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Cooling augmentation using double layered (DL) microchannels separated by rotatable plates is investi-
gated in this work. The analyzed devices of the proposed configuration are (A) the flexible microheat
exchanger, and (B) the DL-flexible microchannel device. The moment of the pressure forces on the sep-
arating plate is related to its rotational angle through its flexible supports. Energy equations for the flow-
ing fluids are solved numerically using an iterative finite-difference method. Comparisons with obtained
closed-form solutions under fully developed conditions are performed and excellent agreement is
obtained. It is found that the effectiveness and the heat transfer rate per unit pumping power for the flex-
ible microheat exchanger are always higher than that for the rigid one. Moreover, DL-flexible microchan-
nels devices are found to provide more cooling effects per unit pumping power than rigid ones at flow
Reynolds numbers below specific values, and at stiffness number and aspect ratio above certain values.
These specific values are found to vary with the magnitude of the heating load. DL-microchannels with
rotatable separating plates can be utilized in several applications such as electronic cooling.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Many electronic devices incorporate large integration density of
chips in a small area such as VLSI components. These devices con-
sume large amount of electrical energy which is dissipated as heat.
The amount of dissipated heat is usually very large and can be
more than 100 W/cm2 [1]. As such, conventional cooling
technologies may not work. Recent developments in microfabrica-
tion technologies have enabled readily accessible fabrication of
microchannel heat sinks primarily for cooling of electronic compo-
nents [2–8]. These devices can be arranged in a single layered (SL)
micro-passages such as those described in the works of Lee and Va-
fai [9] and Fedorov and Viskanta [10]. In addition, they can be ar-
ranged in double layered (DL) microchannel passages which was
invented and reported by Vafai and Zhu [11]. DL-microchannels
are found to provide additional cooling capacity and they can de-
crease the coolant temperature gradients along the microchannel
length. It should be mentioned that SL-microchannel heat sinks
can be either single microchannel system [12] or multiple micro-
channel system [9]. Microchannels can have a wavy shape [13]
in order to enhance heat transfer. The successive developments
in microchannels technologies have revealed certain designs that
are capable to increase fluid mixing within the fluid volume hence
increasing the heat transfer passively [14].
ll rights reserved.

: +1 951 827 2899.
The main disadvantage of conventional microchannel cooling
devices is the increased coolant temperature as very large heating
loads are dissipated by a relatively small coolant flow rates. As
such, Vafai and Zhu [9] proposed the DL-microchannels heat sink
devices. Another solution is to utilize flexible microchannels. These
types of microchannels which were developed in the works of
Khaled and Vafai [15–17] and Vafai and Khaled [18] reduce the
coolant temperature because volumes of both the flow passage
and the supporting seals are expandable. This effect causes an in-
crease in the coolant flow rate. The volume expansion in flexible
microchannels is due to pressure forces. These forces can be due
to an increase in the pressure drop across the microchannel [18].
Also, it can be due to gas pressure if the supporting seals contain
closed gas-cavities in contact with the heated surface. As such,
any increase in the gas pressure due to excessive heating produces
extra expansion in the volume [15,17]. As the expansion in the flow
passage volume may result in slight reduction in the convection
heat transfer coefficient [18], a new configuration of DL-flexible
microchannels device is considered here.

In this work, a DL-microchannel cooling device with rotatable
separating plate is proposed and analyzed for possible augmenting
in the cooling effects. The separating plate is assumed to be sup-
ported via anti-leaking flexible seals. The only allowable motion
for that plate is the rotational motion about a pivot rod. This rod
is taken to be aligned along the microchannel center line normal
to its sides boundaries. Two different devices based on the above
configuration are considered. They are (A) the flexible micro heat
exchanger and (B) the heated DL-flexible microchannel device.

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2011.02.054
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Nomenclature

Ad maximum relative displacement of the separating plate,
d/Ho

Ak cold to hot fluids thermal conductivities ratio, kc/kh

Al cold to hot fluids dynamic viscosities ratio, lc/lh

Aq cold to hot fluids densities ratio, qc/qh

Cc, Ch cold and hot fluids thermal capacities per unit width
[W m�1 K�1]

d maximum displacement of the separating plate [m]
Eo dimensionless elastic parameter defined in Eq. (11)
H microchannel height [m]
�H microchannel dimensionless height defined in Eq. (1)
Ho half main microchannel height [m]
h convection heat transfer coefficient [W m�2 K�1]
K stiffness of the supporting seals per unit separating

plate width [N]
Ka stiffness number defined in Eq. (30)
k thermal conductivity [W m�2 K�1]
L microchannel length [m]
Nu local Nusselt number defined Eqs. (47), (48) and (62)
Pt total ideal pumping power requirement [W m�1]
p mean pressure [N m�2]
q0 heat transfer rate per unit width [W m�1]
Pr Prandtl number, lcp/k
Re Reynolds number, quhHo/l
T temperature field [K]
Tm mean bulk temperature [K]
U local overall heat transfer coefficient [W m�2 K�1]
Ue equivalent overall heat transfer coefficient [W m�2 K�1]
u velocity field [m s�1]
�u dimensionless velocity field defined in Eqs. (19) and

(20)

x axial micro-passage coordinate [m]
�x dimensionless axial micro-passage coordinate defined

in Eqs. 3(c, d)
y transverse micro-passage coordinate [m]
�y dimensionless transverse coordinates defined in Eqs.

18(a, b)

Greek symbols
e effectiveness of the heat exchanger defined in Eq. (43)
ec, eh effectiveness of cold and hot fluids flows defined in Eqs.

(35) and (36)
c1c2 first and second performance indicators defined in Eqs.

(44) and (64)
ks dimensionless maximum heated plate temperature de-

fined in Eq. (63)
l fluid dynamic viscosity [kg m�1 s�1]
h dimensionless temperature defined in Eqs. 18(c, d)
hm mean bulk dimensionless temperature defined in Eqs.

(41) and(42)
P dimensionless ideal pumping power requirement de-

fined in Eq. (33)
q fluid density [kg m�3]

Subscripts
1 inlet
2 exit
c cold fluid
fd thermally fully developed
h hot fluid
m mean value

Inlet cold fluid port 

Exit cold fluid port 

a
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The linear elasticity theory [19] is applied to flexible seals support-
ing the separating plate to relate the moment of the pressure forces
on that plate to its rotational angle. The energy equations for both
fluids are solved numerically for general conditions and analyti-
cally under special conditions. As such, the effectiveness of the
flexible micro heat exchanger (device A) and other performance
indicators for both devices (A) and (B) are calculated. The advanta-
ges of the proposed device in cooling attributes over the perfor-
mance of the DL-rigid microchannel device are examined.
Inlet hot fluid port 

Pivot rod Exit hot fluid port 

Separating plate 
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Ho
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Fig. 1. (a) 3D view of the DL-microchannel device with rotatable separating plate,
and (b) side view schematic of the device and the coordinate system.
2. Problem formulation

2.1. Modeling of the maximum relative displacement of the moving
plate

Consider a wide microchannel of height 2Ho which is much
smaller than its length L. Consider that this microchannel is di-
vided into two identical microchannels by a highly conductive
and inflexible separating plate mounted about a pivot axis (O).
The pivot axis is taken to be a rod aligned along the normal center-
line axis of the device as seen in (Fig. 1). Accordingly, the allowable
motion of the separating plate is the rotational motion about that
pivot axis. Two fluids at different temperatures are allowed to flow
in counter-direction inside the lower and upper microchannels.
The hot fluid which is at temperature Th1 enters the lower micro-
channel and flows towards the left direction along the xh-axis as
shown in Fig. 1. However, the cold fluid which is at temperature
Tc1(Tc1 < Th1) is allowed to flow in the upper microchannel towards
right direction along and the xc-axis as shown in Fig. 1. The heights
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of the microchannels denoted by Hh,c(Hh and Hc) vary with the axial
coordinates according to the following relationships [20]:

Hh;cð�xh;cÞ �
Hh;cð�xh;cÞ

Ho
¼ 1þ Adf1� 2Ar�xh;cg: ð1;2Þ

The subscript ‘‘h’’ stands for the hot fluid while the subscript ‘‘c’’
stands for the cold fluid. The parameters Ad, Ar and the dimension-
less variable �x are the maximum relative displacement of separating
plate, the aspect ratio and the dimensionless axial coordinate,
respectively. They are given by

Ad ¼
d

Ho
; Ar ¼

Ho

L
; �xh;c ¼

xh;c

L
; ð3a-dÞ

where d is the maximum displacement of the separating plate
The width of the microchannel is taken to be much larger than

its height in order to have enough pressure forces to cause rotation
of the separating plate. As such, the two-dimensional flow model
[18] is adopted here and the steady state Reynolds equations for
the microchannels are given by

d
dxh;c

H3
h;c

dph;c

dxh;c

� �
¼ 0; ð4;5Þ

where ph and pc are the mean pressures inside the lower and upper
microchannels, respectively. The solution to Eqs. (4) and (5) can be
arranged in the following form:

ph;cð�xh;cÞ � ph1;c1

ph2;c2 � ph1;c1
¼

1� 1þAd

Hð�xh;cÞ

� �2

1� 1þAd
1�Ad

� �2 ; ð6;7Þ

where ph1 and ph2 are the inlet and exit pressures of the hot fluid,
respectively. Moreover, pc1 and pc2 are the inlet and exit pressures
of the cold fluid, respectively.

We allow the motion of the separating plate to be restrained by
the stiffness effect of the elastic seals supporting it [18]. As such,
the net moment of pressure forces applied on that plate about
the pivot axis per unit width,

P
M0

o, is equal toX
M0

0 ¼ K tan�1ð2d=LÞ; ð8Þ

where K is the stiffness of the supporting seals per unit width of the
separating plate. When Ar < 0.05 as in microchannel applications,
the rotational angle which is equal to tan�1(2d/L) can be approxi-
mated by the value (2d/L). Also it should be noted that

P
M0

o is
equal to the following expression when Ar < 0.05:

X
M0

0 ¼
Z L

0
phfL=2� xhgdxh �

Z L

0
pcfxc � L=2gdxc: ð9Þ

Substituting Eq. (9) into Eq. (8) while utilizing Eqs. (6) and (7) and
solving Eq. (8) yields the following relationship:

1� 1þAd
1�Ad

� �2
� �

A2
d

1þAd

n o
1þAd
2Ad

� �
ln 1þAd

1�Ad

� �
� 1

1�Ad

� � ¼ Eo; ð10Þ

where Eo is the dimensionless elastic parameter which is equal to

Eo ¼
ðph1 � ph2Þ þ ðpc1 � pc2Þ

4KAr=L2 : ð11Þ

It is difficult to obtain the inverse of Eq. (11) analytically.
However utilizing statistical softwares, Ad is correlated to Eo by
the following functional form:

Ad ¼
a1 þ a2Eo þ a3E2

o þ a4E3
o þ a5E4

o

1þ a6E4
o þ a7E4

o þ a8E4
o þ a9E4

o

: ð12Þ
The following a1–a9 coefficients were found to produce the correla-
tion coefficient R2 = 1.0 for 999 equally spaced Ad-values (maximum
deviation of Ad from exact is 1.48% at Ad = 0.001):

a1 ¼ �1:59176� 10�5; a2 ¼ 0:166851; a3 ¼ 0:0661679;

a4 ¼ 0:0161819; a5 ¼ 0:00150295; a6 ¼ 0:399939;

a7 ¼ 0:116314; a8 ¼ 0:0192561; a9 ¼ 0:00150283;

ð13a-iÞ
2.2. Modeling of flow and heat transfer inside the two microchannels

Both fluids are considered to be Newtonian fluids having con-
stant average properties though compressible fluids can be used
in microchannel applications [21]. The momentum and energy
equations inside each microchannel are given by [18]:

0 ¼ �
dph;c

dxh;c
þ lh;c

@2uh;c

@y2
h;c

; ð14;15Þ

qh;cðcpÞh;cuh;c
@Th;c

@xh;c
¼ kh;c

@2Th;c

@y2
h;c

; ð16;17Þ

where l, u, T, q, cp and k are the dynamic viscosity of the fluid,
velocity field, temperature field, fluid density, fluid specific heat
and the fluid thermal conductivity, respectively. Define the follow-
ing dimensionless variables:

�yh;c ¼
yh;c

Hðxh;cÞ
; hh;c ¼

Th;cð�xh;c; �yh;cÞ � Th1;c1

Tc1;h1 � Th1;c1
: ð18a-dÞ

The dimensionless velocity fields �uh;cð�yh;cÞ are obtained by solving
Eqs. (14) and (15). This will result

�uh;cð�yh;cÞ ¼
uh;cð�xh;c; �yh;cÞ
uhm;cmð�xh;cÞ

¼ 6�yh;cð1� �yh;cÞ ð19;20Þ

The mean velocities uhmð�xhÞ and ucmð�xcÞ are related to pressure gra-
dients inside the microchannels according to the following
relationships:

uhm;cmð�xh;cÞ ¼
�H2

o

12lh;c

dph;c

dxh;c
Hh;cð�xh;cÞ
� 	2 ¼ uhmo;cmo

Hh;cð�xh;cÞ
CF; ð21;22Þ

where uhmo and ucmo are the mean velocities of the hot and cold flu-
ids when d = 0, respectively. The quantities uhmo and ucmo and the
mean velocities correction factor CF are given by

uhmo;cmo ¼
1

12lh;c

Dph;c

L

� �
H2

o ; ð23;24Þ

CF ¼ 4Adð1þ AdÞ2

1þAd
1�Ad

� �2
� 1

; ð25Þ

where Dph = ph1 � ph2 and Dpc = pc1 � pc2.
Imposing the variables given in Eqs. (3) and (18), on Eqs. (16)

and (17) results in the following dimensionless equations:

Reh;c Prh;cðCFÞ�uh;cHh;c
@hh;c

@�xh;c
¼ @

2hh;c

@�y2
h;c

; ð26;27Þ

where Re and Pr are the Reynolds number and the Prandtl number,
respectively. The Reynolds numbers are defined based on the fol-
lowing expressions:

Reh;c ¼
qh;cuhmo;cmoHo

lh;c
ð28a;bÞ

The dimensionless parameter Eo can be expressed in terms of
the flow Reynolds numbers as follows:
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Eo ¼
3

A4
r Ka

Aq

A2
l

 !
Reh þ Rec

( )
; ð29Þ

where Ka, Aq and Al which are given below are the dimensionless
stiffness number, cold to hot fluid density ratio and cold to hot fluid
dynamic viscosity ratio, respectively:

Ka ¼ K
l2

c
=qc; Aq ¼

qc

qk
; Al ¼

lc

lk
: ð30-32Þ
2.3. The ideal total pumping power requirement

The total ideal pumping power requirements, Pt, can be
expressed in terms of the dimensionless parameters as follows:

P � Pt

l3
c=ðq2

c H2
oÞ
¼ Dph _mh=qh þ Dpc _mc=qc

l3
c=ðq2

c H2
oÞ

¼ 12
Ar

Re2
c þ

A2
q

A3
l

 !
Re2

h

( )
CF;

ð33Þ

where _mh and _mc are the mass flow rate of hot and cold fluids,
respectively.

2.3.1. Case (A): insulated DL-microchannels with rotatable separating
plate (flexible micro heat exchanger case)

The boundary conditions for this case are given by

hhð�xh ¼ 0; �yhÞ ¼ 0; hcð�xc ¼ 0; �ycÞ ¼ 0 ð34a;bÞ

hcð�xc ¼ 1=Ar � �xh; �yc ¼ 1Þ ¼ 1� hhð�xh; �yc ¼ 1Þ; ð34cÞ

@hh

@�yh






�xh ;�yh¼1:0

¼ Ak
Hhð�xhÞ

Hcð�xc ¼ 1=Ar � �xhÞ

( )
@hc

@�yc






�xc¼1=Ar��xh ;�yc¼1:0

; ð34dÞ

@hh

@�yh






�xh ;�yh¼0

¼ @hc

@�yc






�xc ;�yc¼0

¼ 0; ð34e; fÞ

where Ak = kc/kh. For this case, the effectivenesses of the hot and
cold fluids, eh and ec are defined as follows:

eh;c �
q0

_mh;cðcpÞh;cðTh1 � Tc1Þ
¼ q0

ðqcpÞh;cuhm;cmHh;cðTh1 � Tc1Þ
;

ð35;36Þ

where q0 is the rate of heat transfer between the two fluids per unit
width. Recall that q0 is given by

q0 ¼ ðqcpÞhuhmHhfTh1 � Thm2g ¼ ðqcpÞcucmHcfTcm2 � Tc1g; ð37;38Þ

where Thm2 and Tcm2 are the mean bulk temperature at the exit of
the hot and cold fluids, respectively. The mean bulk temperatures
are given by:

Thm;cm ¼
Z Hh;c

0

uh;c

uhm;cm

� �
Th;cdyh;c: ð39;40Þ

In terms of the dimensionless parameters, the parameters eh and ec

are given by

eh;c ¼ hhm;cmð�xh;c ¼ 1=ArÞ ¼
Z 1

0
�uh;cð�yh;cÞhhð�xh;c ¼ 1=Ar; �yh;cÞd�yh;c:

ð41;42Þ

Accordingly, the effectiveness of the micro heat exchanger, e, which
is the maximum value of eh and ec [22] can be expressed by

e ¼
eh if eh > ec

ec if ec > eh

�
ð43Þ

Lets define the first performance indicator, c1, as the ratio of the rate
of heat transfer between the two fluids per its ideal total pumping
power requirement to that of the rigid micro heat exchanger (case
with Eo = 0). This can be expressed by

c1 ¼
e

eEo¼0

� �
CF

Pt jEo
¼ 0

Pt

� �
¼ e

eEo¼0
: ð44Þ

The local hot and cold flows convection heat transfer coefficients hh

and hc, respectively, are defined as

hh;c Thm:cmðxh;cÞ � Th:cðxh;c; yh;c ¼ Hh;cÞ
� 


¼ �kh;c
@Th;c

@yh;c






xh;c ;yh;c¼Hh;c

:

ð45;46Þ
Thus, the local hot and cold section Nusselt numbers Nuh and Nuc

are equal to

Nuh;c �
hh;cHh;c

kh;c
¼ 1
fhhm;cmð�xh;cÞ � hhð�xh;c; �yh;c ¼ 1Þg �

@hh;c

@�yh;c






�xh;c ;�yh;c¼1

 !

ð47;48Þ
2.3.1.1. Approximate analytical solution for fully developed condi-
tions. Under fully developed conditions, axial gradient of the tem-
perature difference across any section of the flexible micro heat
exchanger can be considered to be very small. Accordingly,
Nuh ffi Nuc ffi Nufd = 2.695 [23]. The latter number is for the case of
laminar flow between an insulated plate and a plate subject to a
constant heat flux. The heat transfer rate across a differential ele-
ment within the flexible micro heat exchanger containing both flu-
ids is given by:

dq0 ¼ �ChdThm ¼ �CcdTcm ¼ UfThm � Tcmgdxh

¼ Thm � Tcm

ð1=hhÞ þ ð1=hcÞ

� �
dxh; ð49a-dÞ

where Ch = qh(cp)huhmHh and Cc = qc(cp)cucmHc. Note that U is the
overall heat transfer coefficient. In terms of dimensionless parame-
ters, Eq. 49(c) can be expressed as

dq0 ¼ Nufd

HhfAk � 1g þ 2

( )
Thm � Tcm

Ho=kc

� �
dxh: ð50Þ

The differential of the mean bulk temperatures difference across
any section can be obtained using Eqs. 49(a–c) as

dðThm � dTcmÞ
Thm � Tcm

¼ � 1
Ch
� 1

Cc

� �
Nufdkc=Ho

HhfAk � 1g þ 2

( )
dxh: ð51Þ

Integrating both sides of Eq. (51) over the micro heat exchanger
length results in the following expression:

Thm2 � Tc1

Th1 � Tcm2
¼

Ak þ 1þAd
1�Ad

n o
1þ Ak

1þAd
1�Ad

n o
0
@

1
A

U

: ð52Þ

The power U is given by

U ¼ Ak

Peh
� 1

Pec

� �
Nufd

2ArAdðAk � 1ÞCF

� �
: ð53Þ

Using Eqs. (35) and (52) eh can be represented as

eh ¼
1� Ak þ 1þAd

1�Ad

n o� �.
1þ Ak

1þAd
1�Ad

n o� �n oU

1� Peh
AkPec

� �
Ak þ 1þAd

1�Ad

n o� �n .
1þ Ak

1þAd
1�Ad

n o� �oU : ð54Þ

Similarly, using Eqs. (36) and (52), ec can be represented as

ec ¼
1� Ak þ 1þAd

1�Ad

n o� �n .
1þ Ak

1þAd
1�Ad

n o� �oU

AkPec
Peh

� �
� Ak þ 1þAd

1�Ad

n o� �n .
1þ Ak

1þAd
1�Ad

n o� �oU : ð55Þ
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Lets introduce e = MAX(eh, ec), as the nominal definition of the coun-
ter flow micro heat exchanger effectiveness [22], given by

e ¼ 1� expð�NTU½1� C��Þ
1� C� expð�NTU½1� C��Þ : ð56Þ

Accordingly, NTU will be the equivalent number of transfer units
which is given by

NTU ¼ UeL
qcpumo
� �

minHoCF
; ð57Þ

where Ue is the equivalent overall heat transfer coefficient. Note
that C⁄ = Cmin/Cmax where Cmin and Cmax are the minimum and max-
imum values of Ch and Cc values, respectively. Utilizing Eqs. (54) and
(55), the following relationship can be obtained:

Ue

ðUeÞKa!1
¼ 1

2AdðCFÞ

� �
1þ Ak

1� Ak

� �
ln

Ak þ ð1þ AdÞ=ð1� AdÞ
1þ Akð1þ AdÞ=ð1� AdÞ

� �
:

ð58Þ
2.3.2. Case (B): DL-microchannels with rotatable separating plates
subject to uniform heat flux, q00s , from below

The boundary condition given by Eq. 34(e) is changed for this
case to the following:

@hh

@�yh






�xh ;�yh¼0

¼ Aq00Hhð�xhÞ; ð59Þ

where Aq00 is the dimensionless heat flux parameter which can be
presented as

Aq00 ¼
q00s Ho

khðTh1 � Tc1Þ
: ð60Þ

The local convection heat transfer coefficient for the heated plate
side, hs, is defined as

hsfThðxh; yh ¼ 0Þ � ThmðxhÞg ¼ q00s : ð61Þ

Thus, the local Nusselt number for the heated plate side, Nus, can be
presented as

Nus �
hsHhð�xhÞ

kh
¼ �Aq00Hhð�xhÞ
fhhð�xh; �yh ¼ 0Þ � hhmð�xhÞg

: ð62Þ

An important indicator for this case is the ratio of the difference be-
tween the maximum heated surface temperature and inlet cold
fluid temperature to the difference between the hot and cold inlet
temperatures. This ratio, which is represented by ks, is

ks �
½Thðxh; yh ¼ 0Þ�max � Tc1

Th1 � Tc1
¼ 1� ½hhð�xh; �yh ¼ 0Þ�min: ð63Þ

Defining the second performance indicator, c2, as the ratio of ks-va-
lue for the present heated DL-flexible micorchannel to that for the
conventional rigid one (case with Ka ?1) when both operated un-
der the same ideal pumping power, it can be presented by

c2 �
ks

ksjK!1

� �




Pt

: ð64Þ

The relation between the hot fluid Reynolds number for the present
case, Reh, and that for the conventional rigid one, Rehr, that satisfies
the constraint of Eq. (64) is given by

Reh ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

CF
� 1

� � A3
l

A2
q

 !
Re2

c þ
Re2

hr

CF

vuut ; ð65Þ

when both microchannels have the same cold flow Reynolds num-
ber. Equation (65) can be solved by an iteration procedure, as CF is a
function of both Rec and Reh.
3. Numerical methodology

Eqs. (26) and (27) which are coupled through their boundary
conditions given by Eqs. 34(c,d), are solved numerically using an
iterative method. The implicit-finite-difference method given by
Blottner [24] is utilized for the present problem. These equations
were discretized using three-points central differencing quotients
for the first and second derivative terms with respect to �yh and
�yc directions and an attempt was made to create a stable implicit
finite difference scheme [25]. For the first derivative with respect
to �xh and �xc directions, two points backward differencing quotients
was used. The finite difference equations for Eqs. (26) and (27)
along with their boundary conditions for the flexible microheat ex-
changer case are given by

Reh;cPrh;cCFðHh;cÞið�uh;cÞj
ðhh;cÞi;j � ðhh;cÞi�1;j

D�xh;c

� �

¼
ðhh;cÞi;j�1 � 2ðhh;cÞi;j þ ðhh;cÞi;jþ1

D�y2
h;c

; ð66;67Þ
ðhhÞi¼1;j ¼ ðhcÞii¼1;jj ¼ 0;

ðhhÞi;j¼N ¼ 1� ðhcÞii¼M�iþ1;jj¼N;

ðhhÞi;j¼N ¼ AkðHhÞi
ðhcÞii¼M�iþ1;jj¼N � ðhcÞii¼M�iþ1;jj¼N�1

ðHcÞii¼M�iþ1

( )
þ ðhhÞi;j¼N�1;

ðhhÞi;j¼1 ¼ ðhhÞi;j¼2; ðhcÞii;jj¼1 ¼ ðhcÞii;jj¼2;

ð68a-fÞ

where (i, j) and (ii, jj) are the location of the discretized points in the
numerical grids for the lower and upper microchannels, respec-
tively, and D�xh and D�xc are the distances between the two consecu-
tive i and ii vertical lines in the numerical grid, respectively, and D�yh

and D�yc are the distances between the two consecutive j and jj hor-
izontal lines in the numerical grid, respectively.

The resulting tri-diagonal systems of algebraic equations ob-
tained from discretizing Eqs. (66) and (67) at a given i and ii-sec-
tions, respectively, were solved using the Thomas algorithm [24].
The solution was based on an initial estimate of the temperature
at the separating plate, (hh)i,j=N. The same procedure was repeated
for the consecutive i and ii values while the temperatures at the
separating plate were corrected using Eq. 68(d). The numerical re-
sults were compared with the analytical solution given earlier. An
excellent agreement was found between the numerical and analyt-
ical results.

In what follows, both hot and cold fluids are taken to be liquid
water. The maximum cold flow Reynolds number was taken as
Rec = 33. This corresponds to a cold flow mean velocity of
ucm = 0.11 m/s when the average height of the microchannel is
Ho = 300 lm. The maximum stiffness number was taken as
Ka = 120 � 106. This corresponds to supporting seals stiffness per
unit separating plate width of K = 0.12 N.
4. Results and discussion

4.1. Effect of Eo on the maximum relative displacement and CF-
correction factor

The variations of the maximum displacement of the separating
plate (Ad) and the mean velocity correction factor (CF) with the
dimensionless elastic parameter, Eo, are shown in Fig. 2. The elastic
parameter increases as the stiffness of the separating plate de-
creases. This effect increases the separating plate rotation causing
an increase in Ad. As can be seen, the CF-mean velocity correction
factor decreases as Eo increases. This effect is clearly seen in Fig. 2.
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Fig. 2. Effects of the elastic parameter Eo on Ad and CF.
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4.2. Flexible micro heat exchanger case

4.2.1. Nusselt number distributions and the validity of the analytical
solution

Effects of the dimensionless axial distance (�x) and the aspect ra-
tio (Ar) on the hot and cold fluid local Nusselt numbers (Nuh, Nuc),
respectively, are illustrated in Fig. 3. This figure is presented for the
case when both fluids have the same thermal capacitance (Re-
hPrh = AkRecPrc). For long microchannels such as when 1/Ar = 60,
both Nuh and Nuc converge to a constant value for most of �xh-val-
ues. This value is very close to Nufd = 2.695. This corresponds to
the case of fully developed channel flow between an insulated
plate and a plate subject to constant heat flux. Thermal entry re-
gion effect is clearly seen in Fig. 3 for the case with 1/Ar = 10, cor-
responding to short flexible micro heat exchangers. For this case,
Both Nuh and Nuc decrease as distances from the inlet sections in-
crease as shown in Fig. 3.
4.2.2. Variation of effectiveness and first performance indicator with
Rec

The variation of the flexible microheat exchanger effectiveness
(e) with the cold fluid Reynolds number (Rec) is shown in Fig. 4.
Also, shown in Fig. 4 is a comparison between analytical and
numerical results. As it can be seen, there is an excellent agree-
ment between these results. The increase in Rec causes an increase
in the cold fluid thermal capacitance (Cc). As Rec approaches
Rec = 7.256 (when Reh = 15) or Rec = 12.0881 (when Reh = 25), the
value of Cc approaches Ch. This results in eh = ec and produces the
minimum effectiveness (e = emin) as shown in Fig. 4. If Rec < 7.256
(when Reh = 15) or if Rec < 12.0881 (when Reh = 25), the tempera-
ture difference for the cold fluid is larger than that for the hot fluid
thus, e = ec > emin. However, e = eh > emin if Rec > 7.256 (when
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Fig. 3. Effects of �xh and Ar on Nuh and Nuc for the flexible micro heat exchanger case.
Reh = 15) or if Rec > 12.0881 (when Reh = 25). Therefore, e decreases
as Rec increases until it reaches e = emin after which it starts to in-
crease as Rec increases as depicted in Fig. 5. For rigid micro heat
exchangers (K ?1), the effectiveness is smaller than that for the
flexible micro heat exchangers as shown in Fig. 4. It is noticed from
Fig. 5 that the first performance indicator (c1) is always larger than
one, indicating that the proposed flexible micro heat exchanger
transfers more heat than the rigid one under constant pumping
power. As such, the superiority of flexible micro heat exchangers
over rigid ones is established.

4.2.3. Variation of effectiveness and the first performance indicator
with Ka

The increase in the dimensionless stiffness number (Ka) is
accomplished by an increase in the supporting seals stiffness per
unit width of the separating plate (K). As Ka decreases, the separat-
ing plate supporting seals softness increases. As such, the separat-
ing plate maximum relative displacement (Ad) increases as Ka
decreases. As a consequence, velocities near the separating plate
in regions very close to the fluids exits increases. Also, expansions
of the microchannels near the inlet regions increase, which allow
the thermal boundary layers to develop further downstream. Thus,
convection heat transfer coefficients are expected to increase as Ka
decreases. As such, e increases as Ka decreases as can be seen in
Fig. 6. Similarly, it is noticed from this figure that c1 is always larger
than one and it increases as Ka decreases. Again, this estabilishes
the superiority of flexible micro heat exchangers over rigid ones.

4.2.4. Variation of the first performance indicator with aspect ratio
The increase in the microchannel length causes a decrease in

the aspect ratio. As such, the moment of the pressure forces across
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the separating plate increases. Thus, the maximum relative dis-
placement Ad increases which augments the first performance
indicator as shown in Fig. 7.

4.3. DL-flexible microchannel device

Fig. 8 shows that the second performance indicator (c2) is smal-
ler than one for the small cold flow Reynolds numbers. This is ex-
pected because large pressure drops which induce large Reynolds
numbers produce large moments of forces that can cause closing
of flows passages. This effect increases c2 significantly above one.
On the other hand, it is noticed from Fig. 9 that the second perfor-
mance indicator is smaller than one for large stiffness numbers.
Similar effects can be concluded for the role of the aspect ratio
on the second performance indicator as shown in Fig. 10. It is seen
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from Figs. 8–10 that c2 has local minimum near the switch points.
At these points, the increase in Rec or the decrease in both Ka and Ar

values cause the values of c2 to be larger than one. Therefore, the
superiority of the heated microchannels with rotatable separating
plates can be implied for moderate aspect ratios and moderate
Reynolds and stiffness numbers. Typical heated plate temperature
and Nusselt number distributions are shown in Fig. 11 for different
cold flow Reynolds numbers.

4.4. Feasibility of the microchannels with rotatable separating plates
devices

The inlet and outlet ports of the passages of the proposed device
can be drilled on the upper and lower plates as shown in Fig. 1(a).
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For this configuration, changes in inlet and exit heights with oper-
ating conditions have no influence on inlet and exit port dimen-
sions. Moreover, the expected leakage of fluid flow between the
passages of the proposed device can be controlled by having well
sealed separating plates using carefully designed soft seals. The
manufacturing of these kinds of seals which should exhibit high
softness, high strength and high anti-leaking sealant attributes is
possible considering the current advanced fabrication methods. Fi-
nally, the possibility of having deflected separating plate other
than that due to its rotation can be eliminated by having multiple
micro-passages system within each layer [9]. For this case, each
micro-passage is isolated against the other one by using sides
made of anti-leaking soft seals which provide an additional sup-
port to the separating plate.

5. Conclusions

Heat transfer inside DL-microchannels devices with rotatable
separating plates was considered in this work. Two different de-
vices having different boundary conditions are analyzed. These
are (A) the flexible micro heat exchanger and (B) the heated DL-
flexible microchannels device. The rotational angle of the separat-
ing plate is related to the moment of pressure forces acting on it
through the flexible supports. Appropriate forms of the coupled en-
ergy equations for both flows were solved using an iterative impli-
cit-finite-difference method. The numerical results for case (A)
were validated against obtained closed-form solutions based on
fully developed thermal conditions.

It was found out that flexible micro heat exchangers always
have a higher effectiveness than the rigid ones. Moreover, flexible
micro heat exchangers were found to transfer more heat than the
rigid ones operating under the same pumping power. Further, the
DL-flexible microchannels device (device B) was found to provide
more cooling effects per unit pumping power than the rigid devices
for flow Reynolds numbers below specific values. In addition, the
cooling attributes for device B were found to be better than those
for the heated DL-rigid microchannels device at stiffness numbers
and aspect ratios above certain values. These specific values were
found to vary with the heat load. DL-microchannels devices with
rotatable separating plates can be used in several applications such
as electronic cooling.
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