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A theoretical model for carbon dioxide (CO2) migration in tilted aquifers with groundwater flow is pre-
sented to evaluate the injection of CO2 into a geological formation. Capillary force in the flow of two
immiscible fluids in a porous medium creates a saturation transition zone, where the saturation changes
gradually. A vertical equilibrium assumption is employed to solve for the capillary pressure. Initially we
verify our analytical model without slope and incoming ground water. Next the effects of sloped angle
and an incoming ground water are studied. The asymmetrical distribution is fully incorporated in our
analysis presented in this work, which provides essential information for CO2 injection period and reser-
voir capacity. In the limiting case of no sloped stratum and no incoming groundwater flow as well as no
transition zone, the results for our analysis compare very well with prior works. For the stratum with a
slope angle, CO2 will migrate further in the upper side of CO2 injection point. The incoming underground
water helps CO2 move further on the up-dip side of the CO2 injection point where CO2 flow direction is
the same as the incoming underground water. The existence of a critical velocity when the incoming CO2

at the injection point will only move to the up-dip side is established. In this work, for the first time we
account for the injection velocity and the saturation transition zone as well as a sloped incoming ground-
water flow.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Geological storage of CO2 is a promising technology to reduce
atmospheric CO2 emissions (Bachu et al. [1]). In the Carbon capture
and storage (CCS) process, CO2 is captured, compressed and
injected into a geological formation, such as a saline aquifer [1].
By understanding subsurface CO2 migration, the stratum capacity
and leakage risks of CO2 storage can be estimated [2]. Theoretical
models for CO2 sequestration have been reviewed recently [2]. In
this work, we present a theoretical model for CO2 migration for
tilted aquifers with groundwater flow. Reservoir capacity and
migration process can be obtained utilizing the model presented
here.
1.1. CO2 storage in saline aquifer

Each year, gigatonnes of CO2 need to be stored in the subsurface
to reduce atmospheric CO2 levels. As the saline aquifers have large
potential volumetric storage capacity, they are currently the most
promising target for CO2 storage. Since the aquifer brine is not an
accessible resource for drinking or irrigation due to its high
concentrations of dissolved salts [3], CO2 storage in it is unlikely
to impact the quality of drinking water. Deep saline aquifers are
located 1–3 km underneath the surface of the earth and consist
of permeable material, such as limestone and cemented sand.
Owing to formation movement, some aquifers are on a sloped
strata and exposed to a slow moving groundwater flowing through
it [2].

Before injection, CO2 is compressed to reservoir conditions, at
which the CO2 is in a supercritical state, to save the storage
volume. The injected CO2 is the non-wetting phase and the ground-
water is the wetting phase [4]. The compressed CO2 is less dense
and less viscous than the ground water. Buoyancy forces make
CO2 move upward until reaching the impermeable boundary over-
lying the aquifer formation. The injected CO2 is structurally
trapped by the impermeable layer and dominated by horizontal
movement which is driven by the density difference with the
groundwater. If the impermeable layer is not a closed structure
and the caprock is not intact, long-term, the injected CO2 could
eventually leak. The long-term security is a major concern for the
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Nomenclature

/ porosity
k mobility Pa�1⁄s�1

h slope angle
Q flow rate [m3/s]
q groundwater surface flow rate [m2/s]
Uw groundwater incoming velocity [m/s]
s effective non-wetting phase saturation
PI pressure change in the r direction [Pa]
S saturation
Swi residual wetting phase saturation
h the height of the non-wetting phase [m]
H the height of the stratum [m]
l dynamic viscosity Pa⁄s
K pore size distribution index
u coefficient defined as /(1 � Swi)
he capillary entry height, pe/Dqg [m]

a power for the non-wetting relative permeability equa-
tion

b power for the wetting relative permeability equation
u velocity vector [m/s]
Qwell CO2 Injection flow rate [m3/s]
e very small parameter

Subscripts
R up-dip
L down-dip
r relative
c capillary
e entrance
n non-wetting phase
w wetting phase
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underground CO2 storage. It mainly depends on the efficiency of
the trapping mechanism. The long-term trapping mechanism can
be divided into physical trapping and geochemical trapping [5].
In physical trapping, CO2 is trapped by residual CO2 saturation dur-
ing imbibition or dissolved in the formation water. The geochemi-
cal trapping, which is also called mineral trapping, is the most
permanent form of geological storage. The dissolved CO2 forms
ionic species and changes to stable carbonate minerals over long
time scales after chemical reactions.

1.2. Interfacial model

CO2 migration involves release of one fluid into another ambi-
ent fluid with a different density. One of the major difficulties in
incorporating the intrusion of CO2 in the stratum is modeling the
interface between the intruding fluids and ambient fluids. To study
such two-fluid systems through porous formations, sharp-interface
models have often been invoked. The sharp-interface model
assumes that each fluid in its region is fully saturated and two flu-
ids are divided by a macroscopically sharp interface. Sharp-inter-
face models are applicable when capillary forces are negligible
compared to the other forces, such as viscous forces. Srinivsan
and Vafai [6] utilized the sharp-interface model to analyze linear
encroachment in two immiscible fluid systems in porous media
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Fig. 1. Schematic diagram of a sloped stratum a
and an analytical solution of the interface location was obtained.
Their result was further improved by Vafai and Alazmi [7]. In con-
fined geometries (h � H, h is the height of CO2 in the aquifer, H is
the thickness of the aquifer), where the viscosity ratio plays a
key role, sharp-interface models are often adopted (Hesse et al.
[2]). Nordbotten and Celia [8] obtained a symmetrical analytical
solution incorporating the effects of vertical flow. Their model
was applicable to gravity currents only when the capillary forces
were negligible compared with other forces. However, when
encountering two different phases, the saturation transition zone
which is created by capillary forces is not negligible. The transition
zone expands with the growth of capillary force compared with
gravity, which is caused by the density difference between the
two phases. This makes the sharp-interface assumption invalid.
In this case, as CO2 is injected into the brine system, the density
difference between CO2 and brine could potentially enlarge the
transition zone. Golding et al. [4,9] derived a two-phase gravity-
current model and considered the relative permeability reduction
in the transition zone which was not included in a sharp-interface
model. Nordbotten and Dahle [10] had shown that the capillary
fringe had a potentially important impact on the of CO2 migration
plume shape and spread, both during the injection and post injec-
tion phases. The two-phase current model considering capillarity is
adopted in this study.
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quifer in the presence of groundwater flow.
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Stratum is not always horizontal and often affects the flow of
underground water for real CO2 storage situations. In the present
study, a plume of CO2 is injected, as shown in Fig. 1, radially out-
ward, from a vertical well into a tilted aquifer of uniform thickness
and properties with a down-slope background flow. The co-injec-
tion of CO2 and water were discussed in Nordbotten and Celia’s
work [11]. The vertical well is located along the z coordinate axis
as shown in Fig. 1 (The width of the well is neglected). The slope
and underground water flow will impact the pressure distribution
in the aquifer. In other words, it will affect the height distribution
of CO2 in the aquifer during the migration. Many studies of CO2

storage have considered the sloped stratum and the flow of under-
ground water. Hesse et al. [2] considered a slightly sloped aquifer,
with an initial near-parabolic regime of CO2. The slope of the aqui-
fer accelerates the evolution of CO2 regime from an initially near-
parabolic shape to a near-hyperbolic shape. Macminn et al. [3] also
presented a solution for CO2 post-injection migration due to natu-
ral ground flow within a sloped aquifer. However, the surface ten-
sion or capillary force between CO2 and ambient fluid in these
models are neglected. In this study, capillary force is considered
within CO2 migration in the sloped stratum. Gravity-capillary equi-
librium is assumed in the vertical direction. Nordbotten et al. [12]
numerically analyzed the uncertainties of simulation of CO2 stor-
age in a slightly sloped aquifer. They considered the upscaling,
r
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Fig. 2. The Sketch of the Injection Set
and numerical modeling in their simulation. The importance of
the real-time monitoring and history matching during injection
operation was considered. Our study focuses on an analytical der-
ivation and a comprehensive transient solution for the height evo-
lution of non-wetting phase is obtained. For the first time, an
analytical solution of CO2 height distribution during the migration,
which incorporates the injection velocity, incoming groundwater
flow and the transition zone within a sloped aquifer, is established
and presented.
2. Analysis of Two-phase CO2 migration

2.1. Saturation and local mass conservation

In the injection process, the non-wetting fluid (CO2) occupies
the pores, which are initially saturated with the wetting fluid
(ground water). In a two-phase model, the non-wetting fluid
would just displace the wetting phase partially and the two phases
co-exist within the same pore spaces [4]. The saturation, Si is
defined as the average volume fraction, /i, in a representative
elementary volume (REV), normalized by porosity /

Si ¼ /i=/ i ¼ w;n: ð1Þ
ψ
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where w and n indicate wetting and non-wetting phases respec-
tively. The methodology presented here partially follows that given
by Golding et al. [4]. However here we extend it substantially to
include the effects of formation slope and ambient groundwater
flow and transient aspects because these could have significant
influence on the extent of CO2 migration and were not included in
Golding et al. [4]. The effective non-wetting phase saturation s is
defined by

s ¼ Sn

1� Swr
ð2Þ

where Swr is the residual wetting phase saturation.
The local mass conservation equation for each phase in terms

saturation is expressed as:

/
@

@t
ðSiÞ þ r � ui ¼ 0 i ¼ w; n ð3Þ

where ui is the volumetric flux of phase i.
h (r, t), as Fig. 1 shows, is the height of non-wetting phase. We

assume that the non-wetting phase exists only in the region
0 < z < h(r, t). The non-wetting phase will not exist beyond this
height.

As Fig. 1 shows, by using integration between z = 0 and h and
using Leibniz integral rule, the local mass conservation equation
in Cartesian coordinate system can be expressed as

u
@

@t

Z h

0
sdzþ @

@x

Z h

0
undz ¼ 0 ð4Þ

where u = /(1 � Swr). In writing Eq. (4), we have assumed that the
fluid phases are incompressible.

When injection ensues through a pipe, the migration occurs in
all directions. As such the cylindrical coordinate is the proper
and more realistic route to describe this physical process.

In cylindrical coordinate system, Eq. (4) will change to

u
@

@t

Z h

0
sdzþ 1

2pr
@

@r
2pr

Z h

0
undz

" #
¼ 0 ð5Þ

Since there is incoming underground water flow, the height distri-
bution is not symmetrical, with respect to the left and right sides of
the injection site. Thus the asymmetrical nature of the flow needs to
be considered in our case and Eq. (5) can’t be directly used here.
Here we first divide the migration region into two regions, as shown
in Fig. 2, the left and the right side regions. As Fig. 2(b) shows, we
utilize a 2D coordinate system, thus the height h we are solving
for here is the average height over all angles w on the left or the
right side for any specific radius r.

2.2. Capillary pressure

Capillary pressure is the pressure difference across the interface
between two immiscible fluids, which is defined as

pc ¼ pn � pw ð6Þ
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Fig. 3. Schematic of the configuration without the sloped stratum and incoming
water flow.
Or expressed as

@pc

@z
¼ @pn

@z
� @pw

@z
ð7Þ

In the sharp-interface model, the capillary forces are neglected.
During the injection period, the pores above the interface are filled
with CO2 and residual brine, while the brine fully occupies the pores
below the interface [13]. When the capillary pressure is large, the
sharp-interface assumption model becomes unrealistic. A capillary
transition zone will develop under this condition. In the vertical
direction, the fluid in the pores will gradually change from brine
to CO2 with residual brine in the transition zone. The thickness of
the capillary transition zone is determined by the distribution of
the capillary pressure.

Vertical gravity-capillary equilibrium assumption is employed
to establish the capillary pressure distribution. It is valid when
the vertical velocities are much less than the horizontal velocity.
Since the aquifer length L is much greater than the height H, the
vertical velocity can be neglected compared to the horizontal
velocity and the pressure can be considered to be hydrostatic
[4,9]. The pressure gradient for each phase can be expressed as

@pn

@z
¼ qng cos h and

@pw

@z
¼ qwg cos h ð8Þ

where h is the angle of the sloped aquifer.
Thus the capillary force will balance with gravity in the vertical

direction is given as

@pc

@z
¼ �Dqg cos h ð9Þ

which is also called vertical gravity-capillary equilibrium, where
Dq = qw � qn.

According to Brooks–Corey capillary pressure function [14],
capillary pressure is a function of saturation, given by

pc ¼ peð1� sÞ�1=K ð10Þ

where K is the pore size distribution index. pe is the capillary pres-
sure at the boundary (z = h) of the non-wetting phase, which is
defined as the required pressure for the non-wetting phase to enter
the largest pores in the porous medium.

After integration, Eq. (9) can be presented as

pc ¼ pe � Dqgðz� hÞ cos h ð11Þ

By combining Eqs. (10) and (11), the non-wetting phase saturation s
can be derived as

s½hðr; tÞ; z� ¼ 1� 1þ h� z
he

cos h

� ��K

ð12Þ

where he is defined by capillary entry height he = pe/D qg.

2.3. Global mass conservation

2.3.1. Model without the slope and incoming groundwater flow
As Fig. 3 shows, the pressure in the CO2 region pn can be

expressed as

pnðr; zÞ ¼ p1 þ Dp1 þ Dp2 þ pe þ Dp3

¼ p1 þ qwghþ pI þ pe � qngðh� zÞ ð13Þ

At the boundary, there is a pressure jump pe, which is the required
pressure for the non-wetting phase to enter the largest pores in the
porous medium. Define pI = Dp2, which is the pressure change in the
r direction by the external pressure difference.

The pressure in groundwater region pw can be expressed as

pwðr; zÞ ¼ p0 þ qwgzþ pI ð14Þ
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For two phase flow, the Darcy’s law can be expressed as

ui ¼ �kki
@pi

@r
� qig

� �
ð15Þ

where ki is the mobility of each phase, ki = kri (s)/li and kri is the rel-
ative permeability and li is the dynamic viscosity, i = n,w.

We consider an incompressible and isothermal flow. Combining
Darcy’s law and the pressure equations, the velocity expression for
each phase can be represented as

un ¼ �kkn
@pn

@r

� �
¼ �kkn Dqg

@h
@r
þ @pI

@r

� �
ð16aÞ

uw ¼ �kkw
@pw

@r

� �
¼ �kkw

@pI

@r

� �
ð16bÞ

The relative permeability kri is commonly approximated as an expo-
nential function of the effective saturation function s, given by

krn ¼ krn0sa ð17aÞ
krw ¼ ð1� sÞb ð17bÞ

for non-wetting phase and wetting phases [15]. Experimental data
obtained by Bennion and Bachu [16] for Ellerslie standstone shows
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that a = b = 2 and krn0 = 0.116. The same values were also used by
Golding et al. [4] in their gravity current model. We employ these
values in our work.

The flow rate for each phase can be expressed as

Qn ¼ 2pr
Z h

0
undz ¼ 2pr

Z h

0
�kkn Dqg

@h
@r
þ @pI

@r

� �
dz ð18aÞ

Qw ¼ 2pr
Z h

0
uwdzþ

Z H

h
uwdz

 !

¼ 2pr
Z h

0
�kkw

@pI

@r

� �
dz� ðH � hÞk0w

@pI

@r

� � !
ð18bÞ

where H is the height of the stratum, k0w ¼ krw
lw
¼ 1

lw
. For the ground-

water region, krw = 1.
Combined with (17a,b), the corresponding flow rates can be

expressed as

Qn ¼ �2pr Dqg
@h
@r
þ @pI

@r

� �
kkrn0

ln

Z h

0
sadz ð19aÞ

Qw ¼ �2pr
@pI

@r

� �
k
lw

Z h

0
ð1� sÞbdzþ ðH � hÞ

 !
ð19bÞ
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Two integrations,
R h

0 sadz and
R h

0 ð1� sÞbdz , in the case of a = b = 2,
combined with Eq. (12), can be expressed as

Z h

0
sadz ¼ he

h
he
þ 2

K� 1
1þ h

he

� ��Kþ1
 

� 2
K� 1

� 1
2K� 1

1þ h
he

� ��2Kþ1

þ 1
2K� 1

!
ð20aÞ

Z h

0
ð1� sÞbdz ¼ �he

1
2K� 1

1þ h
he

� ��2Kþ1

� 1
2K� 1

 !
ð20bÞ

Substituting (20a,b) into (19a,b), and using global mass conserva-
tion equation

Q n þ Q w ¼ Q well ð21Þ

yields

@pI

@r
¼ �

Qwell þ 2prDqg @h
@r

kkrn0
ln

F

2pr k
lw

Eþ 2pr kkrn0
ln

F
ð22Þ

where Qwell is the injection flow rate of CO2. As Fig. 1 shows, the well
location is along the z coordinate axis and it spans the depth of the
aquifer.

E ¼ �he
1

2K� 1
1þ h

he

� ��2Kþ1

� 1
2K� 1

 !
þ ðH � hÞ;

F ¼ he
h
he
þ 2

K� 1
1þ h

he

� ��Kþ1
 

� 2
K� 1

� 1
2K� 1

1þ h
he

� ��2Kþ1

þ 1
2K� 1

!
:

Combining Eqs. (5), (12), (16a), (20a) and (22), yields

u 1� 1þ h
he

� ��K
" #

@h
@t
� kkrn0

ln

1
2pr

@

@r

� 2prF Dqg
@h
@r
�

Q well þ 2prDqg @h
@r

kkrn0
ln

F

2pr k
lw

Eþ 2pr kkrn0
ln

F

" #( )
¼ 0 ð23Þ

Compared with the transport in the matrix of aquifer, CO2 can
quickly fill up the well without resistance from the porous media.
As the well spans the depth H of the aquifer, the boundary condi-
tions for Eq. (23) are hjr¼0 ¼ H ; hjr¼L ¼ h0 where h0 is the initial
height. The initial height h0 allows for a more general case of some
existing CO2 in the aquifer before the injection. And the length of
the aquifer is large enough that we can assume CO2 height at r = L
equals to the initial height.

2.3.2. Model with the slope and incoming groundwater flow
As shown in Fig. 4(a) when considering the slope and the

incoming groundwater flow, the injected CO2 can be divided into
@pI

@r
¼ �

pr k
lw
� he

cos h
1

2K�1 1þ h cos h
he

� ��2Kþ1
� 1

2K�1

� �
þ ðH � hÞ

� �
þ pr kkrn0

ln

Q wellR þ 2rqþ pr Dqg cos h @h
@r þ qng sin h

� 	 kkrn0
ln

he
cos h

h cos h
he
þ 2

K�1 1þ h
��

þprqwg sin h k
lw
� he

cos h
1

2K�1 ð1þ h cos h
he
Þ�2Kþ1 � 1

2K�1

� �
þ ðH � hÞ

h i
8><
>:
two parts QwellR and QwellL. QwellR is the component which is in the
same direction as the incoming ground flow while The direction
of QwellL is in the opposite direction. Due to the slope and the
incoming groundwater flow, the height distribution on the up-
dip and the down-dip regions are asymmetrical and need to be
considered separately. This asymmetry is caused by the effect of
gravity and incoming underground water flow and is fully incorpo-
rated in our analysis. As we have mentioned earlier, a 2D coordi-
nate system is utilized and the height h which is obtained here is
the average height over all angles w on the left or the right side
for any specific radius r.

As shown in Fig. 4(b), on the up-dip side region, the pressure in
CO2 region pn can be expressed as

pnðr; zÞ ¼ p1 þ Dp1 þ Dp2 þ pe þ Dp3

¼ p0 þ qwgh cos hþ pI þ pe � qngðh� zÞ cos h ð24Þ

and the pressure in the groundwater region pw can be expressed
as

pwðr; zÞ ¼ p1 þ qwgz cos hþ pI ð25Þ

Thus the flow rate on the up-dip side region for each phase can be
expressed as

Qn ¼ �pr Dqg cos h
@h
@r
þ @pI

@r
þ qng sin h

� �
kkrn0

ln

Z h

0
sadz ð26aÞ

Qw ¼ �pr
@pI

@r
þ qwg sin h

� �
k
lw

Z h

0
ð1� sÞbdzþ ðH � hÞ

 !
ð26bÞ

where

Z h

0
sadz ¼ he

cos h
h cos h

he
þ 2

K� 1
1þ h cos h

he

� ��Kþ1
 

� 2
K� 1

� 1
2K� 1

1þ h cos h
he

� ��2Kþ1

þ 1
2K� 1

!
ð27aÞ

Z h

0
ð1� sÞbdz ¼ � he

cos h
1

2K� 1
1þ h cos h

he

� ��2Kþ1

� 1
2K� 1

 !

ð27bÞ

The incoming groundwater flow rate can be expressed as

q ¼ UwH ð28Þ

Uw is the incoming groundwater flow velocity.
Considering the incoming groundwater flow, the global mass

conservation in the r > 0 region can be expressed as

Qn þ Qw ¼ Q wellR þ 2rq ð29Þ

Combining Eqs. (26a,b), (27a,b) and (29), we can obtain an expres-
sion for @pI

@r
1

he
cos h

h cos h
he
þ 2

K�1 1þ h cos h
he

� ��Kþ1
� 2

K�1� 1
2K�1 1þ h cos h

he

� ��2Kþ1
þ 1

2K�1

� �

cos h
he

��Kþ1
� 2

K�1� 1
2K�1 1þ h cos h

he

� ��2Kþ1
þ 1

2K�1

�9>=
>; ð30Þ
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Combining Eqs. (5), (12), (26a), (27a) and (30), we obtain the
following governing equation for the height h.
u 1�ð1þ h
he

coshÞ�K
h i

@h
@t �

kkrn0
ln

1
pr

@
@r

pr

Dqg cosh @h
@r þqng sinh

� 1

pr k
lw
� he

cosh
1

2K�1ð1þ
hcosh

he
Þ�2Kþ1� 1

2K�1

� �
þðH�hÞ

h i
þpr

kkrn0
ln

he
cosh

hcosh
he
þ 2

K�1 1þhcosh
he

� ��Kþ1

� 2
K� 1�

1
2K�1 1þhcosh

he

� ��2Kþ1

þ 1
2K�1

� �

Q wellRþ2rqþpr Dqg cosh @h
@r þqng sinh

� 	 kkrn0
ln

he
cosh

h cosh
he
þ 2

K�1 1þ h cosh
he

� ��Kþ1
�

� 2
K�1� 1

2K�1 1þ hcosh
he

� ��2Kþ1
þ 1

2K�1

�

þprqwg sinh k
lw
� he

cosh
1

2K�1 1þ hcosh
he

� ��2Kþ1
� 1

2K�1
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On down-dip side region, the pressure in the CO2 region pn can be
expressed as

pnðr; zÞ ¼ p0 þ Dp1 þ Dp2 þ pe þ Dp3

¼ p0 þ qwgh cos hþ pI þ pe � qngðh� zÞ cos h ð32Þ

The global mass conservation on the down-dip side region is

Q n þ Q w ¼ Q wellL � 2rq ð33Þ

QwellL is the CO2 flow rate on the down-dip side and
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As such, the governing equation for the height distribution can be
expressed as
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The CO2 flow rate on the up-dip side QwellR and the down-dip side
QwellL will satisfy the following equation
QwellR þ Q wellL ¼ Q well ð36Þ

If the impact of slope and incoming flow ground water on the injec-
tion of CO2 can be neglected, the flow rate on the up-dip side will
equal that on the down-dip side.
QwellR ¼ Q wellL ¼ Qwell=2 ð37Þ

As the injection period lasts for several years and the injected CO2

would migrate thousands of meters, Eqs. (23), (31) and (35) need
to be rewritten in a dimensionless form. Eqs. (38)–(40) are the
dimensionless forms of Eqs. (23), (31) and (35) respectively.
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Table 1
Parametric values used in comparisons with prior work [8,15].

Parameter Value

Porosity / 0.15
Residual wetting phase saturationSwi 0.2
Ground water density qw 1000 kg/m3

CO2 density qn 733 kg/m3

Enter pressure pe 3000 Pa
Permeability k 1E-13m2

CO2 viscosity 0.00006 Pa⁄s
Ground water viscosity 0.0005 Pa⁄s
Pore size distribution index K 2
Groundwater incoming velocity Uw 1 feet/day (3.53E�7 m/s)
CO2 Injection flow rate Qwell 0.0439 m3/s
Capillary entry height he 1.147 m
Aquifer thickness H 100 m
Characteristic radius L 10,000 m
Initial CO2 thickness h0 10 m
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In these equations the characteristic length scale H is chosen to be
the thickness of the aquifer. Since the width of the aquifer is much
larger than its thickness, the characteristic radius L is chosen to be
100 times the aquifer thickness H. Also since the duration of CO2

injection lasts for several years, the characteristic time scale T is
chosen to be 1 year. The dimensionless boundary conditions can
be represented by h0jr0¼0 ¼ 1 ; h0jr0¼1 ¼ h0 =H.
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Fig. 5. The height distribution for the limiting case without the sloped stratum and
incoming groundwater flow-comparison between the present work and Nordbotten
and Celia [18].

Fig. 6. Effect of the sloped stratum on the height distribution for an incoming ground
dimensional form.
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Eqs. (39) and (40) can be simplified to
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Eqs. (43) and (44) are nonlinear second-order transient partial dif-
ferential equations. Utilizing the parameters from Table 1 [8,17]
in Eqs. (43) and (44) we can obtain the height distributions for dif-
ferent incoming groundwater flow velocities and slope angles.
water flow of 0.1 ft/day after (a) 10 years (b) 30 years (c) 50 years (d) 50 years in



Table 2
Effect of the sloped stratum on the migration distance.

Angle Years

10 years 30 years 50 years

Distance (m)

h = 5� 1550 3400 5000
h = 10� 1650 3600 5400
h = 15� 1750 3800 5800
h = 20� 1850 4000 6200
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3. Results and discussion

3.1. Comparison with prior work

The results from our analysis is compared with the work of Nor-
botten and Celia [18] which is for the case without a slope and no
Fig. 7. Effect of the incoming groundwater on the height distribution for a
incoming groundwater flow and is based on a sharp interface
assumption. The comparison is shown for the limiting values used
in their work and displayed in Fig. 5. It can be seen that there is
excellent agreement between our analysis and their results for
the limiting values used in their work. The difference between
the results grows for latter years since we do account for the satu-
ration transition zone. As such the results from our analysis show
an increased penetration, as expected, for the latter years.

3.2. The up-dip side

By using Eq. (43), the height distribution under different slope
angles and incoming ground water velocities can be analyzed.
Three different slope angles 5�, 10�, 15�, 20� are chosen. As can
be seen in Fig. 6, CO2 migrates further for larger slopes. Since the
density of CO2 is less than that of the underground water, it stays
on the upside of the underground water because of the buoyance
sloped stratum (h = 10�), after (a)10 years, (b) 30 years, (c) 50 years.



Table 3
Effect of the incoming groundwater velocity on the migration distance.

Velocity Years

10 years 30 years 50 years

Distance (m)

0.5Uw 1400 3000 4200
Uw 1550 3400 5000
1.5Uw 1800 4200 6200
2Uw 2200 5000 7600
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force. For larger sloped angles, the height difference in the stratum
increases. The buoyancy force will push CO2 stream upwards. Thus
CO2 moves further for larger sloped angles. The height close to the
injection point decreases due to the mass conservation. As can be
Fig. 8. Effect of the injection flow rate on the height distribution for a sloped stratum (h =
(c) 50 years.
seen in Fig. 6(a)–(c), the impact of a sloped stratum on the CO2

height distribution becomes more apparent with time. Fig. 6(d) is
the dimensional form of Fig. 6(c). It shows that the difference in
the migration distance for CO2 can reach over 1000 meters
between sloped angles of 5� and 20� after 50 years. Table 2 displays
the estimated migration distances for different sloped angles based
on Fig. 6. It should be mentioned that the initial height is main-
tained for the regions where the injected CO2 does not reach due
to the sloped angle. The buoyancy causes the CO2 in the occupied
region to move upward. Thus, as the sloped angle increases, the
height in this region decreases.

The impact of incoming underground water velocity on the CO2

height distribution is displayed in Fig. 7, As expected, CO2 migrates
further with an increase in the incoming underground water veloc-
ity. Since the direction of CO2 migration is the same as the flow
direction, the underground water will help the CO2 movement
10�) and an incoming groundwater flow of 0.1ft/day after (a) 10 years, (b) 30 years,



Fig. 9. Effect of pore size on the height distribution for a sloped stratum (h = 10�) and an incoming groundwater flow of 0.1ft/day after (a) 10 years, (b) 30 years, (c) 50 years.
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due to the inertia and pressure. At the same time, due to the mass
conservation, CO2 height close to the injection point region
decreases for larger incoming velocities since CO2 migrates further.
As seen in Fig. 7(a)–(c), the impact of incoming underground water
velocity on the CO2 height distribution becomes more apparent.
Table 3 displays the estimated migration distances for different
incoming groundwater velocities based on Fig. 7. For the region
where injected CO2 does not reach, the height will decrease with
an increase in the flow rate of the incoming groundwater. The
groundwater water pushes CO2 forward due to pressure and
buoyancy.

Fig. 8 shows the effect of the injection flow rate on the height
distribution. As the injection flow rate increases, CO2 will move
further. For the region, which has not yet been affected by the
injected CO2 the height stays the same. Fig. 9 shows the effect of
pore size on the height distribution, where K is a pore-size related
parameter. The pores tend to be the same size with the growth of
K. Thus increasing K will decrease the capillary pressure and cap-
illary fringe. Based on Golding et al. [4] work, K = 1.5,2,4,6 are cho-
sen to study the effect of pore size distribution. It shows that the
height decreases with an increase in the pore size distribution
index, K due to a decrease in the capillary fringe. However the
effect is not significant especially for larger values of K. This shows
that the capillary force does not have a substantial impact on the
height distribution.
3.3. The down-dip side

The flow on the down-dip side is more complicated than the up-
dip side. As r grows, the CO2 velocity decreases. Since the CO2

velocity is smaller than the incoming groundwater velocity, the
groundwater flow will hinder the migration of CO2. Thus for the
down-dip side of the injection point, there should be a maximum
migration distance, which depends on the incoming ground water
velocity.
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3.4. Critical Point

With the incoming groundwater velocity growing, we establish
the existence of a critical velocity at which point CO2 at the injec-
tion point will move only to the up-dip side. The critical point is
governed by the following flux equations at the injection side. In
this case, QwellL = 0 and QwellR = Qwell. Let’s introduce a very small
parameter, e. As r ! e) h0 ! 1 .
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On the down-dip side:
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Subtracting the above two cited fluxes will result
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Utilizing Eqs. (41) and (42) and parameter values in Table 1 in Eq.
(47) we will obtain the groundwater velocity at the critical point as

Uwc ¼ ð0:004Q well=e� 0:00221Þ=398:4 ð48Þ

For example, for a stratum characteristic length of L = 10,000m, and
taking e = 10�6, we obtain the groundwater velocity at the critical
point as Uwc = 0.44m/s.

Only when the asymmetrical distribution is taken into account,
it will lead to the existence of critical point and velocity. This is
indeed the case here because we have taken into account the
asymmetrical nature of the flow field.

4. Conclusions

A comprehensive analysis for migration and injection of CO2 in
a sloped aquifer is presented in this work. The impact of the sloped
angle and groundwater flow on the height distribution is estab-
lished. The saturation transition zone along with capillary forces
is taken into account in our analysis. A comprehensive model is
developed to describe CO2 migration under these conditions. The
asymmetrical distribution is incorporated in the analysis presented
in this work. The height h we have solved for is the average height
over all angles w on the down-dip or the up-dip side for any spe-
cific radius r. The transition zone increases the CO2 height distribu-
tion to some extent. In the limiting case of no incoming
groundwater, no sloped stratum and negligible transition zone,
our results match very well with a prior work in this area. The
present analysis provides a more exact and effective solution for
the long duration injection. The CO2 on the up-dip side moves
further than the down-dip side, which must be incorporated in
evaluating the reservoir capacity. For a stratum with a sloped
angle, CO2 will migrate further in the upper side of CO2 injection
point. The incoming underground water helps CO2 move further
on the up-dip side of CO2 injection point where CO2 flow direction
is the same as the incoming underground water. The existence of a
critical velocity when the incoming CO2 at the injection point will
only move to the up-dip side was established. The presented anal-
ysis for the first time incorporates the injection velocity, the satu-
ration transition zone and the sloped incoming ground water flow.
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