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Laminar and turbulent mixed convection heat transfer of water/Cu nanofluids in a rectangular shallow
cavity was studied utilizing a two-phase mixture model. The upper movable lid of the cavity was at a
lower temperature compared to the bottom wall. Simulations were performed for Grashof numbers of
105 (laminar flow) and 1010 (turbulent flow) for Richardson numbers from 0.03 to 30, and nanoparticle
volume fractions of 0.00e0.04. The two-dimensional governing equations were discretized using a finite
volume method. The effects of nanoparticle concentration, shear and buoyancy forces, and turbulence on
flow and thermal behavior of nanofluid flow were studied. The model predictions for very low solid
volume fraction (4 z 0) were found to be in good agreement with earlier numerical studies for a base
fluid. It is shown that for specific Grashof (Gr) and Richardson (Ri) numbers, increasing the volume
fraction of nanoparticles enhances the convective heat transfer coefficient and consequently the Nusselt
number (Nu) while having a negligible effect on the wall shear stress and the corresponding skin friction
factor.

� 2013 Elsevier Masson SAS. All rights reserved.
1. Introduction

Advances in nanofluids acting as a new heat transfer medium
have introduced new and exciting potentials. The commonworking
fluids used in industries such as water, ethylene glycol and oil
typically have lower thermal conductivity compared to metals and
metal oxides. By adding high-conductivity solid materials to base
fluids it is possible to enhance the mixture’s heat transfer perfor-
mance. The notion of adding micro-sized solid materials to base
fluidswas proposed decades ago. However, becausemicro-particles
have the tendency to settle in the suspension, it can result in po-
tential adverse effect. Additional problems could be that micro-
sized abrasive solid materials erode and corrode pipes and dam-
age pumps or other devices. Nanofluids comprised of nano-sized
particles suspended in base fluids could mitigate the issues of
erosion, corrosion, fouling and blocking. An increase in thermal
conductivity without causing a major pressure drop is a principal
advantage of nanofluids. As a result, the performance of numerous
heat transfer devices can be augmented, directly leading to the
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higher capacity of operating units. Nanofluids are also utilized in
electronic cooling applications [1].

The practical application of mixed convection heat transfer in
various areas such as solar collectors, double-layer glass, building
insulation, electronic cooling, food drying, and sterilization among
others, has been reported in literature. Mixed convection heat
transfer occurs in several ways. One way is to move the walls within
a cavity in the presence of hot or cold fluid. Shear stresses are thus
produced, forming hydrodynamic and thermal boundary layers in
the enclosed fluid, eventually leading to a forced convection con-
dition. Numerous studies have been conducted in this area. Among
the notable works are those by Khanafer and Vafai [2], Chung and
Vafai [3] and Sharif [4]. Another technique is to introduce hot or cold
fluid from one side through the isothermal walls, and have the fluid
exit from the other side. A number of researchers have imposed a
constant heat flux on the wall as the fluid passes through the
channel, and subsequently analyzed the heat transfer effect [5e9].

In recent years studies on nanofluid flow and heat transfer in
cavities and enclosures have attracted considerable attention. The
majority of studies focus on the laminar flow regime. Muthta-
milselvan et al. [10] employed a finite volume method to examine
the mixed convection heat transfer of Cu/water nanofluid in a lid-
driven rectangular cavity. Two of the cavity’s vertical walls were
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Nomenclature

AR aspect ratio
Kb Boltzmann constant (1.3807 � 10�23 J K�1)
x,y Cartesian coordinates (m)
H cavityheight (m)
Cu copper
df diameter of the base fluid molecule (m)
dp diameter of nanoparticle molecule (m)
Yþ dimensionless distance from the wall
Uþ dimensionless velocity
Yp distance from the wall-adjacent cell to the wall (m)
fdrag drag function
Gr Grashof Number ðgbmDTW3 y�2

m Þ
g! gravitational acceleration (m s�2)
h heat transfer coefficient (W m�2 K�1)
u mean velocity (m s�1)
n number of phases
Nu Nusselt Number ðhmWk�1

m Þ
Pr Prandtl Number ðyma�1

m Þ
P pressure (N m�2)
Ra Rayleigh Number (Gr Pr)
Vpf relative velocity (slip velocity) (m s�1)
Re Reynolds Number ðVmWy�1

m Þ
Ri Richardson Number (Gr Re�2)
a! Secondary-phase (Particle) acceleration (m s�2)
hk sensible enthalpy for phase k (J kg�1)
Cp specific heat capacity (J kg�1 K�1)
T Temperature (K)
t time (s)
Y the local coordinate normal to the wall
k thermal conductivity (W m�1 K�1)
K turbulent kinetic energy (m2 s�2)
Kp turbulence kinetic energy at the wall-adjacent cell

(m2 s�2)
Kt turbulent thermal conductivity (W m�1 K�1)
u,v velocities components in X and Y directions (m s�1)

_q wall heat flux (W m�2)
W Width of the cavity (m)

Greek symbols
r density (kg m�3)
3 dissipation rate of turbulent kinetic energy (m2 s�3)
m dynamic viscosity (Pa S)
y kinematics viscosity (m2 s�1)
sD Prandtl dispersion coefficient
am thermal diffusivity ðmmr�1

m Þ
b thermal expansion coefficient (K�1)
yt,m turbulent Eddy viscosity (m2 s�1)
sT turbulent thermal diffusivity (m2 s�1)
f volume fraction of nanoparticles
sw wall shear stress (Pa)

Subscripts
f base fluid
c cold wall
Dr drift
eff effective
h wall
Z indices
0 inlet conditions
lid lid
M mean
m mixture
np nanoparticles
P point P
W point W
F primary phase
rms root mean square
p secondary phase
T thermal
t turbulent
W wall
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insulated; the bottom horizontal wall’s temperature was main-
tained at Tc while the temperature of the top moving wall was Th.
Their results show that solid volume fraction and aspect ratio affect
heat transfer and fluid flow within the cavity. Also they found that
the average Nusselt number varies linearly with respect to solid
volume fraction.

Abu-Nada and Chamkha [11] investigated the steady natural
convection of CuOeEGewater nanofluid inside a rectangular
enclosure using a finite volumemethod. In their study, the Rayleigh
number varied from 103 to 105, the nanoparticle volume fraction
varied from 0% to 6%, and the aspect ratio varied from 0.5 to 2. Flow
streamlines and temperature contours were evaluated along with
the average and local Nusselt numbers. They found that at low
aspect ratios (AR), the average Nusselt number improved with an
increase in nanoparticle volume fraction.

Karimipour et al. [12] recently studied the periodic mixed con-
vection of copper/water nanofluid in a rectangular cavity with
AR ¼ 3. The examined cavity had two vertical adiabatic walls. The
temperature of the upper wall that oscillated at a speed of
U ¼ U0 � sin(ut) was less than the lower wall’s temperature. They
demonstrated that due to the oscillating wall, heat transfer
improved in the cavity. Khanafer et al. [13] investigated the un-
steady mixed convection of air in a sinusoidal lid-sliding cavity
utilizing finite element method. Their study indicated that the
Grashof and Reynolds numbers had a significant impact on the
nature and structure of flow in the cavity.

Oztop and Abu-Nada [14] analyzed the natural convection for
different nanofluids in a partially heated square enclosure. They
studied a wide range of Rayleigh numbers (103 � Ra � 5 � 105),
heater heights, heater locations, aspect ratios and solid volume
fractions. As expected they found that an increase in heater size and
Rayleigh number led to better heat transfer and fluid flow
throughout the cavity. In addition, they found that the nanofluid is
a key factor in heat transfer performance. They reported that the
copper/water nanofluid had the highest heat transfer rate among
the investigated cases.

Ghasemi and Aminossadati [15] used a finite volume method to
assess the free convection in an inclined square enclosure with two
insulated vertical walls and two horizontal walls at different tem-
peratures. Pure water and CuOewater with 0.01 � V � 0.04 were
used in their study. The Rayleigh number varied between 103 and
107 and the inclination angle ranged between 0 and 90� to examine
the impact of these factors on heat transfer and fluid flow in the
enclosure. They found that at low Rayleigh numbers where heat
transfer occurs mainly by conduction, the flow patterns and tem-
perature contours are similar at 30e90-degree inclination angles.
However, for Rayleigh numbers above 105, the temperature and
flow patterns at a 0-degree inclination angle are different from the
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other inclination angles. Ravnik et al. [16] investigated the 3D
natural convection flow using the boundary elements method. Air
and pure water served as the simple base fluids, while TiO2, Al2O3
and Cu nanoparticles suspended inwater acted as nanofluids. It was
demonstrated that utilizing nanofluids, the largest heat transfer
enhancements occurs in the conduction dominated regime.

Despite a lot of progress in computing power and experimental
techniques, the analysis of turbulent flows inside a cavity remains a
challenging topic in fluid mechanics. It is also rather difficult to
measure flow velocities at low speeds in enclosed boundary layers
with the presently available sensors and probes. Evenwith progress
in numerical methods such as DES, LES, and DNS, it is still difficult
to predict stratification in the core of a cavity.

The literature review indicates a lack of comprehensive studies
in turbulent mixed convection heat transfer of nanofluids inside
cavities. Most research works concern turbulent forced convection
or natural convection heat transfer inside tubes. For example, using
a numerical method and a single-phase model, Maiga et al. [17,18]
studied the laminar and turbulent forced convection heat transfer
of ethylene glycolegAl2O3 and water/gAl2O3 nanofluids in a heated
tube 1 m long. The results demonstrated that the ethylene glycole
gAl2O3 transfers more heat than the water/gAl2O3. However, in
another article, Maiga et al. [19] reported the negative forced
convection performance of nanofluids in a tube. The nanofluids also
increased the walls’ shear stresses, hence raising the pumping cost.

In a more recent study, Bianco et al. [20] examined the turbulent
forced convection heat transfer of water/Al2O3 nanofluids inside a
1 m-long tube with a diameter of 0.01 m, utilizing the two-phase
mixture model in FLUENT software. The aluminum oxide particles
had a 38 nm diameter. As expected, the highest heat transfer rate
for a given concentration was achieved at the largest Reynolds
numberwhile the increase in particle volume fraction amplified the
heat transfer.

Nguyen et al. [21] experimentally studied the heat transfer and
erosion/corrosion of the water/Al2O3 nanofluid with F ¼ 5% for an
impinging jet system. Their study showed that the surface heat
transfer coefficient improves significantly, but their erosion tests
demonstrated that nanofluids have the potential to cause prema-
ture wear of mechanical systems.

The presented literature survey suggests that nanofluids are an
effective coolant [22e24] but their possible corrosive nature [21]
requires additional investigations. In particular, the natural and
mixed convection heat transfer of nanofluids in a turbulent flow
regime is still not entirely understood. In the present study, laminar
and turbulent mixed convection heat transfer of dilute water/Cu
nanofluids in a cavity with an aspect-ratio of AR ¼ 0.1 is analyzed.
FLUENT software was used for the analysis. The formulas for
nanofluid properties and the top moving lid boundary condition
were introduced into the software via User Defined Functions
(UDFs). The RNG ke 3turbulence model was used for turbulent flow
analysis. The flow regime’s simulation results were weighed
against model validation results found in the literature. Particular
attention was paid to the laminar as well as turbulent mixed con-
vection of water/Cu nanofluids with different solid volume frac-
tions using the two-phase mixture model. The results from the
present studymay find applications for use as coolant fluids in solar
collectors and electronic devices [24].

2. Governing equations for laminar and turbulent nanofluids

Continuum theories for multiphasemixtures were developed by
Truesdell and Toupin [25], Eringen and Igram [26] and as of late,
Drumheller and Bedford [27] along with Ahmadi [28,29]. A ther-
modynamic formulation of mixture flows in a turbulent state was
developed by Ahmadi and Ma [30], Abu-Zaid and Ahmadi [31], and
Ahmadi et al. [32]. Applying the mixture theory for modeling
nanofluids was described by Shariat et al. [33] and Alikhani et al.
[34]. In this approach, a single fluid multiphase model was used in
the analysis. The underlying physical assumption is that the fluid
flow carries the nanoparticles. Therefore, the governing equations
for the mixture’s continuity, momentum, energy and turbulence
are employed for flow analysis. Mixture density is computed by
invoking the Boussinesq approximation for DT < 30 �C. It is
assumed the nanoparticles are spherical with a diameter of 10 nm
and move at the same mean velocity as that of the base fluid, while
other properties are assumed to be constant. The governing equa-
tions are [33e41]:
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Energy Equation:
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where

rmhm ¼
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Z¼1

ð4ZrZhZÞ (8)

and

keff ¼
Xn
Z¼1

4ZðKZ þ KtÞ (9)

RNG ke 3turbulence model:
Turbulent kinetic energy transport equation:



Table 1
Coefficients for RNG ke 3turbulent model [47].

Cm sk s 3 C1 C2 h0 b K

0.0845 1 1.3 1.42 1.68 4.38 0.012 0.41

Table 2
Thermophysical properties of the base fluid and Cu nanoparticles [48].

Copper (Cu) Water

r (kg m�3) 8933 997.1
k (W m�1 K�1) 400 0.613
Cp (J kg�1 K�1) 385 4179
b (K�1) 0.0000167 0.00021
m (Pa s) e 0.000891
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Dissipation of turbulent kinetic energy transport equation:
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The eddy viscosity obtained from PrandtleKolomogorov
relation:

yt;m ¼ Cmfm
K2

3
(12)

The turbulence kinetic energy production term, Pk, is given as:

PK;m ¼ yt;m
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The buoyancy term, Gk, is defined by:

GK;m ¼ �gb
yt;m
st

vT
vy

(14)

The R 3,m term in RNG ke 3model, is given as:

R 3;m ¼
Cm;mrmh3

�
1� h
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�
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where:

h ¼ SK
3

(16)

The constant C3, can be expressed as:

C3 ¼ tan
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!

m

u!m





 (17)

The main difference between the standard ke 3and RNG ke 3

method lies in the 3equation, in which the analytical formulas for
turbulent Prandtl numbers are improved. [43e46].

The constants for the RNG ke 3turbulence model in the above
relations are presented in Table 1 [47].

The local Nusselt number along the upper and bottomwalls and
the average Nusselt number can be calculated respectively as [4,12]:

Nuh ¼ �km
kf

�
vT
vY

�
Y¼0

(18)

Nuc ¼ �km
kf

�
vT
vY

�
Y¼1

(19)
NuM ¼ 1
W

ZW
0

Nux dx (20)

2.1. Nanofluid properties

The thermophysical properties of water (as base fluid) and
copper (as nanoparticles) are provided in Table 2. The nanofluid
properties can be obtained from the base fluid and nanoparticles’
properties. Nanofluid density and heat capacity are evaluated based
on the recommendations of Ramiar et al. [49] and Khanafer and
Vafai [50].

rm ¼ 4rnp þ ð1� 4Þrf (21)

�
rcp
�
m ¼ ð1� 4Þ�rcp�f þ 4

�
rcp
�
np (22)

With respect to thermal conductivity, Chon et al. [51] presented
a model which includes the effects of temperature, Brownian mo-
tion and sub-layer thickness [52]:

km
kf

¼ 1þ 64:7 40:746
�

df
dnp

�0:369 knp
kf

!0:7476

Pr0:9955Re1:2321

(23)

where Pr ¼ mf/rfaf and Re ¼ rfkbT/3pm2lf are the Prandtl and
Brownian Reynolds numbers, lf the base fluid’s mean free path
(0.17 nm for water) and m is the temperature-dependent viscosity of
the base fluid expressed as:

m ¼ O� 10
P

T�Q (24)

where O, P, and Q are constants. For water they are equal to
2.414 � 10�5, 247.8 and 140 respectively [52].

Masoumi et al. [53] suggested a new model for dynamic nano-
fluid viscosity that comprises the effects of temperature, mean
diameter of nanoparticles, volume fraction of nanofluid, density of
nanoparticles and the thermophysical properties of the base fluid
[33,49] as:

mm
mf

¼ 1þ rnpVBd2np
72Qd

(25)

where d ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp=64Þ3
p

dnp is the mean distance between the nano-

particles’ centers and VB ¼ 1=dnp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
18 kbT=prnpdnp

q
is the Brow-

nian velocity of nanoparticles. In Equation (25), Q ¼ (c14 þ c2)
dnpþ (c34þ c4) is the fitting parameter. The constants are evaluated
form the experimental data and are given as: c1 ¼ �1.133 e�6,
c2 ¼ �2.771 e�6, c3 ¼ 9.0 e�8 and c1 ¼ �3.93 e�7 [49].

The coefficient of thermal expansion can be computed from the
expression suggested by Khanafer et al. [54] and Abouali and
Ahmadi [55]:



Fig. 1. Schematic of analyzed configuration.

Fig. 2. Comparison of the local Nusselt number variations with previous works,
laminar mixed convection regime.
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3. Boundary conditions

A schematic of the configuration analyzed in the present study
along with the boundary conditions is shown in Fig. 1. The cavity’s
aspect ratio is AR ¼ H/W and AR ¼ 0.1 is the default value used in
the simulations unless otherwise specified.

The specific boundary conditions for the present study are:

vT
vy ¼ 0 u ¼ v ¼ 0 0 < y < 1 x ¼ 0

vT
vy ¼ 0 u ¼ v ¼ 0 0 < y < 1 x ¼ 10

T ¼ Th u ¼ v ¼ 0 0 < x < 10 y ¼ 0

T ¼ Tc v ¼ 0; u ¼ ulid 0 < x < 10 y ¼ 1

(27)

3.1. Wall function modeling

The standardwall functionwas described by Launder and Spalding
[56] and isused inAbedini et al. [57] as a semi-empirical formulabased
on the established properties of turbulence in the inertial sub-layer
near a wall. In this approach, the velocity at the first grid is given as:

Uþ ¼ 2:389 ln
�
9:793Yþ

�
(28)

where

Uþ ¼ UPC0:25
m K0:5

P
sw=r

yþ ¼ rYPC0:25
m K0:5

P
m

(29)

The logarithmic law for the mean velocity is valid for the range
11 � yþ � 300. When the meshes are in such a way that yþ � 11 at
the wall-adjacent cells, in the viscous sub-layer, the linear velocity
profile holds. That is,

Uþ ¼ Yþ

For the temperature boundary conditions:

Tþ ¼ rCPðTW � TPÞC0:25
m K0:5

P
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PrYþ
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Yþ > Yþ

T

� (30)

where

z ¼ 9:24
��

Pr
0:85

�0:75
� 1
	h
1þ 0:28e�0:007Pr=0:85

i
(31)

For the turbulence Ke 3model:
The boundary conditions for turbulent kinetic energy is given as

vK
vY

¼ 0 (32)

The corresponding turbulence kinetic energy production term is
given by:

Pkzsw
vu
vy

¼ sw
sw

0:4187rC0:25
m YpK0:5

P
(33)

At the wall-adjacent cells, the 3 equation is not solved. But
instead 3P is evaluated as [57]:

3P ¼ C0:75
m K1:5

p

kYp
(34)

4. Numerical method

In order to solve the partial differential equations that govern
nanofluid flow, the FLUENT commercial code e based on the finite
volume method ewas used. The finite volume method is a specific
case of the weighting residual method, where the computational
field is divided into finite control volumes as each node



Fig. 3. Boundary layer structure of vertical velocity profile along the hot wall, y/
H ¼ 0.5, comparison with the work of Ampofo and Karayiannis [65].

Table 3
Details of Ampofo and karayiannis’s study [65].

Rayleigh number 1.58 � 109

Length of cavity (m) 0.75
Wide of cavity (m) 0.75
Left wall temperature (�C) 50
Right wall temperature (�C) 10
Prandtl number 0.707

Table 4
Comparison of the local Nusselt number variations along top and bottomwalls, with
the work of Ampofo and Karayiannis [65].

X/L Ampofo and Karayiannis [65] Present study

Nu (bottom wall) Nu (top wall) Nu (bottom wall) Nu (top wall)

0.0133 75.0000 22.0000 75.0180 22.0080
0.0400 58.0000 18.0000 58.0230 18.0140
0.0800 40.0000 8.0000 40.0280 8.0190
0.1333 38.0000 5.0000 38.0330 5.0220
0.2000 36.0000 2.0000 36.0370 2.0250
0.2800 20.0000 �4.0000 20.0350 �3.9310
0.3600 16.0000 �8.0000 16.0310 �7.9190
0.5000 10.0000 �11.0000 10.0260 �10.8890
0.6400 8.0000 �18.0000 8.0220 �17.9360
0.7200 4.0000 �23.0000 4.0170 �22.9630
0.8000 1.0000 �31.0000 1.0120 �30.9710
0.8667 �12.0000 �35.0000 �11.9190 �34.9750
0.9200 �15.0000 �42.0000 �14.9310 �41.9780
0.9600 �19.0000 �55.0000 �18.9660 �54.9820
0.9867 �25.0000 �70.0000 �24.9720 �69.9880
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corresponds to a control volume. The differential equation is sub-
sequently integrated over each finite volume [57e61]. The second-
order upwind method was employed for the discretization of the
convective and diffusive terms, while the SIMPLEC procedure
[58,62,63] was selected for pressureevelocity coupling. The calcu-
lation concluded when the residuals for all equations dropped
below 10�7.

5. Numerical procedure validation

The validation of the present numerical solution is discussed in
this section. The simulation results are compared with the available
results from the literature. For this purpose, the limiting case of a
negligible amount of nanoparticles (4 ¼ 0.00001) was used.
Simulation results were found to be similar to those for pure liquid
as can be seen in Figs. 2 and 4. It was concluded that the numerical
method is highly reliable and accurate and can be used to predict
mixed convection heat transfer in a shallow rectangular cavity.
Fig. 4. Comparison of the local Nusselt number variations along the hot wall for
Ri ¼ 0.1 and Ra ¼ 109 with the work of Goshayshi et al. [61].
5.1. Laminar mixed convection validation

With the intention of validating the laminar mixed convection,
the results from this work were contrasted against those obtained
by Karimipour et al. [64] and Sharif [4]. These researchers had
investigated laminar mixed convection heat transfer of water in a
shallow lid-driven cavity with an aspect ratio of 0.2 [64] and 0.1 [4]
that was cooled from the bottom and heated from the top movable
wall. To compare with their work, calculations were performed for
0.001 � Ri � 100 [64] and 0.1 � Ri � 10 [4], and the Reynolds
number remained fixed at Re ¼ 408.21. The computed Nusselt
number was compared with the work of Karimipour et al. [64] and
Sharif [4], as shown in Fig. 2a and b which demonstrates an
excellent agreement between the present simulation results with
those of these researchers.

5.2. Turbulent natural convection validation

Ampofo and Karayiannis [65] have reported an experimental
study on turbulent natural convection of air inside a square cavity
which is used as a benchmark data for validation of numerical
models. Peng and Davidson [66] studied the same flow using the
LES, Omri and Galanis [67] used the SST keu and Hsieh and Lien
[68] used steady RANS Low-Re ke 3model and analyzed this flow.
Table 5
Grid independence tests for the laminar regime.

Number of grids 50 � 5 100 � 10 200 � 20

Average Nusselt number
at the hot wall for Ri ¼ 0.03

11.8452 14.29078 14.4521

Average Nusselt number
at the hot wall for Ri ¼ 1

3.2145 4.91902 4.9878

Average Nusselt number
at the hot wall for Ri ¼ 30

4.0021 4.23035 4.2706



Table 6
Grid independence tests for the turbulence RNG ke 3model.

Number of grids (Ri [ 0.03) 610 3 61 1190 3 119 1810 3 181
Average Nusselt number

at the hot wall for Ri ¼ 0.03
79.9632 83.4906 84.8087

Number of grids (Ri [ 1) 810 3 81 1600 3 160 2410 3 241
Average Nusselt number

at the hot wall for Ri ¼ 1
73.0002 76.41512 78.2130

Number of grids (Ri [ 30) 900 3 90 1750 3 175 2700 3 270
Average Nusselt number

at the hot wall for Ri ¼ 30
45.8736 49.38171 50.9201
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To validate the present numerical method, the problem, which
was studied by Ampofo and Karayiannis [65], is simulated using the
RNG ke 3turbulence model. The details of the computed Nusselt
number for the top and bottomwalls and comparisonwith the data
of Ampofo and Karayiannis [65], respectively, are shown in Tables 3
and 4. The vertical velocity profile near the hot wall, at mid-height
Fig. 5. Streamlines for laminar flow regime.

Fig. 6. Mean flow streamlines for turbulent flow regime.
of cavity which shows the features of a natural convection
boundary layer is illustrated in Fig. 3. These results show that the
present model simulations are in good agreement with the exper-
imental benchmark data.
5.3. Turbulent mixed convection validation

The current numerical procedure for solving turbulent mixed
convection was further compared with the results of Goshayshi
et al.’s [61] study on enclosed turbulent mixed convection. In that
work, laminar and turbulent mixed convection heat transfer of
water in a shallow lid-driven cavity with an aspect ratio of 0.1,
cooled from the bottom and heated from the topmovable wall, was
evaluated numerically using finite volume method. Calculations
were done for0.01� Ri� 100. The Rawas varied from 105 to 107 for
laminar flowand 109 to 1011 for turbulent flow, but to comparewith
their work, the Reynolds number remained fixed at 408.21 for
laminar flow and 40,821 for turbulent flow.



Fig. 7. Isotherms for laminar flow regime.

Fig. 8. Mean isotherms for turbulent flow regime.
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For Ri ¼ 0.1 and Ra ¼ 109 the computed turbulence Nusselt
number by Standard ke 3 and RNG ke 3 turbulence models is
plotted in Fig. 4 and contrasted with the results in Ref. [61]. This
figure illustrates a superior adaptation between the present
simulation results using Standard ke 3 turbulence model with
those of Goshayshi et al. [61] work. The small discrepancies
observed in this figure between the present work using RNG ke 3

turbulence model and Goshayshi et al. [61] work are due to the
differences between the employed turbulence models. However,
previous research works demonstrates higher accuracy for RNG ke
3turbulence model in comparison with the standard ke 3turbu-
lence model [69,70], especially in transition flows [71,72], swirl
flows [73,74], rapidly strained flows [75e77] and flow around a
curvature [78].

5.4. Grid independence

The computational domain was discretized via structured, non-
uniform grid distributions. The grid distribution is more refined in
the vicinity of walls with significant temperature and velocity gra-
dients. Several grid distributions were tested to assure that the
computational results are grid-independent. The grid independence
for each turbulencemodel andRiwasstudiedseparately. Tables 5 and
6 illustrate the result of the grid independence studies for F ¼ 0.02.



Fig. 9. Turbulence Intensity representation at Y/H ¼ 0.5 for different Richardson numbers.
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6. Results

The primary results for mixed convection within a rectangular
cavity with a top moving wall are presented in this section. A
pertinent dimensionless parameter here is the Richardson number,
which varies from 0.03 to 30. The Richardson number is a measure
of the ratio of natural convection to forced convection expressed as
Ri ¼ Gr/Re2. When Ri / N orRi / 0, the dominant heat transfer
mechanisms are free or forced convection, respectively [79]. The
Grashof number is set at 105 for laminar flow and 1010 for turbulent
flow. The volume fraction of nanoparticles ranges from 0.00 to 0.04.
For calculating the dimensionless parameters, distances are
normalized by the cavity lengthW, velocities are normalized by the
lid velocity Ulid, pressure is normalized by rmU2

lid and the temper-
ature is normalized as T � Tc/Th � Tc [4].

6.1. Streamlines and isotherms

Figs. 5e8 illustrate the streamline and isotherm contours inside
the cavity for different Richardson numbers and various nano-
particle volume fractions. In general, flow is generated by the
moving upper wall. A clockwise primary (coveringmost of the area)



Fig. 10. Turbulence Kinetics Energy diagram at Y/H ¼ 0.5 for different Richardson numbers.
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vortex is formed inside the cavity due to the movement of the
nanofluid near the upper wall. For laminar flow cases, Fig. 5 shows
that for high values of Ri, the stream function does not change
appreciably when the solid volume fractions changes.

When Ri ¼ 0.03 (Figs. 5aec) the flow field is shaped by a clock-
wise eddy next to the right wall; the shear-driven flow by the lid
strongly affects the sidewall and moves downwards. However, if Ri
increases and the solid volume fraction remains constant, the free
convection inside the cavity enhances, causing the core of primary
eddy to become smaller and slightly moves to left (Fig. 5dei).

Fig. 7 shows that in the laminar flow case and for Ri ¼ 30
(Fig. 7gei), the entire cavity is in a thermally stratified state which
is characterized by streamlines and isotherms that are almost
parallel lines in the horizontal direction, except for the streamlines
near the side walls. By increasing the shear force (increasing top
wall velocity), the stratification disappears to some extent for Ri¼ 1
(Fig. 7def) and is completely distorted for Ri ¼ 0.03 (Fig. 7aec).

For the turbulent flow case shown in Fig. 6, however, as Ri in-
creases the influence of the primary eddy diminishes markedly. At
Ri ¼ 0.03 (Fig.6aec) the flow field is entirely controlled by the
moving upper wall, and is also sensitive to magnitude of solid
volume fraction. In this case, there is a stagnant region at the bot-
tom left side of the cavity; the extent of this zone is reduced as the
solid volume fraction increases.



Fig. 11. Wall shear stress profiles for different solid volume fractions and Richardson numbers in the laminar regime.
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In case of mixed convection (Ri ¼ 1, Fig. 6def) where forced and
free convection coexist, the stretching of the main eddy increases
due to the cessation of free convection in the cavity with the
enhanced nanofluid effective viscosity. As a result the peak value of
the stream function decreases about 4 times compared with that
for Ri ¼ 0.03.

For the free convection with Ri ¼ 30 (Fig. 6gei) with the bot-
tom wall heated, the large eddy becomes denser, especially near
the top and bottom walls and the peak value of the stream func-
tion is about 3.5 times less than similar values for the mixed
convection state.
Among all cases studied, the strongest recirculation region was
observed for F ¼ 0.04 and Ri ¼ 0.03, which corresponds to the
highest heat transfer augmentation.

Furthermore, the isotherms for Ri ¼ 30 shown in Fig. 8gei
demonstrate the appearance of a thin thermal boundary layer
around the lower wall. Also in this state, the formation of a thin,
hydrodynamic boundary layer in the direction of the moving top
wall can be seen.

For the mixed convection at Ri ¼ 1 (Fig. 8def) and forced con-
vection at Ri ¼ 0.03 (Fig. 8aec), it can be seen that when the
Richardson number decreases, the temperature close to the left



Fig. 12. Wall shear stress profiles for different solid volume fractions and Richardson numbers in turbulent flow regimes.
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side of cavity remains roughly unchanged but the temperature
variation near the right side of the cavity is noticeable.

6.2. Turbulence intensity

Turbulence intensity is defined as the ratio of root mean-square
fluctuation velocity to the average flow velocity, that is:

~2 ¼ urms

u
¼

��
u’2
�	1

2

u
¼

ffiffiffiffiffiffiffi
2
3K

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2x þ u2y

q (35)

Turbulence intensities are deemed small if they are below 1%
and considered large if they are above 10%. Fig. 9 shows turbulence
intensity profiles inside the cavity at mid-height. As can been seen
from the figure, the magnitude of turbulence intensity inside cavity
in all cases is low. This figure additionally shows that the minimum
turbulence intensity value is zero and is located at the left and right
walls and the maximum value occurs within the right wall’s
boundary layer. For a constant Ri, when the nanoparticle volume
fraction increases, turbulence intensity remains nearly constant. In
this case, the only exception happens for Ri ¼ 30, where turbulent
intensity for F¼0.04 is slightly different than those for F¼0.00 and
F¼0.02. For constant solid volume fraction, turbulence intensity is
maximum when Ri ¼ 30 and at a minimum value when Ri ¼ 0.03.
The reason is the presence of stagnant region near the left wall in
the forced convection regime. For natural convection, however, one
large, strong eddy occupies the entire cavity as seen in Fig. 6.
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6.3. Turbulent kinetic energy

The model predictions for the turbulence kinetic energy profiles
at mid-height are presented in Fig. 10. The calculated values indi-
cate that for a constant Ri, the fluctuation kinetic energy roughly
has a constant value, for different solid volume fractions. In all
cases, the turbulence kinetic energy close to the left and right walls
increases sharply. For constant values of solid volume fraction,
Fig. 10 also shows that increasing Ri, the turbulence kinetic energy
decreases. Averages of the highest and the lowest turbulence ki-
netic energies are 4�10�5 m2 S�2 and 2� 10�7 m2 S�2 for Ri¼ 0.03
and Ri ¼ 30 respectively.
Fig. 13. Local Nusselt number profiles for different solid volume fr
6.4. Wall shear stress

Figs. 11 and 12 show the wall shear stress variations at the hot
wall for the laminar and turbulent regimes. Clearly, for a constant
Ri, the wall shear stress values remain roughly the same for
different solid volume fractions below 0.04. This is more so for
laminar flow regime compared to the turbulent flow regime. This is
due to the fact that, even though an increase of nanoparticle solid
volume fraction results in an increase in the mixture viscosity,
nevertheless, for a constant Re, the velocity of the top moving wall
decreases. For a constant solid volume fraction, the wall shear
stress decreases as Ri increases. For laminar flow case, the
actions and Richardson numbers in the laminar flow regime.
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minimum wall shear stresses for Ri ¼ 0.03 and Ri ¼ 30 are around
5 � 10�6 Pa and 10�8 Pa respectively. For turbulent state, these
values are around 4 � 10�2 for Ri ¼ 0.03, 7 � 10�3 for Ri ¼ 30 and
10�5 for Ri ¼ 30.

6.5. Local Nusselt number

Figs. 13 and 14 illustrate the local Nusselt number distributions
along the hot wall for various Richardson numbers and solid vol-
ume fractions for laminar and turbulent cases. For both situations,
the Nusselt number is high at the left wall and decreases toward the
Fig. 14. Local Nusselt number profiles for different solid volume
right wall. The local Nusselt number plunges with a high gradient in
the beginning and later continues to decrease with a much lower
slope.

Fig. 14 illustrates three groups of Ri curves. The curves indicate
that for the turbulent flow with a constant solid volume fraction, a
reduction in the Richardson number leads to a significant
enhancement in local Nusselt number. This enhancement is
augmented by increasing the solid volume fraction. In Fig. 13, a
similar trend is seen for the laminar flow regime. The effect of solid
volume fraction, however, is not as prominent. It is generally clear
from these figures that in all cases, the Nusselt number is highest
fractions and Richardson numbers in turbulent flow regime.
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when forced convection is dominant and it is lowest when natural
convection is dominant. As expected, the greater mixing in the
turbulent flow regime enhances the heat transfer. Under similar
conditions, increasing the volume fraction of nanoparticles leads to
greater convective heat transfer and hence higher Nusselt numbers,
since, at higher nanoparticle concentrations, the thermal conduc-
tivity increases. It is also clear that when forced convection is
dominant, the Nusselt number is more sensitive to an increase in
the solid volume fraction in comparison to a dominating natural
convection condition.

6.6. Average Nusselt number

Variations of average Nusselt number versus Richardson num-
ber along the hot wall for different nanoparticle volume fractions
Fig. 15. Average Nusselt number representation for different solid volume fractions
and Richardson numbers in laminar and turbulent flow regime.
are shown in Fig. 15. For all cases, the average Nusselt number is
augmented as the volume fraction increases or when the
Richardson number decreases. The highest Nusselt number was
seen at 4% volume fraction and a Richardson number ¼ 0.03. The
heat transfer augmentation in this case is around 68.76% compared
to pure water. The effect of nanoparticles on heat transfer
enhancement in turbulent flow regime is more pronounced. The
differences in Nusselt number for various solid volume fractions are
also more significant when compared with those for the laminar
flow regime.
7. Conclusions

A numerical study of laminar and turbulent mixed convection
heat transfer of water-based/copper (Cu) nanofluid inside a cavity
with AR ¼ 0.1 was presented. The nanofluid was simulated as a
two-phase mixture fluid and thermophysical properties of water in
combination with nanoparticles were predicted utilizing the
available models in literature. The presented mixture model
included the effects of shear and Brownianmotion of nanoparticles.
Different solid volume fractions and Richardson numbers in
laminar and turbulent regimes were considered. The flow and
temperature fields as well as various parameters like, wall shear
stress, turbulent intensity and local Nusselt number were
evaluated.

The significant observations made on the mixed convection in a
cavity are summarized as follows:

1) The Local Nusselt number, average Nusselt number and heat
transfer coefficient of a nanofluid is augmented by increasing
the volume fraction of nanoparticles.

2) The effects of the volume fraction on turbulent kinetic energy,
turbulence intensity, skin friction and wall shear stress are
insignificant.

3) At a low Richardson number (Ri ¼ 0.03), a primary clockwise
eddy forms inside the cavity. The vortex becomes smaller as the
Richardson number increases.

4) For a constant Grashof number, the Nusselt number enhances
with a decrease in the Richardson number.

5) Under similar conditions, higher Richardson numbers results in
lower turbulence kinetics energies and wall shear stresses.
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