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A comprehensive analytical solution for macromolecule transport within an artery is presented. The arte-
rial wall is modeled as a multilayer structure to accommodate the homogeneous layers within it. The
arterial layers and the stent are treated as porous media to accommodate transport across the complex
wall structure. The volume-averaged transport equations and the method of matched asymptotic expan-
sions are employed to solve for species concentration distributions within the stent and various layers of
the arterial wall. The analytical results are found to be in very good agreement with the numerical results.
The effect of stent compactness on LDL concentration along the lumen flow direction as well across the
different layers is investigated. This work provides essential fundamental information for macromolecu-
lar transport within an artery with or without the presence of a stent.
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1. Introduction

Cardiovascular diseases (CVD) have been the subject of various
studies. The American Heart Association [1] reports that the num-
ber of American adults with CVD is close to 80 million. One out of
2.8 persons expires due to a cardiovascular disease. A major con-
tributor of CVD, atherosclerosis is caused by the abnormal accumu-
lation of macromolecules, such as lipoprotein, within the arterial
wall.

Insertion of a stent within an affected vessel is one of the preva-
lent medical treatments for alleviating an arterial stenosis while
maintaining the stability of the vessel. Stents, which are small
metallic tubes, are inserted within an artery to open up the arterial
stenosis and maintain the structural stability. Self-expanding stent
is the preliminary design made by alloys, such as Nitinol, with
shape characteristics. The stent is compressed into a catheter and
then expelled from it at the treatment site (Stoeckel et al. 2004
[2]). In the early 1980s, the stent was redesigned to be expandable
by an angioplasty balloon [3]. After expansion, the stent stuck to
the arterial wall as a latticed structure.

The arterial models constitute three major categories [4,5],
namely, wall-free, lumen-wall, and multi-layer-wall models. These
models are applied for the analysis of macromolecule transport
within an arterial wall (Pappitsch and Pertold [6]; Wada and
Karino [7]; Moore and Ethier [8]; Stangeby and Ethier [9,10]; Ai
and Vafai [11]). The wall-free model represents the arterial wall
by a set of boundary conditions [12] while the lumen-wall model
assumes the wall to be a homogeneous layer. The most compre-
hensive representation is the multi-layer-wall model [13–15],
which divides the arterial wall into several heterogeneous porous
layers, namely endothelium, intima, internal elastic (IEL) and med-
ia layers. The multilayer model presents different attributes within
each arterial layer. As such it is considered to be the most realistic
model. The presence of a stent with a latticed structure is also
modeled as a porous medium with a specific permeability and an
effective diffusivity.

Several models are used to describe the fluid flow in a porous
medium, such as Darcy, Darcy–Forchheimer, and Brinkman mod-
els. The flow velocity is linearly related to the pressure across the
porous medium in the classic Darcy model. Darcy–Forchheimer
model adds a Forchheimer term, which represents the inertial ef-
fects. Brinkman model incorporates the effect of solid boundaries
on the porous medium. With respect to the mass transport within
the arterial wall, the volume-averaged convection–diffusion-reac-
tion equation is applied within the intima and media, coupled with
Staverman–Kedem–Katchalsky equations in the endothelium and
IEL [5]. Since the Staverman–Kedem–Katchalsky equations do not
take into account the transient and boundary conditions, their
application is limited. Yang and Vafai [5] have modeled the trans-
port within the four layers of the arterial wall by incorporating the
Staverman filtration and osmotic reflection coefficients within the
volume averaged porous media equations. This alleviates the dis-
advantages of Staverman–Kedem–Katchalsky equations.

The lumen in the artery is mainly composed of blood cells and
plasma. The blood can be considered to be a two-phase system, i.e.,
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Nomenclature

c LDL concentration [mol/m3]
Da Darcy number
D LDL diffusivity [m2/s]
F dimensionless inertia coefficient
H⁄ thickness of the layers [m]
k reaction coefficient [s�1]
K permeability [m2]
L length of the artery [m]
Lend thickness of the endothelium layer [m]
N non-dimensional concentration
uch characteristic velocity [m/s]
Dp pressure drop across arterial wall [Pa]
Rech Reynolds number ¼ ðuch

ffiffiffiffi
K
p
Þ=mf

Sc Schmidt number
U0,i streamwise velocity at the ith interface [m/s]
RCell radius of the endothelial cell [m]
R radius of the lumen domain [m]
rf the Stavernan filtration coefficient
V velocity vector [m/s]
p hydraulic pressure [Pa]
U maximum velocity at the entrance [m/s]
e gauge parameter

v filtration velocity [m/s]
d porosity
l dynamic viscosity [kg/(m s)]
n non-dimensional axial location
g non-dimensional radial location
q fluid density [kg/m3]
u axial velocity [m/s]

Symbol
hi local volume average

Subscripts
ch characteristic
f fluid
i i = 0,1,2,3 and 4 representing lumen, endothelium, inti-

ma, IEL, and media, respectively
70 mmHg

refers to properties with a gauge pressure of 70 mmHg
eff refers to an effective property
end refers to the endothelium layer
m normal coordinate
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the cells and the plasma. The blood cells could affect the flow field
within the small size vessels. As such, the blood can exhibit non-
Newtonian behavior in the small size vessels. The viscosity of the
blood as a non-Newtonian fluid can be expressed by several mod-
els [16–18]. However, for large and medium arteries, it is generally
reasonable to consider the blood as a Newtonian fluid.

In the present study, the fluid flow and mass transfer within an
arterial wall is analyzed using a four-layer model which is a mod-
ification of Khakpour and Vafai [19] and Yang and Vafai’s works [5].
A comprehensive analytical solution of the low-density lipoprotein
(LDL) transport in the arterial wall is presented. The analytical
solution of the LDL transport in the arterial wall with a stent is
obtained and compared with the corresponding numerical
solution. Furthermore, the effect of stent compactness on the LDL
concentration distribution is also shown.
2. Analysis

2.1. Wall model

Fig. 1[a] shows the typical anatomical structure of an arterial
wall discussed by Yang and Vafai [5]. It is composed of five layers,
i.e. glycocalyx, endothelium, internal elastic lamina, media and
adventitia. Since its average thickness is only 60 nm, the glycocalyx
is generally not considered in the model (Michel and Curry [20];
Tarbell [21]). Endothelium, a layer of cells interconnected with
intercellular junctions is considered followed by IEL, which is com-
posed of an impermeable elastic tissue with fenestral pores. The in-
tima consists of proteoglycan and collagen fibers and the media
layer contains smooth muscle cells and elastic connective tissue,
comprised of lymphatic and vasa vasorum, is loosely connected
to the adventitia. The thickness and properties of each layer is
shown in Table 1 [5,22,23].

2.2. Governing equations

Fig. 1(b) shows the arterial wall representation with four
different macroscopically homogeneous porous layers. The lumen
is assumed to be Newtonian and incompressible with constant
properties. The momentum and mass transport equations in the
lumen are:

r � V ¼ 0

q
DV
Dt
¼ �rpþ lfr2V

@c
@t
þ V � rc ¼ Dr2c

ð1Þ

where V is the velocity vector, c LDL concentration, p hydraulic
pressure and q, lf, and D are the fluid density, viscosity, and diffu-
sivity respectively.

According to the Darcy numbers in Table 1, the viscosity effect
for this problem needs to be considered. However, Darcy’s model
cannot describe the viscosity and inertia effects. The volume-aver-
aged equations with viscosity and Forchheimer terms are used for
transport within the arterial wall. The Staverman filtration coeffi-
cient in the concentration equation represents the selective perme-
ation of species by the membrane [5,19,23–25].

r � hVi ¼ 0
q
d
hðV � rÞVi þ l

K
hVi ¼ �rhpi þ l

d
r2hVi � qFdffiffiffiffi

K
p ½hVi � hVi�I

@hci
@t
þ ð1� rf ÞhVi � rhci ¼ Der2hci þ khci

ð2Þ

where d is the porosity; K permeability; rf the Stavernan filtration
coefficient; De effective LDL diffusivity, F dimensionless inertia coef-
ficient, I the unit vector oriented along the velocity vector V, k reac-
tion coefficient which is non-zero only inside the media layer and is
zero for the other layers. The convective term h(V � r)Vi is relatively
small [24], therefore the momentum equation can be written as

�l
K
hVi � rhpi þ l

d
r2hVi � qFdffiffiffiffi

K
p ½hVi � hVi�I ¼ 0 ð3Þ
2.3. Boundary conditions

At the inlet, the lumen is governed by a fully developed para-
bolic velocity profile



Fig. 1. Schematic of different arterial layers (a) physical display (b) simplified
presentation along with the coordinate system.
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u ¼ umaxð1� ðy=RÞ2Þ ð4Þ

where umax is the centerline velocity, R the radius of the lumen, u
the streamwise component of the velocity vector and y is the radial
location. According to Yang and Vafai [5]’s research, the impact of
pulsation on the LDL transport across the arterial tissue is negligible
for a simple straight axisymmetric geometry. Thus it is reasonable
here to just consider the steady flow condition.
Table 1
Property values for different arterial layers.

Lumen Endothelium

Density q [kg/m3] 1070 1057
Diffusivity Deff [m2/s] 2.87E�11 5.706E�18
Permeability K [m2] 3.22E�21
Porosity d 5E�4
Reaction coefficient k [s�1] 0 0
Reflection coefficient r 0.9888
Thickness H⁄ [lm] 3100 2
Viscosity leff [kg/(m s)] 3.7E�3 0.72E�3
Reynold Number Re 598.7
Darcy number Da 8.05E�10
Schmidt number Sc 1.19E+11
The velocity at the inlet and outlet within the arterial wall is
negligible. The velocity continuity at the interface between differ-
ent layers is employed and constant pressure at the outlet of the
lumen is applied. The boundary conditions on the concentration
equations are:

(1) c/c0 = 1 at the lumen inlet and the LDL concentration at the
entrance is taken as c0 = 28.6 � 10�3 mol/m3[19].

(2) No normal diffusive mass flux at the symmetry axis, lumen
outlet and inlet and outlet of the arterial wall.

(3) The species concentration or its derivative is taken to be zero
at the media/ adventitia interface.

The continuity of species concentration and the total species
flux are incorporated at each interface between the lumen, endo-
thelium, intima, IEL and media. In our analysis, we utilize two adja-
cent boundaries for each layer and the coordinate system is placed
at the interface of the two layers. As such several coordinate sys-
tems are utilized in the analysis.

2.4. Physiological properties

The main source of the filtration data is based on the experi-
mental work of Meyer et al. [26]. For a transmural pressure differ-
ential of 70 mmHg, the filtration velocity is reported to be
ufilt = 1.78 � 10�6 cm/s. The total filtration resistance can be ex-
pressed as [25]:

Rtot ¼
p1 � p2

ufilt
¼ lendLend

KDeff ;end

þ lintLint

KDeff ;int

þ lielLiel

KDeff ;iel

þ lmedLmed

KDeff ;med

ð5Þ

The Darcy permeability of the intima is hundred fold greater
than that in the media and the resistance in the endothelium layer
is about a hundred times greater than the one in IEL. The perme-
ability in each layer can be calculated utilizing the experimental
data for endothelium, intima, IEL and media, respectively. Table 1
shows the properties in each of the four layers.

The lattice structure of the stent is modeled as a porous med-
ium, thus its morphological properties, such as permeability and
effective diffusivity, are required. Assuming a uniform thickness
of the metallic struts, the ratio of surface area (opening part to
the total part) in the stent would be considered to be the porosity
of the stent, as given by

ds ¼
Vvacant

Vtotal
¼ Aopening

Atotal
¼ 1� Astrut

Atotal
ð6Þ

where Astrut is the surface area of the metallic struts and Atotal is the
total area of the stent layer.

Permeability of the stent is obtained by Karman–Kozney equa-
tion, given by
Intima IEL Media Adventitia

1057 1057 1057 1057
5.4E�12 3.18E�15 5E�14
2E�16 4.392E�19 2E�18
0.983 0.002 0.258
0 0 3.197E�4
0.8272 0.9827 0.8836
10 2 200 100
0.72E�3 0.72E�3 0.72E�3

2.0E�6 1.10E�7 5.00E�11
1.26E+5 2.14E+8 1.36E+7
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K ¼ d2

180
d3

ð1� dÞ2
ð7Þ

where d is the characteristic length of the stent which is considered
to be the width of the stent segment.

The effective mass diffusion coefficient of the stent is repre-
sented by

Ds ¼ dD ð8Þ

where d is the porosity of the stent.

3. Methodology and validation

3.1. Fluid flow analysis

In the lumen and the endothelium layer, the velocity is non-
dimensionalized by using a reference velocity given by

uch;0 ¼ �
R2

2lf

dp
dx

ð9Þ

The non-dimensional streamwise velocity in the lumen is found to
be

u0 ¼ �g2
m;0 þ 2gm;0 þ U0;1 ð10Þ

where gm,0 = y0/R is the non-dimensional normal coordinate for the
lumen and U0,1 is the non-dimensional streamwise velocity at the
lumen and endothelium interface.

The momentum equation within the endothelium layer
becomes

d2u1

dg2
m;1

� u1 � a1u2
1 þ 2d1e2

m;1 ¼ 0 ð11Þ

where gm;1 ¼ y1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
K1=d1

p
is the non-dimensional normal coordinate

for the endothelium layer and

a1 ¼ F1d1Rech;1 ð12Þ

where Rech;1 ¼ ðuch;0
ffiffiffiffiffiffi
K1
p
Þ=mf and u1 = h u1i/uch,0

Expanding u1 in terms of the powers of the gauge parameter
results

u1 ¼ em;1u1;1 þ e2
m;1u1;2 þ e3

m;1u1;3

em;1 ¼
1
R

ffiffiffiffiffiffi
K1

d1

s
ð13Þ

Khakpour and Vafai [19] derived the perturbation solution of
the velocity at the interface of lumen and endothelium as

U0;1 ¼ 2em;1 þ 2d1 �
4a1

3

� �
e2

m;1 þ
20a2

1

9
� 4a1d1

� �
e3

m;1 ð14Þ

For intima, IEL and media layers, the non-dimensional momen-
tum equation becomes

d2ui

dg2
m;i

� ui � aiu2
i þ 1 ¼ 0 ð15Þ

where the reference velocity is

uc;i ¼ �
Ki

lf

dhpi
dx

� �
ð16Þ

Expanding ui in terms of powers of porosity, di, results

ui ¼ ui;0 þ diui;1 þ d2
i ui;2 ð17Þ

The perturbation solutions of the velocity at the interfaces of in-
tima and IEL and IEL and Media are obtained as [19]
U0;i ¼ Ui;0 þ diUi;1 þ d2
i Ui;2

Ui;0 ¼
1þ /1

/

Ui;1 ¼ �
xi

3/
½ðUi;0Þ2/2 þ Ui;0/3 þ /4�

Ui;2 ¼
1

3/

�xiUi;0ð/3 þ 2/2Ui;0Þþ
x2

i ð/5ðUi;0Þ3 þ /6ðUi;0Þ2 þ /7ðUi;0Þ þ /8Þ

" #
xi ¼ FRei

ð18Þ

where

r1 ¼
Ki�1

Ki
; r2 ¼

di�1

di

r3 ¼ 1; r4 ¼
Fi�1

Fi

ð19Þ

/ ¼ 1þ ðr1=r2Þ1=2

/1 ¼ ðr1=r2Þ1=2ðr1r3Þ�1

/2 ¼ 1þ ðr4r3=2
2 Þ

�1

/3 ¼ 1þ ðr1r4r3r3=2
2 Þ

�1

/4 ¼ 1þ ðr2
1r4r2

3r3=2
2 Þ

�1

/5 ¼ 1þ ðr1=2
1 r2

4r5=2
2 Þ

�1

/6 ¼ 1þ ðr3=2
1 r2

4r3r5=2
2 Þ

�1

/7 ¼ 1þ ðr5=2
1 r2

4r2
3r5=2

2 Þ
�1

/8 ¼ 1þ ðr7=2
1 r2

4r3
3r5=2

2 Þ
�1

ð20Þ

The filtration velocity in the direction normal to the luminal
blood flow is calculated by Darcy’s law given by

v ¼ �Kwall

lf

Dp
l
jwall ð21Þ

where Dp
l jwall is the transmural pressure gradient and Kwall is the

average permeability of the arterial wall.

3.2. Mass transport

3.2.1. Mass transport without a reaction
The governing species conservation equation without a reaction

term is given by

ð1� rf Þ hui
@hci
@x
þ hvi @hci

@y

� �
¼ D

@2hci
@y2 ð22Þ

The non-dimensional form of the species equation can be writ-
ten as

vLffiffiffiffiffiffiffiffi
Ki=di

Sci

q
0
B@

1
CA @Ni

@gs;i
þ ui

@Ni

@n
¼ 1

Rei
ffiffiffiffiffiffiffiffi
Dai
p @2Ni

@g2
s;i

ð23Þ

where

n ¼ x
L ; u ¼ 1�rf

d
hui
uch
; v ¼ 1�rf

d
hvi
uch
;

gs ¼ y
ffiffiffiffiffiffi
Sc

K=d

q
; N ¼ c

Cref

The non-dimensionalization of spatial variable y is different
from the one used in velocity Eqs. (10), (11) and (15).

Utilizing Vi ¼ vLffiffiffiffiffiffi
Ki=d
Sci

q and ui ¼ U0;i þKigs;iSc�1=2
i results the follow-

ing form for Eq. (23)

Vi
@Ni

@gs;i
þ ðU0;i þKigs;iSc�1=2

i Þ @Ni

@n
¼ 1

Rei
ffiffiffiffiffiffiffiffi
Dai
p @2Ni

@g2
s;i

ð24Þ

where
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K0 ¼
2
R

ffiffiffiffiffi
k1

p

K1 ¼ �
1
R

ffiffiffiffiffi
k1

d1

s

Ki ¼ ð1� U0
0;iÞ � di U1

0;i þ
b1

3
U0

0;i

� �2
þ U0

0;i þ 1
� �� �

� d2
i

U2
0;i þ

b1U1
0;i

3 ð2U0
0;i þ 1Þþ

b2
1U1

0;i
18 7 U0

0;i

� �3
� 11 U0

0;i

� �2
� 62U0

0;i þ 72
� �

2
64

3
75

and i = 0;1;2;3;4 designates lumen, endothelium, intima, IEL and
media respectively.

In order to solve Eq. (24), the concentration field is expanded in
terms of Sc�1/2 as

Ni ¼ N0
i þ Sc�1=2

i N1
i ð25Þ

The expansion of the species concentration field results in the zer-
oth- and first-order equations as

Vi
@N0

i

@gs;i
þ U0;i

@N0
i

@n
¼ 1

Rei
ffiffiffiffiffiffiffiffi
Dai
p @2N0

i

@g2
s;i

V i
@N1

i

@gs;i
þ U0;i

@N1
i

@n
þKigs;i

@N0
i

@n
¼ 1

Rei
ffiffiffiffiffiffiffiffi
Dai
p @2N1

i

@g2
s;i

ð26Þ

The inlet and interface conditions are given by

Niðn ¼ 0;gs;iÞ ¼ 0

Niðn;gs;i ¼ 0Þ ¼ fiðnÞ
ð27Þ

where fi(n) is the non-dimensional concentration at the interface.
Defining the Laplace transformation in the n domain of N0

i :

L N0
i

� �
¼ Zðs;gs;iÞ

L
@N0

i

@n

 !
¼ sZðs;gs;iÞ

Defining the Laplace transformation in the n domain of N1
i :

L N1
i

� �
¼ Yðs;gs;iÞ

L
@N1

i

@n

 !
¼ sYðs;gs;iÞ

Applying the Laplace transformation in the n domain to Eq. (26):

Vi
@Z
@gs;i

þ U0;isZ ¼ 1
Rei

ffiffiffiffiffiffiffiffi
Dai
p @2Z

@g2
s;i

V i
@Y
@gs;i

þ U0;isY þKigs;isZ ¼ 1
Rei

ffiffiffiffiffiffiffiffi
Dai
p @2Y

@g2
s;i

ð28Þ

Using the Laplace transformation, the zeroth- and first-order solu-
tion of Eq. (28) for layer i and i + 1 are found to be

zeroth : Zi ¼
1

1þ ciþ1
ci

ffiffiffiffiffiffi
ciþ1

ci

q ffiffiffiffiffiffiffi
r2r5
r1

q 1
s� J

� 4ciþ1

s2 � Js

� �

� exp
Ai �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

i þ 4Bis
q

2
gs;i

0
@

1
A

first : Yi ¼ hi exp
Ai �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

i þ 4Bis
q

2
gs;i

0
@

1
A

þ
� KiRei

ffiffiffiffiffi
Dai

pffiffiffiffiffiffiffiffiffiffiffiffi
A2

i þ4Bis
p nigs;i

1
2 gs;i þ 1ffiffiffiffiffiffiffiffiffiffiffiffi

A2
i þ4Bis

p
 !

exp
Ai�

ffiffiffiffiffiffiffiffiffiffiffiffi
A2

i þ4Bis
p

2 gs;i

� �
2
6664

3
7775
zeroth : Ziþ1 ¼
1
s
� 1

1þ ciþ1
ci

ffiffiffiffiffiffi
ciþ1

ci

q ffiffiffiffiffiffiffi
r2r5
r1

q 1
s� J

� 4ciþ1

s2 � Js

� �2
64

3
75

� exp
Aiþ1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

iþ1 þ 4Biþ1s
q

2
gs;iþ1

0
@

1
A

first : Yiþ1 ¼ �r1=2
5 hi exp

Aiþ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

iþ1 þ 4Biþ1s
q

2
gs;iþ1

0
@

1
A

þ �Kiþ1Reiþ1

ffiffiffiffiffiffiffiffiffiffiffiffi
Daiþ1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

iþ1 þ 4Biþ1s
q niþ1gs;iþ1

2
64

1
2
gs;iþ1 þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

iþ1 þ 4Biþ1s
q

0
B@

1
CA exp

Aiþ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

iþ1 þ 4Biþ1s
q

2
gs;iþ1

0
@

1
A
3
75
ð29Þ

where

Ai ¼ ViRech;i

ffiffiffiffiffiffiffiffi
Dai

p
; Bi ¼ U0;iRech;i

ffiffiffiffiffiffiffiffi
Dai

p
; ci ¼

V2
i ðRech;i

ffiffiffiffiffiffiffiffi
Dai
p

Þ
4U0;i

;

r5 ¼ Di=Diþ1

J ¼
1þ

ffiffiffiffiffiffi
ciþ1

ci

q ffiffiffiffiffiffiffi
r2r5
r1

q
1

4ciþ1
þ 1

4ci

ffiffiffiffiffiffi
ciþ1

ci

q ffiffiffiffiffiffiffi
r2r5
r1

q ; ni ¼
1

1þ ciþ1
ci

ffiffiffiffiffiffi
ciþ1

ci

q ffiffiffiffiffiffiffi
r2r5
r1

q 1
s� J

� 4ciþ1

s2 � Js

� �
;

niþ1 ¼
1
s
� ni

hi ¼
4

ffiffiffiffiffiffiffi
r2r2

5
r1

q
KiRei

ffiffiffiffiffi
Dai

p
BiðsþciÞ

þ Kiþ1Reiþ1

ffiffiffiffiffiffiffiffiffi
Daiþ1

p
Biþ1ðsþciþ1Þ

� �
ni �

Kiþ1Reiþ1

ffiffiffiffiffiffiffiffiffi
Daiþ1

p
sBiþ1ðsþciþ1Þ

� �
ffiffiffiffiffiffiffi
r2r2

5
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ð31Þ

where

q1;i ¼
A2

i g2
s;i

4
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s;i

Eqs. (30) and (31) can be applied to find the species concentra-
tion profile within endothelium, intima and IEL.

3.2.2. Mass transport in the presence of a reaction
The chemical reaction should be considered for the mass trans-

port within the media layer, which is modeled as an irreversible
first-order reaction. The species concentration equation for the
media layer can be written as

ð1� rf ÞhVi � rhci ¼ Dr2hci þ khci ð32Þ

where k is the chemical reaction rate.
The non-dimensional form of the species concentration equa-

tion within the media layer is given by
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In order to solve Eq. (33), the concentration field is expanded in
terms of Sc�1/2 as
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The expansion of the species concentration field results in the zer-
oth- and first-order equations as
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Using the same Laplace transform in the n domain in Eqs. (28)–
(35):
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The Laplace solution for the above species concentration equa-
tions within the media layer is obtained as



Table 2
Streamwise velocity at the interface of different arterial layers.

Interface streamwise velocity m/s Interface

U0,1 2.6921E�06 Lumen/endothelium
U0,2 1.9513E�08 Endothelium/intima
U0,3 1.36458E�13 Intima/IEL
U0,4 5.5638E�14 IEL/media

Fig. 2. Radial variation of normalized LDL concentration across intima and IEL
layers-comparison between analytical and numerical results (x = 60 mm,
L = 124 mm).

Fig. 3. Radial variation of normalized LDL concentration across the media layer-
comparison between analytical and numerical results (x = 60 mm).
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where subscript 3 refers to parameters in IEL, and subscript 4 refers
to parameters in media and c ¼ rcRe4

ffiffiffiffiffiffiffiffiffi
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p

.
The concentration distribution in the media layer is found to be
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where b4 = k/U0,4
It should be noted that Eqs. (29)–(38) incorporate corrections
over the results presented in Khakpour and Vafai [19].
4. Results and discussion

Property values for different layers are given in Table 1. The
average arterial permeability is found to be Kwall = 3.77 �
10�19 m2. The filtration velocities are respectively calculated to
be 2.283 � 10�8 m/s and 5.218 � 10�8 m/s for transmural pressure
differentials of 70 mmHg and 160 mmHg respectively, which is
also reported by Khakpour and Vafai [19].

Using Eqs. (18)–(20), the streamwise velocity at each interface
can be obtained. The results are presented in Table 2. Both the



Fig. 4. Numerical and analytical LDL concentration distribution in radial direction
across the stent.

Fig. 5. Numerical and analytical LDL concentration distributions across the intima
and IEL layers in the presence of a stent.

Fig. 6. Numerical and analytical LDL concentration distributions across the media
layer.

Fig. 7. Axial variation of analytical normalized LDL concentration at the interface of
lumen and the stent-Effect of the stent compactness represented through porosity
variation.

Fig. 8. Analytical LDL concentration distributions in the radial direction in stents
with different porosities–Effect of variations in the stent compactness, represented
through porosity variation, on the LDL concentration distribution across the stent.

Fig. 9. Analytical LDL concentration distribution in radial direction across the
Intima and IEL with and without the stent.
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filtration and the streamwise velocities at each interface are
needed to obtain the species concentration distribution.
The radial variation of LDL concentration across intima and IEL
layers under transmural pressure differentials of 160 mmHg and
70 mmHg is presented in Fig. 2. The corresponding LDL concentra-



Fig. 10. Analytical LDL concentration distribution in the radial direction across the
media with and without the stent.
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tion distributions within the media layer under different transmu-
ral pressure differentials are shown in Fig. 3. The governing species
conservation equation in Fig. 2 is different from the one in Fig. 3.
There is a reaction term for the mass transport in the media layer
in Fig. 3. The analytical approximation for the reaction term would
make the result larger than the numerical solution. It should be
noted that this result does not conflict with the result shown in
Fig. 2. The results are in good agreement with the numerical solu-
tion of Yang and Vafai [5]. Due to the reaction term, the concentra-
tion distributions within the media layer are nonlinear while in
intima and IEL layers, the radial variations of concentration are
nearly linear. With an increase in the transmural pressure differen-
tial, the value of normalized concentration in each arterial layer
increases. Thus hypertension would aggravate the species accumu-
lation within the arterial wall.

The stent is modeled as a porous medium. The size and mor-
phological properties of the stent in the numerical model are in
par with the analytical model. The numerical and analytical con-
centration distributions in stent, intima, IEL and media are pre-
sented in Figs. 4–6 and are found to be in good agreement. The
numerical results yield values which are larger than the analytical
results.
4.1. Effect of stent on the LDL concentration distribution

The lattice structure of the stent is modeled as a porous medium
in the analytical model. The analytical solutions given earlier are
modified to incorporate the stent layer. Stents morphological prop-
erties, such as permeability and effective diffusivity, are obtained
from Eqs. (6)–(8). In the analytical model, the compactness of the
stent is analyzed through use of a range of porosities given by
0.1,0.45,0.6,0.75 [27,28]. The corresponding permeabilities are cal-
culated to be 4.535 � 10�13, 6.69 � 10�11, 3 � 10�10, 1.5 � 10�9 m2.
The diffusivity for a porosity of ds = 0.1 is 10�14 m2/s [27,28]. The
transmural pressure differential is taken to be 70 mmHg and the
thickness of the stent is taken as 140 lm [29].

Fig. 7 shows the axial concentration distribution at the interface
of lumen and the stent. As can be seen as the stent becomes more
compact, LDL accumulation at the interface increases. The effect of
variations in the stent compactness, represented through the
porosity variation on the radial concentration distribution, is
shown in Fig. 8. It can be seen that the concentration at the inter-
face between the stent and the endothelium decreases as the stent
compactness increases.
Figs. 9 and 10 display the effect of the stent on the concentra-
tion distributions in intima, IEL and media respectively. As can
be seen in Figs. 9 and 10, the stent has a minimal effect on the con-
centration distribution in these layers.
5. Conclusions

A detailed and comprehensive analytical solution of the macro-
molecular transport within an arterial wall is presented in this
work. The solution is obtained through the application of singular
perturbation analysis along with Laplace and inverse Laplace trans-
formations. Detailed analytical results are obtained for the velocity
and species concentration distributions within different arterial
layers. The analytical results are found to be in good agreement
with the numerical results.

The stent with the latticed structure is modeled as a porous
medium with specific permeability and effective diffusivity. By
extending the analytical solution to incorporate the stent layer,
new species concentration distributions in the arterial layers are
obtained in both the radial and the axial directions. The obtained
analytical result clearly and readily shows the relationship be-
tween mass transport and LDL accumulation across the artery
and permeability, porosity, length of the struts, reaction rate, etc.
The impact of the stent compactness on the species transport with-
in the arterial layers is investigated. The analytical solutions incor-
porating the presence of stent are compared with the numerical
solutions and are found to be in good agreement.
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