluid to solid
hermal conductivity ratios, the fluid conduction dominates the
ffects of convection and the inclination angle. Utilization of the
ariable cross sectional area channel is also quite effective in aug-
enting the local Nusselt number and convective heat transfer

oefficient on a surface subject to a constant heat flux. Both an
nsulated and a constant temperature sloped surface are considered
n the analysis. It is found that utilization of local thermal equi-
ibrium model leads to accurate results only at very high Biot
umbers or at high effective fluid to solid thermal conductivities
atio. Furthermore, it is found that a decrease in the value of the
pper wall shape factor ��� reduces the validity of the local ther-
al equilibrium model under the same physical conditions.
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omenclature
asf � interfacial area per unit volume of porous me-

dia �m−1�
Bi � Biot number, hsfasfH

2 /ks,eff
cp � specific heat of the working fluid �J kg−1 K−1�

Dh � hydraulic diameter of the channel, 2H�m�
E � error incurred in using the thermal equilibrium

model �Nuw,equil−Nuw,nonequil� /Nuw,nonequil
hsf � interstitial heat transfer coefficient

�W m−2 K−1�
hw,nonequil � wall heat transfer coefficient for the thermal

nonequilibrium model, qw / �Tw–Tf ,b�
�W m−2 K−1�

H � thickness of the channel entrance �m�
kf ,eff � effective thermal conductivity of the fluid

phase �W m−1 K−1�
ks,eff � effective thermal conductivity of the solid

phase �W m−1 K−1�
Nuw,equil � Nusselt number of the wall subject to constant

heat flux for the thermal equilibrium model
Nuw,nonequil � Nusselt number of the wall subject to constant

heat flux for the thermal nonequilibrium model
qw � heat flux at the wall �W m−2�
Re � Reynolds number

T � temperature �K�
Te � fluid temperature at the channel entrance �K�

Tf ,b � fluid bulk temperature �K�
Tw � temperature of the wall subjected to the con-
stant heat flux �K�

ournal of Heat Transfer
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Tw,up � temperature of the upper wall of the channel
�K�

u � velocity �m s−1�
ue � velocity at the channel entrance �m s−1�
ū � nondimensional velocity,�u� /ueH / �H−x tan ��
x � longitudinal coordinate �m�
X � nondimensional longitudinal coordinate, x /H
y � transverse coordinate �m�
Y � nondimensional transverse coordinate, y /H

−x tan �

Greek Symbols
� � inclination angle
� � ratio of the effective fluid conductivity to that

of the solid, kf ,eff /ks,eff
� � nondimensional temperature

� f ,b � nondimensional fluid bulk temperature
�w,up � nondimensional upper wall temperature,

ks,eff�Tw,up−Tw� / �Hqw

�+ks,eff�1+���Tw,up

−Tw��
�� � nondimensional temperature difference be-

tween the solid and fluid phases
� � fluid density �kg m−3�
� � parameter, 
Bi��1+�� /�
� � upper wall shape factor, �H−x tan ��2 /H2

Subscripts/Superscripts
b � bulk

eff � effective property
f � fluid phase
s � solid phase

w � wall subjected to the constant heat flux
w ,up � upper wall of the channel

Symbol
�� � “local volume average” of a quantity
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