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Enhancement of heat transfer in minichannels due to co-flowing of two immiscible fluids in a direct con-
tact is investigated in this work. Different fluid combinations are analyzed. The momentum and energy
equations for both flows are solved analytically and numerically. The numerical and analytical solutions
are found to be in good agreement. A parametric study including the influence of fluids relative viscosity,
thermal conductivity, thermal capacity and height ratios is conducted for various Peclet numbers. Differ-
ent ranges of the parameters that augment the heat transfer are obtained, and different physical aspects
of the problem are discussed. For practical fluid combinations with small Peclet numbers, the enhance-
ment factor can increase up to 2.6 folds. However, that increase is about 1.2 folds when the Peclet number
is increased by two orders of magnitude. This work establishes the mechanisms for heat transfer
enhancement utilizing two immiscible co-flows.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

A review of recent heat transfer literature [1–3] reveals that
large number of investigations was devoted to the topic of heat
transfer enhancement. Most of these works considered at least
one of the following enhancement mechanisms: (a) stream profil-
ing [4,5] such as using twisted tapes, spirals, and wire coils, (b) fins
such as slotted and louvered fins [6,7], (c) electrohydrodynamic
effects [8], (d) surface coatings [9], (e) additives [10,11], (f) acoustic
streaming [2], (g) turbulators [2] and, (h) flow and velocity ampli-
fications [12–14]. Additional reviews in this area have shown an
increased interest in enhancement technology [15,16]. A number
of these works introduce new concepts in this area [17–22].

Heat transfer Enhancement utilizing an immiscible fluid co-
flowing with the coolant flow in a direct contact manner has not
received much attention by researchers [1–3,15,16,22]. As such,
this subject is considered as the main topic of the present work.
Immiscible fluids having smaller viscosity or larger specific heat
than the coolant can enhance the heat transfer. This is because
they can enhance the velocity near the heated plate, widening
the thermal entry region or amplifying the coolant flow rate. These
effects are the major causes for heat transfer enhancement by lam-
inar flows. Therefore, the present work is additionally aimed to
specify ranges for thermophysical properties and flow conditions
that can result heat transfer enhancement by co-flowing two
immiscible fluids.
One of the main advantages of heat transfer enhancement by
co-flowing of two immiscible fluids in direct contact manner is that
both flows are subject to the same pressure gradient. In contrast,
the pressure gradient of the counter-flowing system decrease to
zero then changes sign and starts to decrease below zero. As a re-
sult, the fluid flow rates in the co-flowing system are expected to
be larger than those in the counter-flowing system. Moreover, for
short channels with co-flowing system, the secondary fluid tem-
peratures at the inlet of the primary flow are much smaller than
those of the counter-flowing system. This effect elevates the con-
vection heat transfer coefficient between the heated boundary
and the adjacent primary flow due to thermal entry region. Finally,
as the micro-channel geometry may cause inadequate operation of
efficient enhancement methods [23–25], co-flowing of two immis-
cible fluids can become an attractive alternative.

In the present work, heat transfer through two layered immis-
cible fluid flow within a horizontal minichannel is analyzed. For
all analyzed cases, the density and the thermal conductivity of
the primary fluid residing on the heated boundary are considered
to be larger than those of the other fluid, referred to as the second-
ary fluid. The dynamic viscosity and the volumetric thermal capac-
ity of the secondary fluid are allowed to be either larger or smaller
than those of the primary fluid. Both momentum and energy trans-
port equations are solved for each flow using analytical and
numerical methods. Various analytical solutions for the tempera-
ture field under applicable constraints are obtained and validated
against the numerical solution. A parametric study of the heat
transfer enhancement is made to identify ranges of controlling
parameters that reveal favorable enhancement attributes.
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Nomenclature

a channel aspect ratio (a = H/L)
a1, a2 (primary, secondary) flow aspect ratio

ða1 ¼ d=L; a2 ¼ ½H � d�=LÞ
C1, C2 (primary, secondary) flow thermal capacity (W K�1)
cp1, cp2 (primary, secondary) fluid specific heat (J kg�1 K�1)
H channel height (m)
h1 convection coefficient at the hot boundary (W m�2 K�1)
hI convection coefficient between interface and secondary

flow (W m�2 K�1)
k1, k2 (primary, secondary) fluid thermal conductivity

(W m�1 K�1)
L channel length (m)
_m1; _m2 (primary, secondary) fluid mass flow rate (kg s�1)

Nu1 Nusselt number between hot boundary and primary
flow (Nu1 = h1d/k1)

Nu2 Nusselt number between interface and secondary flow,
Eq. (20)

P1, P2 (primary, secondary) flow ideal pumping power (W)
Pt total ideal pumping power (W)
p1, p2 (primary, secondary) fluid pressure (kg m�1 s�2)
p1;p2 (primary, secondary) fluid dimensionless pressure, Eqs.

4(h, i)
Pe1, Pe2 (primary, secondary) flow Peclet number

(Pe1,2 = Re1,2 Pr1,2)
Pr1, Pr2 (primary, secondary) fluid Prandtl number

(Pr1,2 = l1,2(cp)1,2/k1,2)
q00s heat flux at hot boundary (W m�2)
q00I heat flux at interface (W m�2)
Re1, Re2 (primary, secondary) flow Reynolds number, Eqs. 5(d, e)

T1, T2 (primary, secondary) fluid temperature (K)
u1, u2 (primary, secondary) fluid axial velocity (m s�1)
u1;u2 (primary, secondary) fluid dimensionless velocity

ðu1;2 ¼ u1;2=uð1;2ÞavgÞ
v1, v2 (primary, secondary) fluid transverse velocity (m s�1)
v1; v2 dimensionless (v1,v2) transverse velocity ðv1;2 ¼ v1;2=

½ðd=LÞuð1;2Þavg �Þ
x; x (dimensional, dimensionless) axial distance ((m),

x ¼ x=L)
y1, y2 normal (primary, secondary) system coordinate (m)
y1; y2 dimensionless (y1,y2) coordinate ðy1 ¼ y1=d; y2 ¼ y2=

½H � d�Þ
Greek symbolsc

second thermal performance factor, Eq. (23)
k heat transfer enhancement factor, Eq. (22)
l1, l2 (primary, secondary) fluid dynamic viscosity (kg m�1 s�1)
h1, h2 dimensionless (primary, secondary) fluid temperature,

Eqs. 4(j, k)
q1, q2 (primary, secondary) fluid density (kg m�3)
Subscripts
avg average quantity
I quantity at interface
i quantity at inlet
o quantity at outlet
m mean bulk value of the quantity
r quantity when primary flow occupying the channel

height
W quantity at the hot boundary

sq ′′

L

1111 k,,c, p μρ

2222 k,,c, p μρ

δ

δ−HSecondary fluid flow 

Primary fluid flow 11 v,y

22 v,y
2u,x

1u,x

Fig. 1. Schematic diagram the coordinates system for the two dimensional channel
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2. Problem formulation

2.1. Generalized two-dimensional model

Consider a two-dimensional horizontal minichannel of height H
which is much smaller than its length L. Consider two immiscible
fluids co-flowing inside the minichannel. The primary fluid has
specific heat cp1, thermal conductivity k1, dynamic viscosity l1

and density q1. The corresponding properties of the secondary fluid
are cp2, k2, l2 and q2. The primary fluid is considered to be denser
than the secondary fluid (q1 > q2) so it will line up against the low-
er boundary. This boundary is considered to be heated with a con-
stant heat flux q00s . The upper boundary of the minichannel is
considered to be adiabatic so that both co-flows advect the total
heat transfer from the source. In addition, the secondary fluid is
considered to flow between the upper boundary of the minichan-
nel and the upper boundary of the primary fluid flow in a co-cur-
rent direction as shown in Fig. 1. The resulting system has a
perfect direct contact interface between the fluids. This results in
the maximum heat transfer enhancement ratio.

The height of the primary fluid flow is d while that of the sec-
ondary fluid flow is H � d. Both fluids have the same inlet pressure
pi and the same exit pressure po. The x-axis is taken along the mini-
channel starting from its inlet as shown in Fig. 1. The y1-axis is ta-
ken along the minichannel transverse direction starting from its
lower boundary. The y2-axis is taken along the minichannel trans-
verse direction starting from the upper boundary of the primary
fluid flow at y1 = d as shown in Fig. 1. The momentum and energy
equations for internal flows are applicable to the present problem
[26,27]. These equations for both fluids have the following dimen-
sionless forms:
@u1;2

@x
þ @v1;2

@y1;2
¼ 0 ð1a;1bÞ

a1;2Re1;2 u1;2
@u1;2

@x
þ v1;2

@u1;2

@y1;2

� �

¼ �12
dp1;2

dx
þ ða1;2Þ2

@2u1;2

@x2 þ
@2u1;2

@y2
1;2

ð2a;2bÞ

a1;2Re1;2Pr1;2 u1;2
@h1;2

@x
þ v1;2

@h1;2

@y1;2

� �

¼ ða1;2Þ2
@2h1;2

@x2 þ
@2h1;2

@y2
1;2

ð3a;3bÞ

where

x ¼ x
L

; y1 ¼
y1

d
; y2 ¼

y2

H � d
; ð4a-cÞ
with two co-flows of immiscible fluids.



A.-R.A. Khaled, K. Vafai / International Journal of Heat and Mass Transfer 68 (2014) 299–309 301
u1ðx; y1Þ ¼
u1ðx; y1Þ

u1avg
; u2ðx; y2Þ ¼

u2ðx; y2Þ
u2avg

;

v1ðx; y1Þ ¼
v1ðx; y1Þ
ðd=LÞu1avg

; v2ðx; y2Þ ¼
v2ðx; y2Þ

ð½H � d�=LÞu2avg
;

p1ðxÞ ¼
pðxÞ � po

12Ll1u1avg=d
2 ; p2ðxÞ ¼

pðxÞ � po

12Ll2u2avg=ðH � dÞ2

ð4d-iÞ

h1ðx; y1Þ ¼
T1ðx; y2Þ � Ti

q00s d=k1
; h2ðx; y2Þ ¼

T2ðx; y2Þ � Ti

q00s ðH � dÞ=k2
; ð4j;4kÞ

u1 and u2 are the primary and secondary flow velocity components
along the x-direction, respectively. Their mean values are given as
u1avg and u2avg and v1 and v2 are the primary and secondary flows
velocity components along the y1 and y2 directions and Pr1 and
Pr2 are the Prandtl numbers of the primary and secondary fluids,
respectively. The scaling quantities used in Eqs. 4(a-k) are recom-
mended so that the thermal entrance effects can be studied [28].
The dimensionless parameters a1, a2, Re1 and Re2 are given by:

a1 ¼ a
d
H

� �
; a2 ¼ a 1� d

H

� �� �
; a ¼ H

L
;

Re1 ¼
q1u1avgd

l1
; Re2 ¼

q2u2avgðH � dÞ
l2

ð5a-eÞ

Note that the axial diffusion terms in Eqs. (2) and (3) are negligible
as a1,2 < a� 1 The boundary conditions of Eqs. (2) and (3) are given
by:

x ¼ 0 :
@u1;2

@x
¼ 0; h1;2 ¼ 0 ð6a-dÞ

y1 ¼ 0 : u1 ¼ 0;
@h1

@y1
¼ �1 ð6e;6fÞ

y1 ¼ 1; y2 ¼ 0 : u1 ¼
u2avg

u1avg

� �
u2;

d=H
1� d=H

� �
h1 ¼

k1

k2

� �
h2

ð6g;6hÞ

y1 ¼ 1; y2 ¼ 0 :
u1avg

u2avg

� �
@u1

@y1
¼ d=H

1� d=H

� �
@u2

@y2
;

@h1

@y1
¼ @h2

@y2

ð6i;6jÞ

y2 ¼ 1 : u2 ¼ 0;
@h2

@y2
¼ 0 ð6k;6lÞ

Eq. 6(a,b) require that both co-flows are hydrodynamically fully
developed inside the minichannel. Eqs. 6(e, k) necessitate that no
slip condition is imposed on both boundaries of the minichannel.
Eqs. 6(g, h) require that both velocity and temperature are continu-
ous at the interface and Eqs. 6(i, j) require that both shear stress and
heat flux are continuous at the interface between the two streams.

The solution of Eqs. (1) and (2) subjected to the relevant bound-
ary conditions are given by:

u1ðy1Þ ¼
6y1 ðd=HÞ2ðl2=l1 � 1Þðy1 � 1Þ þ ðd=HÞy1 � 1
h i

2ðd=HÞ � 3� ðd=HÞ2ðl2=l1 � 1Þ
ð7Þ

u2ðy2Þ¼
6ðy2�1Þ½ðd=HÞðl2=l1�1Þð½1�d=H�y2þ1Þþ ½1�d=H�y2þðd=HÞ�

ðd=HÞ½d=H�4�ðl2=l1�1Þ�2ðd=HÞ�1
ð8Þ

v1 ¼ v2 ¼ 0 ð9a;9bÞ

Eqs. (7) and (8) are derived based on the fact that
R 1

0 u1;2dy1;2 ¼ 1.
The latter integrals reveal the following expressions for u1avg and
u2avg:
u1avg

ur
¼ d

H

� �
3� 2ðd=HÞ þ ðd=HÞ2ðl2=l1 � 1Þ

1þ ðd=HÞðl2=l1 � 1Þ

( )
ð10Þ

u2avg

ur
¼ l1

l2

� �
1� d

H

� �
1þ 2ðd=HÞ � ðd=HÞðd=H � 4Þðl2=l1 � 1Þ

1þ ðd=HÞðl2=l1 � 1Þ

� �
ð11Þ

where ur is the reference mean primary fluid velocity. When d = H,
u1avg = ur = (pi � po)H2/(12l1L). The mass flow rates of both fluids
can be obtained using Eqs. (7)-(11):

_m1

_mr
¼ d

H

� �2 3� 2ðd=HÞ þ ðd=HÞ2ðl2=l1 � 1Þ
1þ ðd=HÞðl2=l1 � 1Þ

( )
ð12Þ

_m2

_mr
¼ q2

q1

� �
l1

l2

� �
d
H
�1

� �2 1þ2ðd=HÞ�ðd=HÞðd=H�4Þðl2=l1�1Þ
1þðd=HÞðl2=l1�1Þ

� �
ð13Þ

where _mr is the mass flow rate of the primary fluid when d = H,
_mr ¼ q1ðpi � poÞH

3=ð12l1LÞ. The ideal total pumping power require-
ment for both fluids Pt defined as Pt ¼

P2
l¼1 _mlðpi � poÞ=ql can be

calculated as:

Pt

Pr
¼

_m1

_mo

� �
þ q1

q2

� �
_m2

_mo

� �
ð14Þ

where Pr is the reference ideal pumping power of the primary fluid;
when d = H, Pt ¼ Pr ¼ _mrðpi � poÞ=q1. Let C be C ¼ _mcp, hence the ra-
tio of C1 to C1 + C2 denoted by CR is equal to:

CR�
C1

C1þC2
¼ 1þC2=C1½ ��1

¼ 1þ ðd=H�1Þ2f1þ2ðd=HÞ�ðd=HÞðd=H�4Þðl2=l1�1Þg
ðcp1=cp2Þðq1=q2Þðl2=l1Þðd=HÞ2 3�2ðd=HÞþðd=HÞ2ðl2=l1�1Þ

n o
2
4

3
5
�1

ð15Þ

The ratio of Ct = C1 + C2 to that of the reference case ðCr ¼ _mrcp1Þ
represents a comparison between the total thermal capacity of
the combined fluids flow and that for the reference case. This ratio
is equal to:

Ct

Cr
¼

_m1

_mr

� �
þ cp2

cp1

� �
_m2

_mr

� �
ð16Þ

The Nusselt number between the primary fluid flow and the heated
boundary is defined as:

Nu1 �
h1d
k1
¼ 1

h1W � h1m
ð17Þ

where h1, h1m and h1W are the convection heat transfer coefficient
between the heated boundary and the primary fluid flow
ðh1 ¼ q00s=½TW � T1m�Þ, dimensionless mean bulk temperature of the
primary fluid and the dimensionless lower boundary temperature
ðh1W ¼ h1ðx; y1 ¼ 0ÞÞ, respectively. TW and T1m are the temperature
at the heated boundary and the mean bulk temperature of the pri-
mary fluid, respectively. The dimensionless mean bulk tempera-
tures of the primary and secondary fluids h1m and h2m can be
computed from the following equations:

h1mðxÞ �
T1mðxÞ � Ti

q00s d=k1
¼
Z 1

0
u1h1dy1 ð18Þ

h2mðxÞ �
T2mðxÞ � Ti

q00s ðH � dÞ=k2
¼
Z 1

0
u2h2dy2 ð19Þ

The Nusselt number between the interface and the secondary flow
is:
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Nu2 �
h2ðH � dÞ

k2
¼ �1

h2I � h2m

� �
@h2

@y2

����
y2¼0

 !
ð20Þ

where h2 is the convection heat transfer coefficient between the
interface and the secondary fluid flow, h2 ¼ q00I =ðTI � T2mÞ, h2I

dimensionless interface temperature h2I ¼ h2ðx; y2 ¼ 0Þ and q00I is
the heat flux at the interface, q00I ¼ �k2ð@T2=@y2jy2¼0Þ.

2.1.1. Integral energy equation of combined fluid flows
The integral form of the combined energy equation is formed

from Eqs. 3(a, b) and can be expressed in the following form:

a Re1Pr1
d
H

� �
dh1;m

dx
þ Re2Pr2 1� d

H

� �
dh2;m

dx

� �
¼ 1 ð21Þ
2.1.2. Thermal performance factors
Let the heat transfer enhancement indicator k be defined as ra-

tio of the lower boundary excess temperature at the exit section for
the reference case (d = H) to that quantity when d < H. Mathemat-
ically, it is equal to:

k � ½TW ðx ¼ LÞ � Ti�jd¼H

½TWðx ¼ LÞ � Ti�
¼ h1;Wðx ¼ 1Þjd¼H

h1;Wðx ¼ 1Þ½d=H� ð22Þ

Let the second thermal performance indicator c be defined as ratio
of h1 at the exit for the present case to that quantity for the refer-
ence case when d = H. Mathematically, it is equal to:

c � hðx ¼ LÞ
hðx ¼ LÞjd¼H

¼ Nuðx ¼ 1Þ
Nuðx ¼ 1Þjd¼H

� �
1
ðd=HÞ

� �
ð23Þ
2.2. Analytical solution for fully developed condition when k2/k1 ? 0

When k2/k1 ? 0, the interface thermal condition becomes an
adiabatic condition. As such, the solution of Eq. 3(a) can be reduced
to the following:

h1ðx; y1Þ ¼
ðd=HÞ2ð½l2=l1� � 1Þ y4

1=2� y3
1

	 

þ ðd=HÞ y4

1=2
	 


� y3

2ðd=HÞ � 3� ðd=HÞ2ð½l2=l1� � 1Þ
� y1 þ h1;W ðxÞ

ð24Þ

Eq. (24) was obtained based on the fact that
dh1=dx ¼ dh1;m=dx ¼ dhW=dx ¼ 1=ðaRe1Pr1½d=H�Þ when k2/k1 ? 0. As
such, h1,W, Nu1,fd for this case denoted by ðh1W;fdÞk2¼0 and
ðNu1;fdÞk2¼0, respectively, can be obtained which can be arranged
into the following forms:

ðhW;fdÞk2¼0 ¼
x

ðd=HÞð _m1= _mrÞðaRerPr1Þ
þ 1
ðNu1;fdÞk2¼0

ð25Þ

ðNu1;fdÞk2¼0 ¼
35½�Dþ 2ðd=HÞ � 3�2

13D½D� 5ðd=HÞ þ 7� þ 90ðd=HÞ2 � 245ðd=HÞ þ 168
ð26Þ

where D = (d/H)2(l2/l1 � 1). ðNu1;fdÞk2¼0 reduces to the following
when l2/l1 ? 0:

ðNu1;fdÞk2¼0 ¼
35ð½d=H� þ 3Þ

ð½d=H� � 1Þð13½d=H�2 þ 91½d=H� þ 168Þ
ð27Þ

The performance indicators k and c for this case denoted by ðkfdÞk2¼0
and ðcfdÞk2¼0

, respectively, are equal to:

ðkfdÞk2¼0 ¼
1þ ð13=35ÞðaPerÞ

ð _mr= _m1Þ þ ðd=HÞðaPerÞ=ðNu1;fdÞk2¼0

ð28Þ
ðcfdÞk2¼0
¼ ½�Dþ 2ðd=HÞ � 3�2ðd=HÞ�1

D½D� 5ðd=HÞ þ 7� þ 90ðd=HÞ2 � 245ðd=HÞ þ 168
ð29Þ

ðkfdÞk2¼0 approaches to ðkfdÞk2¼0;0 when aPer approaches to zero. Note
that Per ¼ RerPr1. ðkfdÞk2¼0;0 is given by:

ðkfdÞk2¼0;0 ¼
_m1

_mr
ð30Þ

The values of d/H that makes ðkfdÞk2¼0;0 > 1 are those lying between
(d/H)a < d/H < 1. (d/H)a is obtained by solving _m1= _mr ¼ 1. (d/H)a can
be correlated to l2/l1 by the following equation:

ðd=HÞa ¼ 0:2456ðl2=l1Þ
3 � 0:05119ðl2=l1Þ

2

þ 0:2713ðl2=l1Þ þ 0:5321 ð31Þ

with maximum deviation less than 0.3%. The values of d/H that
makes ðcfdÞk2¼0

> 1 are those lying between 0 < d/H < (d/H)b. (d/H)b

is obtained by solving ðcfdÞk2¼0
¼ 1. A correlation between (d/H)b

and l2/l1 can be:

ðd=HÞb ¼ 0:1034ðl2=l1Þ
3 � 0:01166ðl2=l1Þ

2

þ 0:1567ðl2=l1Þ þ 0:7506 ð32Þ

with maximum deviation less than 0.21% and l2/l1 < 1.

2.3. Analytical solution for limiting case when l1/l2 ? 0 and cp1/
cp2 ? 0

When l1/l2 ? 0 and cp1/cp2 ? 0, Eq. 3(a) and its boundary con-
ditions reduce to:

aPeo
d
H

� �2
@h1

@x
¼ @

2h1

@y2
1

ð33Þ

x ¼ 0 : h1 ¼ 0 ð34aÞ

y1 ¼ 0 :
@h1

@y1
¼ �1 ð34bÞ

y1 ¼ 1 : h1 ¼ 0 ð34cÞ

Eq. (33) is solvable by the method of separation of variables [29]. It
can be shown that the dimensionless primary fluid temperature is
equal to:

h1ðx;y1Þ¼1� 8
p2

� �X1
n¼1

cosð½2n�1�py1=2Þ
ð2n�1Þ2

exp �½2n�1�2p2x

4aPer½d=H�2

 !( )

ð35Þ

For the reference case when d = H, Eq. 3(a) can be solved numeri-
cally by well-established methods [30]. When d = H, h1;Wðx ¼ 1Þ
can be correlated to aPer by the following equation:

h1;W ðx¼1; d¼HÞ

¼�755:65�330:44½aPeo��0:074114½aPeo�2þ0:030555½aPeo�3

1�769:55½aPeo��20:317½aPeo�2þ0:25894½aPeo�3

ð36Þ

with maximum deviation less than 0.75%. By substituting Eqs. (35)
and (36) in Eq. (22), the resulting value of k will be the upper limit
value that can be reached ðklimÞ using two immiscible fluids co-
flows for a given values of aPer and d/H.

3. Numerical methodology and results

Eqs. 3(a, b) are coupled via the interface conditions given by
boundary conditions, Eqs. 6(h, j). These equations can be solved
without iteration if Eqs. 3(a, b) and 6(h, j) are solved using the
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implicit finite-difference method discussed by Blottner [31]. To do
so, the previous equations were discretized using two-points back-
ward differencing quotient for the first derivative with respect to x-
direction and three-points central differencing quotients for the
first and second derivatives with respect to y1 and y2 directions.
The finite difference equations of Eqs. 3(a, b) and the correspond-
ing equation combining Eqs. 6(h, j) are given by:

a1Pe1ðu1Þi;j
ðh1Þi;j � ðh1Þi�1;j

Dx

� �
¼
ðh1Þi;j�1 � 2ðh1Þi;j þ ðh1Þi;jþ1

Dy2
1

� �
ð37Þ

a2Pe2ðu2Þi;l
ðh2Þi;l � ðh2Þi�1;l

Dx

� �
¼
ðh2Þi;l�1 � 2ðh2Þi;l þ ðh2Þi;lþ1

Dy2
2

� �
ð38Þ

� Dy2

Dy1

� �
ðh1Þi;j¼n1�1þ

Dy2

Dy1

� �
1�d=H

d=H

� �
k1

k2

� �
þ1

� �
ðh2Þi;l¼1�ðh2Þi;l¼2 ¼0

ð39Þ

where Pe1,2 = Re1,2Pr1,2. The pair (i, j) represents the location of the
discretized point in the numerical grid of the primary fluid domain.
The pair (i, l) is the location of the discretized point in the numerical
grid of the secondary fluid domain.

The resulting n1 + n2 � 1 ðn1 ¼ 201; n2 ¼ 201Þ tri-diagonal sys-
tems of algebraic equations obtained by Eqs. (37)-(39) at a given
i–section were solved using the well-established Thomas algo-
rithm discussed by Blottner [30]. The numbers n1 and n2 represent
the total number of nodes along each j-line and l-line, respectively.
The interface is located in the numerical grid at ði; j ¼ n1Þ or
ði; l ¼ 1Þ. The same procedure was repeated for the consecutive i-
values until i reached the value m (m = 501) at which x ¼ 1.
Numerical investigations were performed using different mesh
sizes to assess and ascertain grid-size independent results. Further,
doubling the values of m and ðn1; n2Þ results in less than 0.4% error
in the calculated parameters for a moderate aPer value.

The numerical method results shown in Fig. 2 and Figs. 7–11
were generated for three different fluids combination cases. The
data for three different cases are shown in Table 1. All cases have
k2/k1 < 1.0 and q2/q1 < 1.0. This is to assure that the primary fluid
residues on the heated boundary and it conducts thermal energy
from it maximally. cp2/cp1 for case II is larger than one while that
Fig. 2. Effects of d/H and aPer on Nu1,L for case III ða ¼ 0:1; cp2=cp1 ¼ 0:241;
of cases I and III are smaller than one. l2/l1 for case I is larger than
one while that of cases II and III are smaller than one. The numer-
ical results of case III were compared with the analytical solution
given by Eq. (26) as can be shown in Fig. 2. The numerical results
match well with the analytical solution when d/H > 0.2 and
aPeo 6 0:6 as these conditions best satisfy the constraints of Eq.
(26).

4. Discussion of the results

4.1. Hydrodynamic performance of the two immiscible co-flows

Fig. 3 shows the fully developed velocity profiles for the differ-
ent cases. It is noticed that the primary fluid flow is aided by the
secondary fluid flow for cases II and III where l2/l1 < 1.0. However,
it is retarded by the secondary fluid flow for case I where l2/
l1 > 1.0. It is noticed from Fig. 4 that the total pumping power
for both flows is smaller than that for the reference case where
the primary fluid flow occupies the total minichannel height when
l2/l1 > 1.0. This is expected as an increase in l2 causes a reduction
in u2avg resulting in a reduction in the secondary flow rate. It is ob-
served from Fig. 5 that the mass flow rate of the primary fluid can
be larger than that for the reference case. This phenomenon occurs
when l2/l1 < 1.0 and (d/H)a < d/H < 1.0. This indicates that larger
heat transfer rate can be attainable when the coolant is partially
filling the minichannel.

4.2. Thermal capacities assessment of the two immiscible fluids co-
flows

Fig. 6 shows that the primary to secondary flows relative ther-
mal capacities ratio (CR) increases as both l2/l1 and d/H increase.
This is because both effects decrease the secondary fluid flow rate.
Furthermore, a decrease in (qcp)2 causes a decrease in the second-
ary flow thermal capacity. Thus, CR increases as (qcp)2/(qcp)1 de-
creases as shown Fig. 6. Notice that when CR decreases much
below CR = 0.95, the interfacial heat flux increases for case III. Thus,
the deviation between the numerical results and Eq. (26) becomes
more apparent as displayed in Fig. 2. It is shown in Fig. 6 that the
dimensionless total system thermal capacity Ct/Co is much larger
than one when both l1/l2 and (qcp)2/(qcp)1 are much larger than
one, and as d/H decreases. This indicates that the combined flow
k2=k1 ¼ 0:0429; l2=l1 ¼ 0:02164; q2=q1 ¼ 1:165� 10�3; Pr1 ¼ 5:83Þ.



Table 1
Cases studied for the numerical results.

Property Case I Case II Case III

Fluid (1) Fluid (2) Fluid (1) Fluid (2) Fluid (1) Fluid (2)
Water Oil Mercury Water Water Air

Density (kg m�3) 997 884 13,529 997 997 1.1614
Specific heat (J kg�1 K�2) 4179 1909 139.3 4179 4179 1007
Thermal conductivity (W m�1 K�1) 0.613 0.145 8.54 0.613 0.613 0.0263
Viscosity (N s m�2) 8.55 � 10�4 0.486 1.52 � 10�3 8.55 � 10�4 8.55 � 10�4 1.85 � 10�5

Prandtl number 5.83 6398 0.0248 5.83 5.83 0.708
cp2/cp1 0.4568 30 0.2410
k2/k1 0.2365 0.07178 0.04290
l2/l1 568.4 0.5625 0.02164
q2/q1 0.8867 0.07369 1.165 � 10�3

Fig. 4. Effects of d/H and l2/l1 on Pt/Pr.

Fig. 3. Velocity profile for the three different cases.
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Fig. 5. Effects of d/H and l2/l1 on _m1= _mr .

Fig. 6. Effects of d/H and l2/l1 on CR and Ct/Cr.
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systems can have larger heat transfer rates than the reference sys-
tem at the previous conditions.

4.3. Thermal performance of the two immiscible co-flows for case I

For case I, u1 near the heated boundary is larger than that for the
reference case as shown in Fig. 3. This effect produces larger h1,L

coefficient as compared to the reference case at smaller aPer values.
On the other hand, h1,L is expected to decrease as d/H decreases at
smaller aPer as the interfacial heat flux increases and u1avg de-
creases as d/H decreases. Meanwhile, h1,L for both cases increases
as aPer increases due to an increase in the thermal entry region ef-
fect. However, heat transfer to the reference system is more influ-
enced by the thermal entry region than that for the case I as Ct/
Cr < 1. Due to the previous reasoning, c is expected to be larger than
one and have a local maximum value at smaller d/H values as
shown in Fig. 7. Unfortunately, it is shown in this figure that
k < 1. The reason behind this finding is that the primary fluid mean
temperature at exit, T1m,L, for case I is always larger than that for
the reference case as Ct/Cr < 1. Since the heated boundary temper-
ature at exit is equal to T1W;L ¼ T1m;L þ q00s=h1;L, k increases as aPer in-
creases as seen in Fig. 7. This is because T1m,L decreases and h1,L

increases as aPer increases. Another reason for inappropriateness
of using the (water–oil) combination is that viscous dissipation
in the oil layer is apparent due to its large viscosity. This can
further impede the heat transfer inside the microchannel. The
difference between the densities of these fluids is relatively small
and the oil Prandtl number is very large thus; the two flows can



Fig. 7. Effects of aPer and d/H on performance indicators k and c for case I ða ¼ 0:1; cp2=cp1 ¼ 0:4568; k2=k1 ¼ 0:2365; l2=l1 ¼ 568:4; q2=q1 ¼ 0:8867; Pr1 ¼ 5:83Þ.

Fig. 8. Effects of aPer on performance indicators k and c for case II ða ¼ 0:1; cp2=cp1 ¼ 30; k2=k1 ¼ 0:07178; l2=l1 ¼ 0:5625; q2=q1 ¼ 0:07369; Pr1 ¼ 0:0248Þ.
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hydrodynamically and thermally be unstable even at small Reynolds
numbers [32]. However, this combination has no use in our study.

4.4. Thermal performance of the two immiscible co-flows for case II

As noticed from Figs. 7 and 8, the values of c for case II are smal-
ler than that for case I. This is because of the following: (1) the
system for case II has smaller u1 values near the heated boundary
as shown in Fig. 3, and (2) the system for case II will have larger
interfacial heat flux q00I as Ct/Cr > 1 for case II. Fig. 8 demonstrates
that k can be larger than one. At very small aPer values, T1W,L ap-
proaches T1m,L which is expected to be smaller than that for the ref-
erence case as Ct/Cr > 1 for case II. As aPer increases, q00I =q00s for case II
becomes smaller than that for the reference case as k2/k1� 1 for
case II. Also, the difference between bulk temperature for the
reference case and that for case II decreases. These cause k to de-
crease as aPer increases. Additional increases in aPer cause further
increases in h1,L. This is because the primary flow for case II has
wider thermal entry region than that for the reference case as both
Ct/Cr and Pr2/Pr1 are larger than one for case II, 1 < Ct/Cr < 3.93 and
Pr2/Pr1 = 235.1. Accordingly, k can have a minimum value at spe-
cific aPer as seen from Fig. 8. In addition, C1 increases as d/H in-
creases causing a reduction in T1m,L. In contrast, q00I is expected to
significantly be reduced when d increases since k2/k1� 1 for case
II. This causes T1m,L to increase as d increases after reaching its min-
imum value. Thus, k will have a local minimum value at specific d/
H as shown in Fig. 9. Finally, It is worth noting that the (mercury,
water) combination has a very large density difference and that
the mercury Prandtl number is very small. These dampen any flow
instability due to viscosity stratification [32] or due to dissipation.



Fig. 9. Effects of d/H and aPer on performance indicators k and c for case II ða ¼ 0:1; cp2=cp1 ¼ 30; k2=k1 ¼ 0:07178; l2=l1 ¼ 0:5625; q2=q1 ¼ 0:07369; Pr1 ¼ 0:0248Þ.

Fig. 10. Effects of d/H and aPer on performance indicators k and c for case III ða ¼ 0:1; cp2=cp1 ¼ 0:241; k2=k1 ¼ 0:0429; l2=l1 ¼ 0:02164; q2=q1 ¼ 1:165� 10�3; Pr1 ¼ 5:83Þ.
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4.5. Thermal performance of the two immiscible fluids co-flows for
case III

The values of (d/H)a and (d/H)b obtained from Eqs. (31) and (32)
for case III are equal to (d/H)a = 0.538 and (d/H)b = 0.754. These
values well match those obtained numerically as can be seen in
Fig. 10. The latter values are equal to 0.536 and 0.758, respectively.
As aPer increases when (d/H) < (d/H)a, the behavior of k as function
of (d/H) and aPer seen in Figs. 10 and 11, respectively, can be
attributed to the same controlling factors mentioned earlier. It
should be mentioned that the primary flow is expected to have a
wider thermal entry region than the reference case when
a1Pe1 > aPer ! ðd=HÞð _m1= _moÞ > 1. The values of d/H that satisfy
the previous inequality are those lying between (d/H)c < d/H < 1
where a correlation of (d/H)c can be presented as:

ðd=HÞc ¼ �0:6309ðl2=l1Þ
3 þ 0:818ðl2=l1Þ

2

þ 0:1659ðl2=l1Þ þ 0:6495 ð40Þ

with maximum deviation less than 1.6% and (l2/l1) < 1. Note that
(d/H)c > (d/H)a.
4.6. Upper thermal performance limit and recommendations

Based on Fig. 12, larger klim values are obtainable under the
following conditions: (1) d/H close to zero when aPer is very small,



Fig. 11. Effects of aPer and d/H on performance indicators k and c for case III ða ¼ 0:1; cp2=cp1 ¼ 0:241; k2=k1 ¼ 0:0429; l2=l1 ¼ 0:02164; q2=q1 ¼ 1:165� 10�3; Pr1 ¼ 5:83Þ.

Fig. 12. Effects of d/H and aPer on klim.
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and (2) d/H close to one when aPer is either very small or very large.
From the previous discussions, two different ranges of parameters
can be recommended that can result in k > 1 when k2/k1 < 1 and
q2/q1 < 1:

ðaÞ ðqcpÞ2=ðqcpÞ1 > 1; l2=l1 < 1; ðd=HÞ
> ðd=HÞc and k2=k1 closer to one

ðbÞ ðqcp=kÞ2=ðqcp=kÞ1 � 1; l2=l1 < 1; aPeo

� 1 and k2=k1 closer to one:
5. Conclusions

Heat transfer enhancement due to co-flowing of two immiscible
fluids in a direct contact manner was investigated in this study.
Three different fluid combinations were analyzed. These were:
(water, oil), (mercury, water) and (water, air). The governing equa-
tions for both fluids were solved analytically and numerically.
Excellent agreement was obtained between the numerical solution
and the analytical solution corresponding to fully developed condi-
tion with an adiabatic interface. The enhancement factor was no-
ticed to increase up to a maximum of 2.6 folds for the (water,
air) combination when aPer = 0.1, and up to a maximum of 1.75
folds for the (mercury, water) combination when aPer = 0.1, while
no heat transfer enhancement was obtained for (water, oil) combi-
nation. The heat transfer enhancement was achieved because the
fluid combination produced an apparent magnification in the
primary fluid (coolant) flow rate and a noticeable widening in
the thermal entry region resulting in an increase in the interfacial
heat flux. The ranges of the fluids relative properties and the flow
conditions were identified in this work. This work paves the way
for more studies related to heat transfer enhancement by com-
pound mechanisms including co-flowing of two immiscible fluids.
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