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a b s t r a c t

Vibrational mixed convection inside an open-ended cavity filled with a porous medium is investigated
in this work. Vertical vibration on the left wall and buoyancy induced flow are considered. The effect
of variations in governing parameters, such as vibrational Reynolds number, modified Rayleigh num-
ber, and the Darcy number on streamlines, isotherms, and the average Nusselt number is discussed.
Quantitative assessment and three dimensional qualitative mapping for vibrational, buoyancy, Dar-
cian, and non-Darcian effects is obtained. It is found that vibrational effects are more pronounced
at higher values of Darcy and Reynolds numbers, while buoyancy effects are dominant at lower values
of Darcy and higher values of modified Rayleigh numbers. It is also found that Darcy and Regular fluid
models are applicable at low and high values of Darcy number, respectively. At higher values of vibra-
tional Reynolds and modified Rayleigh numbers, the generalized model should be used. The effect of
variations of Prandtl number and dimensionless frequency are also examined in this work. Multiple
validations show a very good agreement with some of the limited aspects of this study presented
in previous works.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Natural convection within the fluid-saturated porous medium
has been studied extensively during the past decades [1–4]. This
area is of interest due to a range of different applications, such as
water movement in geothermal reservoirs, underground spread
of waste, nuclear waste repository, and insulation engineering. Be-
jan and Tien [5] obtained an analytical solution for a porous layer
with a horizontal end-to-end temperature difference. Their results
were validated with experimental results, displaying a good agree-
ment in the core area. The effect of the permeability of the end wall
was also examined. Haajizadeh and Tien [6] studied the same
problem with one permeable wall. Numerical, experimental, and
asymptotic analytical solutions were obtained and compared with
Bejan and Tien’s [5] analytical solution.

Vafai and Tien [7] analyzed the effects of solid boundary and
inertial forces on transport through porous media. Volume-aver-
aging technique and matched asymptotic expansions were ap-
plied in developing the governing equations. Amiri and Vafai
[8,9] have thoroughly investigated the effects of thermal non-
equilibrium, inertial, boundary, variable porosity, and thermal
dispersion on convection through a porous medium. They had
characterized the importance of all of the pertinent parameters
on the cited physical attributes.
ll rights reserved.
Most of the works dealing with natural convection in porous
media are based on an enclosure driven by a horizontal temperature
gradient. However, it is important to consider open-ended enclo-
sures since the interactions between the inside and outside domain
of the enclosure can represent a number of fundamental and practi-
cal applications. Ettefagh and Vafai [10] and Ettefagh et al. [11] have
investigated natural convection in obstructed open-ended cavities.
The fundamentals of the physical attributes of open-ended and far
field boundary conditions were discussed in Vafai and Ettefagh
[12], Khanafer and Vafai [13], and Khanafer et al. [14].

A number of investigations [15–18] have discussed the vibra-
tional convection. Vibrational convection can have some important
applications. For example, Florio and Harnoy [17] had investigated
the use of an oscillating plate to enhance the heat transfer from an
obstacle located within an internal flow. Another example, relates
to the effect of vibrational convection in space, where mechanically
induced pseudo-gravity can be more significant due to a weak
gravitational field [18].

The present work constitutes the first study of a vibration in-
duced mixed convection in an open-ended obstructed cavity. A
similar unobstructed configuration was investigated by Khaled
and Vafai [19] earlier. They had examined vibrational and natural
convection effects in an unobstructed vertical open-ended cavity.
The purpose of this study is to understand the role of the porous
medium on vibration induced mixed convection in an open-ended
cavity. The significance of vibration, buoyancy, Darcian, and non-
Darcian effects are discussed and thoroughly characterized for var-
ious physical conditions.

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.02.037
mailto:vafai@engr.ucr.edu
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


Nomenclature

Da Dracy number
F inertial coefficient
g gravitational acceleration
H height of the channel
K permeability
Nu Nusselt number
p pressure
P dimensionless pressure
Pr Prandtl number
Ra Rayleigh number
Ram modified Rayleigh number
Res vibrational Reynolds number
t time
T temperature
Th temperature of the vibrating wall
T1 environment temperature
u horizontal velocity
u
*

velocity vector
U dimensionless horizontal velocity
v vertical velocity
v0 left wall’s vertical vibrational velocity
V dimensionless vertical velocity
W width of the channel

x horizontal coordinate
X dimensionless horizontal coordinate
y vertical coordinate
Y dimensionless vertical coordinate
a thermal diffusivity
b thermal expansion coefficient
d porosity
e aspect ratio
h dimensionless temperature
c dimensionless vibration frequency
l dynamic viscosity
m kineimatic viscosity
qf fluid density at environmental temperature
r thermal capacitance ratio
s dimensionless time
s* dimensionless time to reach harmonic status
x reference vibration frequency

Subscripts
eff refers to effective property
Avg refers to average amount
L refers to the quantities which are evaluated at left wall
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Fig. 1. Schematic of the configuration under investigation.
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2. Formulation

The configuration analyzed in this work is shown in Fig. 1. A
two dimensional vertical channel with fluid–saturated porous
medium is considered. The channel has an open-end on the top
and impermeable walls on the other three sides. The height of
the channel is H which is significantly larger than its width W.
The left wall has a uniform temperature Th and vibrates vertically.
The temperature of the right and bottom walls and the environ-
ment is T1 which is lower than Th. The Boussinesq approximation
is invoked and the vibration speed v0(t) is presented as:

v0ðtÞ ¼ xH sinðcxtÞ ð1Þ

where x is the reference frequency, c, dimensionless frequency,
and t is the time. The problem is considered as a transient, two
dimensional, isotropic, homogeneous, laminar, and incompress-
ible, with constant properties except for density where the Bous-
sinesq approximation is invoked. The equations for conservation
of mass, momentum, and energy are (Vafai and Tien [7] and Vafai
[20]):

r � u* ¼ 0 ð2Þ

qf

d
Du
Dt
¼ � @p

@x
þ leffr2uþ�

lf

K
u�

qf Fdffiffiffiffi
K
p u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
ð3aÞ

qf

d
Dv
Dt
¼ � @p

@y
þ leffr2v þ qf gbðT � T1Þ �

lf

K
v

�
qf Fdffiffiffiffi

K
p v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
ð3bÞ

r @T
@t
þ u

*
�rT ¼ aeffr2T ð4Þ

where u signifies the velocity in the x-direction and v signifies the
velocity in the y-direction, p the pressure, T the temperature, qf

the density, b the thermal expansion coefficient, and lf is the
dynamic fluid viscosity. The porous medium characteristics are
described by d the porosity, K the permeability, F the inertial coef-
ficient of the porous media which depends on the Reynolds number
and the microstructure, leff the effective dynamic viscosity, aeff the
effective thermal diffusivity, and r is the thermal capacitance ratio.
It is assumed that leff is the same as lf based on the works of Amiri
and Vafai [8,9], Lundgren [21] and Neale and Nader [22]. The effect
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of thermal dispersion is incorporated in the effective thermal
diffusivity.

2.1. Boundary and initial conditions

Initially, the entire domain is stationary and at the environment
temperature T1, as given by:

uðx; y;0Þ ¼ vðx; y;0Þ ¼ 0; Tðx; y;0Þ ¼ T1 ð5Þ

The vibrational condition at the left wall is described by:

uð0; y; tÞ ¼ 0; vð0; y; tÞ ¼ xH sinðcxtÞ; Tð0; y; tÞ ¼ Th ð6aÞ

The boundary conditions for the right and bottom walls are given
by:

uðW; y; tÞ ¼ vðW; y; tÞ ¼ 0; TðW; y; tÞ ¼ T1 ð6bÞ
uðx;0; tÞ ¼ vðx; 0; tÞ ¼ 0; Tðx;0; tÞ ¼ T1 ð6cÞ

The boundary condition at the open-ended surface is given by:

@u
@y
ðx;H; tÞ ¼ 0;

@T
@y
ðx;H; tÞ ¼ 0 ð6dÞ
2.2. Dimensionless parameters and equations

For convenience, the equations are cast in dimensionless form
by introducing the following dimensionless variables:

X ¼ x
W

; Y ¼ y
H

; U ¼ u
xH

; V ¼ v
xH

;

P ¼W2p
qt2 ; h ¼ T � T1

Th � T1
; s ¼ cxt;

ð7Þ

This results in the following non-dimensional equations:

e
@U
@X
þ @V
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¼ 0 ð8Þ
Fig. 2. Element distribution for (a) Mesh 1
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where Res ¼ xW2

t is the vibrational Reynolds number, Pr ¼ t
aeff

Pra-

ndtl number, Da ¼ K
W2 Darcy number, Ram ¼ Ra � Da ¼ bgKWDT

aeff t
modi-

fied Rayleigh number where Ra ¼ bgW3DT
aeff t

is the regular Rayleigh

number, and e ¼ H
W is the aspect ratio. The relationship obtained

by Beavers and Sparrow [23] expressed by Fd = 0.074 is applied in
this study to evaluate the geometric shape parameter, F. The poros-
ity and aspect ratio are d = 0.9 and e = 4, respectively.

The dimensionless boundary and initial conditions can be
presented as:

UðX;Y ;0Þ ¼ VðX; Y;0Þ ¼ hðX;Y ;0Þ ¼ 0 ð11Þ

Uð0;Y; sÞ ¼ 0; Vð0; Y; sÞ ¼ sinðsÞ; hð0;Y; sÞ ¼ 1 ð12aÞ
Uð1; Y; sÞ ¼ Vð1;Y; sÞ ¼ hð1;Y ; sÞ ¼ 0 ð12bÞ
UðX;0; sÞ ¼ VðX;0; sÞ ¼ hðX;0; sÞ ¼ 0 ð12cÞ
@U
@Y
ðX;1; sÞ ¼ @h

@Y
ðX;1; sÞ ¼ 0 ð12dÞ
, (b) Mesh 2, (c) Mesh 3, (d) Mesh 4.



Table 1
Four sets of mesh distributions which were utilized in the present investigation.

Mesh Elements
number in X-
direction

Elements
number in Y-
direction

Size ratio in
X-direction

Size ratio in
Y-direction

1 50 50 150 600
2 60 60 150 600
3 50 100 150 300
4 60 120 150 300

Table 2
Pertinent cases studied in this investigation: cases 1–7 were based on using mesh 1
and the critical cases 8–14 were based on mesh 3.

Case Res Ram Da

1 1000 1000 10�2

2 1000 100 10�6

3 1000 100 10�2

4 100 1000 10�2

5 100 1000 1
6 Darcy model 100 Darcy model
7 100 Regular fluid model Ra = 106 Regular fluid model
8 1000 1000 Da = 10�6

9 1000 1000 Da = 10�5

10 1000 1000 Da = 10�4

11 1000 1000 Da = 10�1

12 1000 1000 Da = 1
13 Darcy model 1000 Darcy model
14 1000 Regular fluid model Ra = 106 Regular fluid model
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2.3. Measure of the thermal response

The Nusselt number on the left wall which is used as a measure
to characterize the thermal response of the system is defined as:

NuLðY; sÞ �
hW

k
¼ 1

1� hAvgðY; sÞ
@hð0; Y; sÞ

@X
ð13Þ

where h is the local convection coefficient at the left wall and k is
the thermal conductivity of the fluid. The local average temperature
difference hAvg at a Y cross section is defined as:

hAvgðY ; sÞ ¼
Z 1

0
hðX;Y; sÞdX ð14Þ

The average Nusselt number of the left wall is defined as:

NuAvg ¼
Z s�þ2p

s�

Z 1

0
NuLðY; sÞdY ds ð15Þ

where s* is dimensionless time to reach the harmonic status. NuAvg

represents the heat transfer on the vibrating left wall and is used as
a parameter which characterizes the thermal response of the
system.
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Fig. 3. Percent difference in the obtained value of the Nusselt numb
3. Numerical methodology

The results for this study were mainly obtained by using Comsol
Multiphysics software. COMSOL uses the finite element method
with adaptive meshing and error control with various numerical
solvers. The solver is set as a time-dependent solver with a direct
linear system solver UMFPACK. The time-dependent solver is set
with an initial time step as 5 � 10�7% of one time period, 2p, and
maximum time step as 0.5% of 2p.

The non-uniformly distributed grid distribution used in this
work is shown in Fig. 2. Mesh distribution is developed and con-
trolled by the number of elements and the size ratio as shown in
Fig. 2. Size ratio is defined as the ratio of the length between the
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Table 3
Validation of Forchheimer-extended Darcy flow component of the current study and those by Ettefagh et al. [11], Prasad and Tutomo [1] and Lauriat and Prasad [24] for natural
convection within an enclosure.

K 1 55 11 5.5 1.1 0.55 0.11 0.05
Fs/Pr* 0 10�4 5 � 10�4 10�3 5 � 10�3 10�2 5 � 10�2 10�1

Nu
Present work 8.93 8.84 8.55 8.26 7.02 6.29 4.46 3.73
Ettefagh et al. [11] 8.98 8.92 8.67 8.44 7.24 6.46 4.55 3.8
Prasad and Tutomo [1] 9.27 9.17 8.84 8.52 7.51 6.36 4.67 3.87
Lauriat and Prasad [24] 8.96 8.9 8.6 8.45 7.31 6.56 4.6 3.82
Ram = 500 A = 1 Pr = 1 Forchheimer-extended Darcy flow model
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largest and smallest elements. Four sets of mesh distributions
were investigated in this study, as shown in Table 1 and dis-
played in Fig. 2. Mesh 1 is applied for most of the simulations
as it produces less than 0.7% difference compared to when mesh
2 is utilized as shown in Fig. 3a. For a subset of computational
Fig. 4. Comparison of temporal Nusselt number distribution at different Grashof and
simulations shown in Table 2, cases 8–14, a more refined mesh
distribution, mesh 3, was utilized. Comparing the differences be-
tween mesh 3 and mesh 4, as shown in Fig. 3b, it can be seen
that mesh 3 distribution can be used for this subset of computa-
tional runs.
vibrational Reynolds number on both walls with those by Khaled and Vafai [15].



Fig. 5. Effects of variations in the vibrational Reynolds number on the streamlines and isotherms for Pr = 1, c = 3, Ram = 1000, Da = 10�2, d = 0.9, r = 1, e = 4 for two time steps
at Res = 1, 10, 100, 1000 (a–d).

Table 4
Validation of the Brinkman-extended Darcy flow component of the current work with studies by Ettefagh at al. [11] and Prasad et al. [25].

Da 10�5 10�5 10�5 10�3 10�3 10�3

Ram 10 100 1000 10 100 1000

Nu
Present 1.076 3.026 12.32 1.05 2.42 7.17
Ettefagh et al. [11] 1.09 3.06 12.64 1.06 2.45 7.42
Prasad et al. [25] 1.07 3.02 12.42 1.05 2.41 7.29

A = 1 Pr = 1 Brinkman-extended Darcy flow model

2708 S. Chung, K. Vafai / International Journal of Heat and Mass Transfer 53 (2010) 2703–2714
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4. Validation and comparison

The results obtained from the current work are validated
against the previous works related to vibrational mixed convec-
tion, Forchheimer-extended, and also Brinkman-extended Darcy
models. For validation of vibrational mixed convection, there are
no studies that have investigated the presence of a porous med-
ium. The current work constitutes the first of such studies. The
work on buoyancy and vibration induced flow within an
Fig. 6. Effect of the obstructing medium on the streamlines and Isotherms for Pr = 1, c =
10�2, 1 (a–d).
open-ended channel by Khaled and Vafai [15] is used as one of
the sources of comparisons. Temporal Nusselt number distribution
at different Grashof and vibrational Reynolds numbers on both
walls are compared against the work of Khaled and Vafai [15] as
shown in Fig. 4. As can be seen the results are in very good
agreement.

For validation of Forchheimer-extended Darcy flow model, the
results for a rectangular enclosure are compared against those by
Prasad and Tuntomo [1], Ettefagh et al. [11], and Lauriat and Prasad
3, Ram = 1000, Res = 1000, d = 0.9, r = 1, e = 4 for two time steps at Da = 10�6, 10�4,



Fig. 7. Effect of variations Res, Ram, and Da on the average Nusselt number, NuAvg.
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[24]. The Forchheimer’s term is expressed as qFdffiffiffi
K
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2
p

ðûiþ v ĵÞ
and Fd = 0.074. The comparisons are done at various values of iner-
tial parameter K and Forchheimer number divided by the Prandtl
Fig. 8. Quantitative assessment of different flow regimes based on
number Fs/Pr*. As can be seen in Table 3, the results are in very
good agreement with the results of Ettefagh et al. [11].

An additional validation is presented for Brinkman-extended
Darcy flow model. In Table 4, the results from the present work
are compared against those given in Ettefagh et al. [11], and Prasad
et al.’s [25] works. The results are compared against a range of
modified Rayleigh, Ram and Darcy, Da numbers. Again a very good
agreement is observed.
5. Result and discussion

5.1. Vibrational effects

Fig. 5 shows the effect of variations in the vibrational Reynolds
number Res (1–1000) on the streamlines and the isotherms. It
should be noted that time step 1 (s = s* + 3/2p) is the time it takes
for the left wall to move up while aligned with the buoyancy force
and the time step 2 (s = s* + 11/6p) is the time it takes for the left
wall to move downward against the direction of the buoyancy
force. As Res increases from 1 (Fig. 5a), a vibrational induced flow
layer forms at the left wall during time step 2 which gradually
replaces the buoyancy induced flow layer at larger values of Res

and eventually (Fig. 5d with Res = 1000) occupies the whole
domain. It can also be seen that in the lower portion of the channel,
at higher values of Res, the vibrational induced flow changes from
reciprocating motion to a rotating motion.
variations in Res, Ram, and Da (Pr = 1, c = 3, d = 0.9, r = 1, e = 4).



Fig. 9. Three dimensional qualitative mapping of different flow regimes based on variations in Res, Ram, and Da (Pr = 1, c = 3, d = 0.9, r = 1, e = 4).
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At lower values of Res (Fig. 5a and b with Res = 1 and 10), the
dominant mode of heat transfer is by conduction, which is not
much affected by either buoyancy or vibration. At higher values
of Res a thermally stratified flow with a thinner thermal boundary
layer starts forming along the bottom portion of the channel. As
can be seen in Fig. 5, the rotating motion appears to induce an
enhanced heat transfer between the hot and cold walls. This recip-
rocating motion can have either an enhancing or suppressive effect
on the heat transfer across the channel.
5.2. Effect of the obstructing medium

Fig. 6 illustrates the effect of the obstructing medium through
the use of the Darcy number, Da in the range of 10�6 to 1. As can
be seen in Fig. 6, at higher values of the Darcy number, the vibra-
tional effect becomes more pronounced. The isotherms for
Da = 10�6 (Fig. 6a) shows a very thin thermal boundary layer due
to the presence of a dominant buoyancy induced flow. As the value
of Da increases to 10�4, the buoyancy force becomes weaker lead-
ing to a thicker thermal boundary layer as seen in Fig. 6b. This is
due to a lower value of Ra when increasing Da for a fixed value
of the modified Rayleigh number, Ram. As the Darcy number, Da,
is further increased, the thermal boundary layer becomes thicker,
while the vibrational effect becomes more pronounced leading to
a thermally stratified situation and formation of a vortex at the left
corner of the cavity as seen in Fig. 6c and d.
5.3. Effect of variations in Ram, Res, and Da on the heat transfer process

Fig. 7 displays the impact of variations in Ram, Res, and Da on the
average Nusselt number, NuAvg. As expected at a given Darcy num-
ber, an increase in either Ram or Res enhances the heat transfer
across the cavity. It should be noted that when the flow is domi-
nated by natural convection, the average Nusselt number, NuAvg,
increases as the Darcy number decreases for a fixed Rayleigh num-
ber, Ram. However, when the flow is dominated by vibrational
effects, Nusselt number, NuAvg increases as the Da increases.
5.4. Quantitative and qualitative assessment of different flow regimes
and non-Darcian attributes

NuAvg is used to characterize deviations between using a gener-
alized model with all the effects incorporated and an approximate
or a limiting case model. The error in using an approximate or lim-
iting case model, in place of the generalized model, is assessed as
follows:

Errorapproximate or limiting case model¼
Nuapproximate or limiting case model

Avg �Nugeneralized model
Avg

��� ���
Nugeneralized model

Avg

ð16Þ

If the error is below a threshold value of 5%, the difference between
the approximate or the limiting case model and the generalized
model is considered to be negligible.

Quantitative assessment of different flow regimes based on
variations in Res, Ram, and Da is presented in Fig. 8, while Fig. 9 dis-
plays a three dimensional qualitative mapping of these regimes.
Four distinct regimes are identified in these figures. These are: con-
duction dominated, vibration dominated, buoyancy dominated,
and mixed convection (vibration-buoyancy) dominated regions.
Buoyancy region indicates that within the set of parameters shown
in Figs. 8 and 9, the vibrational effect on NuAvg is less than 5%. Like-
wise, within the vibration dominated region set by parameters dis-
played in Figs. 8 and 9, the buoyancy effect on NuAvg is less than 5%.
Within the mixed region, both buoyancy and vibrational effects are
important while none of those effects are pertinent in the conduc-
tion dominated region. As can be seen, an increase in Da enhances
the vibrational effect, while decreasing Da enhances the buoyancy
effect.

Additionally, the quantitative assessment of different flow
regimes based on variations in Res and Ram for different values of
Pr and dimensionless frequency, c, are shown in Fig. 10. As can
be seen in Fig. 10, the vibration dominated region expands with
an increase in the Prandtl number, Pr. On the other hand, an
increase in the dimensionless frequency, c, leads to a shrinkage
of the vibration region.

Figs. 11 and 12 illustrate a quantitative assessment and a three
dimensional qualitative mapping of non-Darcian attributes,
respectively, based on variations in Res, Ram, and Da. Three basic



Fig. 10. Quantitative assessment of different flow regions based on variations in Ram and Res for (a) different values of Pr; (b) different values of c for d = 0.9, r = 1, e = 4.
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regions are categorized in each figure. These are: a region where
the use of Darcy’s law produces an error of less than 5%, a region
where the generalized equation should be used and a region where
the use of regular fluid model produces less than 5% error. As can
be seen in Figs. 11 and 12, the generalized region is sandwiched
between the Darcian and regular fluid regions. The generalized re-
gion expands as the vibrational Reynolds number, Res, and modi-
fied Rayleigh number, Ram, increase. This is due to stronger
interaction of the fluid with both the solid boundary and the
matrix.

6. Conclusion

Vibrational and buoyancy induced convection in an open-ended
obstructed cavity has been investigated in this work. The geometry
under consideration is based on a vertical channel with an open-
ended top and a vibrating left wall. The computational results for
vibrational effects in an unobstructed domain and natural convec-
tion in enclosures were validated against earlier works and were
found to be in very good agreement. It is shown that increasing
Res and/or Da enhances the vibrational effect and that high values
of Res lead to the formation of a vortex. As expected an increase in
Res and/or Ram results in an enhancement in heat transfer, while
the effect of Da depends on which of the mechanisms dominates
the system.

Effect of the obstructing medium as well as vibration in terms of
Res, Ram and Da on the heat transfer process is demonstrated. It is
shown that as the obstructing medium become more permeable,
the vibrational effect becomes more substantial leading to forma-
tion of a vortex at the left corner of the cavity for larger values of



Fig. 11. Quantitative assessment of non-Darcian attributes based on variation in Res, Ram, and Da (Pr = 1, c = 3, d = 0.9, r = 1, e = 4).

Fig. 12. Three dimensional qualitative mapping of non-Darcian attribution based on variations in Res, Ram, and Da (Pr = 1, c = 3, d = 0.9, r = 1, e = 4).
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Res. The quantitative and qualitative assessment of different flow
regimes and non-Darcian attributes are synthesized and four dis-
tinct regimes are identified and characterized in this work. Finally,
the qualitative mappings of the non-Darcian attributes are pre-
sented through the introduction of three basic regimes. This work
constitutes the first study of vibration induced mixed convection in
an open-ended obstructed cavity.
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