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Abstract—Effects of hyperthermia on transport of low-
density lipoprotein (LDL) through a stenosed arterial wall
are analyzed comprehensively in the present work. The
realistic and pertinent aspects of an arterial wall is repre-
sented by a multi-layer model, with a proper representation
of the thickened intima region due to the atherosclerotic
plaque formation. Effects of external and internal hyper-
thermia on LDL concentration levels are established along
with the range of influence of these effects. Various modules
of the current work are comprehensively compared with
pertinent literature and are found to be in excellent agree-
ment. The effects of external and internal hyperthermia as
well as the load level and the axial location of the plaque
formation on LDL transport and accumulation for a
stenosed artery are established in this work.

Keywords—LDL transport, Arterial wall, Hyperthermia,

Accumulation.

NOMENCLATURE

A Area reduction of the stenosis (m2)
c LDL concentration (mol/m3)
�c Intima volume-averaged LDL normalized

concentration
C Thermal capacity (J/kg K)
D LDL diffusivity (m2/s)
k First-order reaction coefficient (1/s)
kT Thermal-diffusion coefficient
K Hydraulic permeability (m2)
J
!

Mass flux (mol/m2 s)
L Length of the artery (m)
M Molecular weight (g/mol)

~q Heat flux (W/m2)
p Hydraulic pressure (mmHg)
r Radial coordinate (m)
Rg Universal gas constant (J/mol K)
T Temperature (K)
u Velocity vector axial component (m/s)
v Velocity vector radial component (m/s)
V
!

Velocity vector (m/s)
z Axial coordinate (m)
z0 Distance between center of the stenosis and

its beginning (m)
zst Axial coordinate at the center of the ste-

nosis (m)

Greek letters

a Thermal diffusivity (m2/s)
d Minimum thickness of the stenosis nor-

malized with lumen radius
e Porosity
k Thermal conductivity (W/m K)
l Dynamic viscosity (kg/m s)
q Density (kg/m3)
r Staverman reflection coefficient

Subscripts

0 Entrance condition
eff Effective property
f Fluid (plasma) property
w Wall property
z Axial component

INTRODUCTION

It is known that cardiovascular diseases (CVD) are
the most common causes of death in the world.59 In this
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category, the atherosclerotic heart disease is the most
frequent one.20 An atherosclerotic heart disease is
caused by the restriction of a section of an artery,
known as stenosis, which causes a reduction of the
blood flow. This stenosis is caused by the thickening of
the tunica intima. The accumulation of lipids, proteins
and fibrous connective tissue in the intima causes the
formation of an atherosclerotic plaque. The real cause
behind the formation of this plaque is still subject of
debate,33 but what is known is that the oxidation made
in the intima by free radicals on the low-density lipo-
protein (LDL) promotes the growth of the plaque.22

Indeed, the most accredited theory suggests that
monocyte white blood cells penetrate in the tunica in-
tima, transforming into macrophages. The oxidized
LDL is absorbed by these macrophages. The high-
density lipoprotein (HDL) has the role of removing the
LDL from the macrophages. If the HDL is not able to
remove all the LDL, foam cells will be formed. Besides,
the release of some chemiotactic factors promotes the
migration of smooth muscle cells (SMC) from tunica
media to intima. These cells engulf the oxidized LDL,
generating other foam cells in the tunica intima. The
whole process thickens the tunica intima with the gen-
erated plaque. Atherosclerotic plaques can be distin-
guished in stable and unstable forms. In stable plaques,
the fibrous cap, which is a layer between the plaque and
the lumen, is thick and solid. Unstable plaques are the
most dangerous because the fibrous cap is thin and
weak and the formation of a thrombus can occur, due
to the easier breakage of the fibrous cap.

There are two used methods to describe LDL mass
transport through an arterial wall. The first is a method
based on experimentation on animals. Meyer et al.44

studied the effects of pressure on LDL transport
through a rabbit aortic wall. Xie et al.63 analyzed the
influence of LDL concentration polarization and of the
flow fields on the localization of an atherosclerosis for
rabbits and zebrafishes. The concentration polarization
consists of accumulation of solute on a membrane sur-
face.15 The second method is based on the resolution of
transport governing equations within a modeled geom-
etry. According to Yang and Vafai,65 Ai and Vafai4 and
Prosi et al.,48 three different categories of modeling can
be identified. Models of the first category are under the
name of wall-free models, in which the arterial wall is
replaced by simplified boundary conditions. Wada and
Karino61 used this model to study concentration
polarization of LDL at the blood/endothelium bound-
ary. This model is too simplified because it does not take
into account the crucial concentration profile along the
wall. The second category is characterized by the fluid-
wallmodels, in which the arterial wall is represented by a
homogeneous layer. Stangeby and Ethier52 used this
model to describe oxygen and LDL transport through

this layer. The third category is the most complex, be-
cause these consider the heterogeneity of the layers
which compose the wall. Usually, four layers, namely
endothelium, intima, internal elastic lamina (IEL) and
media, are considered in this category. Heterogeneity of
the arterial wall is taken into account and each layer of
the arterial wall is analyzed in detail.

Sun et al.55 used a fluid-wall single-layered model to
investigate LDL transport for an in vivo computed
tomographic (CT) image-based human right coronary
artery. CT was also used by Kenjereš and de Loor34 to
investigate LDL transport within a four-layer wall
model, and by Malvè et al.42 to investigate the effects
of a stent placement within a rabbit tracheal wall.
Images have been utilized also by Sàez et al.50 to study
the hypertensive growth on a real artery and computer
tomography has been used for modeling of an artery
(Kiousis et al.38 and Auer et al.8).

Several studies have been performed to set up the
physical properties necessary to characterize the multi-
layer model. Mostly, these layers are treated as porous
media, and properties can be obtained with the support
of pore theory or fiber matrix models.24,57 Karner and
Perktold28 studied the endothelial damage and blood
pressure effects on albumin accumulation on the arterial
wall, using transport parameters taken fromfibermatrix
theory for intima and media, and from pore theory for
endothelium and IEL. In order to describe the flow field
andmass transport phenomena, they usedDarcy’s law17

and the volume-averaged stationary convection–diffu-
sion-reaction equation for intima and media, and
Staverman–Kedem–Katchalsky32 membrane equations
for endothelium and IEL. Prosi et al.48 have remarked
the importance of some experimental data to validate a
theoretical estimation. For this purpose, they developed
a methodology in which physical parameters are chosen
so as to obtain the same LDL concentration profiles of
the available experimental data. Because Staverman–
Kedem–Katchalsky equations don’t take into account
effects such as time-dependent phenomena or pulsatile
flow, Yang and Vafai65 used the porous media theory to
study LDL transport across the arterial wall. They used
governing equations based on the volume averaging
technique. The porous media theory approach was also
used by Ai and Vafai,4 but their model is based on
properties calculatedwith reference to in vivo and in vitro
measurements, with exact solutions of the concentration
field. Porousmedia theory is alsowidely used for generic
diffusion–advection bio-related problems.1,3,53 A de-
tailed comprehensive model was used by Chung and
Vafai10 to study the effects of fluid–structure interac-
tions.

Investigations on macrostructure of the artery were
also carried out for a stenosis or a bifurcation by Ai
and Vafai,4 and by Khakpour and Vafai.35 Ai and
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Vafai4 demonstrated the effect of a stenosis on the
LDL transport. Chung and Vafai11 studied the effects
of microstructure in each layer on the stenosis, con-
sidering effects of a leaky junction and fibrous cap.
They concluded that the microstructure is affected by
the presence of the stenosis. However, the evolution of
atherosclerotic plaques is still not fully understood.14

Because of the importance of hyperthermia for the
treatment of some diseases like cancer,21 it is important
to fully understand the effects of induced temperature
fields on species transport inside a human body. It is
also of interest to see if hyperthermia can be the
solution for other diseases, such as atherosclerosis,
which may be treated with hyperthermia.12 Heat could
be applied from the interior wall of the artery. Internal
heating can occur by means of laser thermal angio-
plasty, a technique that removes an atheroma via heat-
induced vaporization. External heating could be
applied with a conventional hyperthermia technique,
using radiofrequencies or microwaves. Heat transfer
interacts with mass transfer via thermophoresis, also
known as Ludwig-Soret effect. This effect causes a
concentration gradient, in the presence of a tempera-
ture gradient. Despite a large interest within the
research community, this phenomenon still misses a
clear explanation.19 The counter-part of Ludwig-Soret
effect is the Dufour effect, which refers to the situation
when a concentration gradient affects the temperature
field. Many studies were focused on the combined
effects between heat transfer and mass transport. It is
known that Ludwig-Soret and Dufour effects are not
negligible in several situations. In order to fill this gap,
few researchers are now working on these coupling
effects. Two exhaustive reviews on recent results on
Ludwig-Soret effect were made by Platten47 and
Rahman and Saghir.49 The influence of both effects on
LDL transport through an arterial wall was investi-
gated by Chung and Vafai,12 for a healthy artery.
However, the impact of a thermal load and heat
transfer on a stenosed arterial wall has not been
studied in the literature.

In the present study, the impact of a thermal load on
a stenosed arterial wall is studied with respect to the
thickening of the atherosclerosis plaque, within a
comprehensive four-layer model.

MATHEMATICAL MODEL

Anatomy of an Artery

The microscopic anatomy of an artery is shown in
Fig. 1. An artery is a blood vessel that delivers blood
from the heart to the rest of the body. Starting from
the internal part of the artery, the cavity in which

the blood flows is called the lumen. The first layer
which is in direct contact with the blood is the tu-
nica intima. The blood-exposed side of the intima is
formed by a layer of endothelial cells, aligned and
stretched in the direction of the blood flow, forming
the endothelium. The endothelium is covered and
protected by a structure named glycolcalyx. The role
of the endothelium is important for fluid filtration,
as it acts as a semi-selective barrier between the lu-
men and the rest of the layers. After the endothe-
lium, there is connective tissue, and a thin layer of
elastic tissue, called internal elastic lamina (IEL),
which separates the tunica intima from the tunica
media, which is the next layer. The tunica media is
made of smooth muscle cells and connective tissues.
Often, an external elastic lamina separates the tunica
media from the next layer, namely tunica adventitia.
The tunica adventitia is made of connective tissues,
in particular collagen fibers. In this last layer, there
are also some capillaries, such as lymphatic vessels
and vasa vasorum.

Geometry

Multi-layer Model

The abdominal artery is modeled as a typical long
artery, which could be the aorta. The typical length of
the computational domain is set up as L = 22.32 cm.4

Values for the thickness of each layer are taken from
literature4,10,34,48 and listed in Table 1. We will follow
the four-layer model established by Yang and Vafai65

and Ai and Vafai.4 In addition to the lumen, the four
layers are endothelium, intima, IEL and media. In the
present work, glycocalyx effects are neglected, as often
happens in literature,34,65 because of its negligible
thickness.58 However, it has been found that the health
of the endothelial glycocalyx layer has a role in LDL
infiltration through the arterial wall.40 As such, the
tunica adventitia is substituted with a boundary con-
dition. It has been shown that, if transport of LDL
through vasa vasorum is neglected, the concentration
at the media/adventitia interface is only slightly influ-
enced by the applied boundary condition.48,65

Stenosis Model

Different shapes of stenosis have been considered by
researchers.43 Seeley and Young51 carried out a study
of blunt-ended hollow plugs with a rectangular shape,
in order to study the effects of geometrical character-
istics on pressure drop through an arterial stenosis.
Jung et al.26 numerically studied characteristics of
pulsatile flow using a trapezoidal stenosis profile. Auer
et al.7 presented a 3D construction of tissue compo-
nents in an artery with an atherosclerotic plaque. Cilla
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et al.13 investigated the role of the morphology on
plaque rupture. An approach for segmentation of an
artery with an atherosclerotic plaque has been pre-
sented by Yang et al.64 However, most realistic and
commonly used geometries are the axisymmetric bell-
shaped stenosis45 and the axisymmetric cosine-shaped
stenosis.27,66 In this work, the generalized axisymmet-
ric stenosed shape proposed by Young and Tsai,66 Ai
and Vafai4 and Chung and Vafai11 is utilized. The
geometry of the stenosis is represented in Fig. 2. The
shape of the axisymmetric stenosis is determined by the
following equation:

r

R
¼ 1� d

2R
1þ cos

p z� zstð Þ
zst

� �
ð1Þ

for �z0 � z� zstð Þ � z0
In Eq. (1), r is the radial coordinate, z is the axial

coordinate, subscripts st and 0 respectively refer to the
axial coordinate at the center of the stenosis (maximum

thickening) of the stenosis, and to the distance between
the center of the stenosis and the coordinate zst, R is
the radius of the lumen, and d is a dimensionless
parameter that takes into account the severity of the
stenosis.

From the geometrical point of view, the parameter
that takes into account the severity of a stenosis is the
area reduction A of a stenosis, defined by:

A ¼ 1� r zstð Þ
R

� �2

¼ 1� 1� dð Þ2 ð2Þ

In order to take into account different levels of
stenosis severity, in the present study values of d = 1/4
and 1/2 are considered. Following the classification of
stenosis provided by Cullen and Hill16 these two values
of d imply values of the area reduction A, in percent-
age, of 43.75% (mild stenosis) and 75% (severe ste-
nosis), respectively.

Lumen

Lumen

Endothelium

Intima

IEL

Media Adventitia

B
lo

od
fl

ow

Plasma,
solutes

FIGURE 1. Display of different layers constituting the arterial wall.

TABLE 1. Properties within each domain, from Chung and Vafai.10

Property Lumen Endothelium Fibrous cap Intima IEL Media

Thickness (lm) 3,100 2 65 10 2 200

Density q (kg/m3) 1.07 9 103 1.057 9 103 – 1.057 9 103 1.057 9 103 1.057 9 103

Viscosity l (kg/m s) 3.7 9 1023 0.72 9 1023 – 0.72 9 1023 0.72 9 1023 0.72 9 1023

Porosity e – 0.0005 – 0.983 0.002 0.258

Hydraulic permeability K (m2) – 3.22 9 10221 – 2 9 10216 4.392 9 10219 2 9 10218

Effective diffusivity Deff (m2/s) 2.87 9 10211 5.7 9 10218 4.5 9 10213a 5.4 9 10212 3.18 9 10215 5 9 10214

Reflection coefficient r (1) – 0.9888 – 0.8272 0.9827 0.8836

Reaction coefficient k (1/s) 0 0 0 0 0 3.197 9 1024

Thermal diffusivity a (m2/s) – 1.42 9 1027b 1.42 9 1027b 1.42 9 1027b 1.42 9 1027b 1.42 9 1027b

aFibrous cap properties are taken from Hossain et al.23

bThermal properties are taken from Duck18 and Kolios et al.39
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In analyzing the effect of stenosis, the fibrous cap
has to be taken into account. A fibrous cap is made of
collagen fibers and smooth muscle cells, and it lies
between endothelium and thickened intima. Hossain
et al.23 reported that a fibrous cap is considered as thin
if its thickness is less than 65 lm. Usually, a thin
fibrous cap translates into an unstable plaque forma-
tion, and as such is more dangerous than a stable one.
In this study, a fibrous cap is modeled with a thickness
of 65 lm.

GOVERNING EQUATIONS

In analyzing the thermal effects on the stenosis, we
have utilized the following well established results
based on prior research works:

� In the lumen region, blood is considered as an
incompressible and Newtonian fluid,2 if the
artery is large or medium36;

� Pulsatile flow effects are considered to be neg-
ligible10,65;

� Flow is assumed to be laminar and fully
developed at the inlet of the lumen,

� Osmotic pressure effects on the velocity in the
arterial wall are considered to be negligible4,65;

� Fluid and solid phases through the arterial
wall are considered to be in thermal equilib-
rium.5,6

Lumen

Based on the above results, the governing equations
for the blood within the lumen region are prescribed
by:

r � V!¼ 0 ð3aÞ

rp ¼ lfr2V
! ð3bÞ

V
!� rc ¼ Dfr2c ð3cÞ

where V
!

is the velocity vector, p the pressure, lf the
plasma viscosity, c the concentration and Df the dif-
fusion coefficient for the fluid.

Arterial Wall

The total diffusion mass flux J
!
, accounting for the

Ludwig-Soret effect,9,12,31,62 is given by:

J
!¼ �Deffrc� kTqf

Mf

Deff

T
rT ð4Þ

where Deff is the effective diffusivity, kT thermal-diffu-
sion coefficient and qf andMf are density and molecular
weight of the plasma, respectively, and T is the temper-
ature. The counterpart of theLudwig-Soret effect for the
heat transfer is the Dufour effect, which is taken into

Symmetry axis

Lumen Endothelium

Fibrous cap

Intima

Media

Adventitia

IEL

r, v z, u

·Rδ

R Blood flow

zst

z0

Interface

L = 22.32 cm

In
le

t O
utlet

FIGURE 2. Detailed geometrical attributes and boundary conditions for an artery in the presence of stenosis.

FIGURE 3. Comparison of the filtration velocity obtained
from the current model with other pertinent works in the lit-
erature.
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account in the present study. Heat flux q! is described by
Fourier law, taking into account Dufour effect9,12,31,62:

q!¼ �keffrT� RgTkTqf
Mf

Deff

c
rc ð5Þ

where keff is the effective thermal conductivity, and Rg

represents the universal gas constant. Dufour effect has
been modeled as in Chung and Vafai.12 We utilize
Darcy-Brinkman equation for the flow, diffusion–con-
vection–reaction equation while taking into account
Staverman–Kedem–Katchalsky membrane transport
equation for the species transport, and the energy con-
servation equation for the thermal transport:

r � V!¼ 0 ð6aÞ

rp ¼ leffr2V
!þ leff

K
V
! ð6bÞ

1� rð ÞV!� rc ¼ Deffr2cþ kTqf
Mf

Deff

T
r2T� kc ð6cÞ

V
!� rT ¼ aeffr2Tþ RgTkT

CTMf

Deff

c
r2c ð6dÞ

The term leff represents the effective viscosity, which
is the ratio between the plasma viscosity and porosity.60

The selective rejection of species by membranes is taken
into account with the dimensionless term r, i.e., Stav-
erman filtration coefficient. In the media, smooth
muscle cells and macrophages take LDL to form foam
cells. This physical phenomenon can be approximated
by an irreversible first-order reaction,10 where k repre-
sents the first-order reaction coefficient. In the energy
equation, aeff represents the effective thermal diffusivity
and CT the plasma’s thermal capacity.

Boundary Conditions

The pertinent, comprehensive boundary conditions
for the arterial transport which have been used in the
present study are illustrated in Fig. 2. For various

FIGURE 4. Comparison of the LDL concentration levels across the artery obtained by the current model with other pertinent
works in the literature for (a) endothelium; (b) intima; (c) IEL and (d) media.
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configurations relative to the comparison of our model
with the literature data, boundary conditions are the
same. Velocity at the inlet of the lumen is considered to
be parabolic and fully developed flow:

u ¼ u0 1� r=Rð Þ2
� �

for z ¼ 0; 0 � r � R ð7Þ

where u is the z-component of the velocity, and the
maximum velocity u0 is equal to 0.338 m/s.11,29

The inlet LDL concentration c0 is taken as
28.6 9 1023 mol/m3,11,30 which is a value relative to a
healthy human. The pressure p is set as 30 mmHg at
media/adventitia interface,4,10,12,65 and 100 mmHg at
the lumen outlet. This means that the transmural
pressure is 70 mmHg, a value which is a little bit less
than physiological pressure.44 Since this is the mostly

used value in literature, it is remarked that what is
important is the transmural pressure, which is the
driving force for the lateral flow. Indeed, a sensitivity
analysis on the media-adventitia interface boundary
condition was developed by Yang and Vafai,65 show-
ing that this is the most realistic boundary condition.
The important effects of pressure on arterial failure
have been discussed in Khamdaengyodtai et al.37

Considering 310 K as the temperature of an isothermal
arterial wall under normal conditions, the imposed
interface temperature TW for both internal and exter-
nal heating has been chosen as 330 and 350 K. These
values of temperature can be obtained with laser
thermal angioplasty for internal heating, or with
radiofrequency/microwave hyperthermia for external
heating. According to the tissue thermal damage

FIGURE 5. Comparison of the LDL concentration levels across a stenosed artery with (a) Ai and Vafai4 and (b) Chung and Vafai,11

with zst 5 5.58 cm and d 5 1/2.

FIGURE 6. Comparison of hyperthermia induced temperature profiles along the arterial wall obtained by the current model with
the analytical results of Mahjoob and Vafai,41 (a) internal heating and (b) external heating.
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classification by Steiner,54 tissues are not irreversibly
damaged if the exposition time is short. In case of a
longer exposition, coagulation can occur. As such, the
temperature difference DT between the opposite sur-
faces of the arterial wall are respectively 20 and 40 K.
Continuity of the mass between different layers,
incorporating Staverman reflection effects, is guaran-
teed by the following:

1� rð Þvc�Deff
@c

@r

� �����
þ
¼ 1� rð Þvc�Deff

@c

@r

� �����
�

ð8Þ

where v represents the filtration velocity, relative to the
flow that is penetrating inside the arterial wall in the
radial direction.

Properties Utilized Within the Models

Assignment of the property values that are utilized
within the present model is not a trivial task. In our
work, the properties of the four-layer arterial wall are
in general taken after Chung and Vafai.10 Transport
properties were obtained using electrical analogy
starting from experimental results often from rabbit
aortas.48 Geometrical properties are referred to human
aorta. Thermal properties are obtained for muscle
tissue. However, we have also used properties from
Yang and Vafai65 and Ai and Vafai4 in comparing our
results with their models. It should be mentioned that
the computational schemes utilized in Yang and
Vafai65 and Ai and Vafai4 were entirely different than
the scheme used in this work. Fibrous cap properties
are described with reference to Hossain et al.23 Ther-
mal properties such as thermal conductivity and heat
transfer capacity at constant pressure are taken from

Duck18 and Kolios et al.39 These properties are dis-
played in Table 1.

METHODOLOGY

Mesh Setup

Governing equations with appropriate boundary
conditions are solved with a finite element based soft-
ware, namely, Comsol Multiphysics, with a root-mean
square (RMS) residual of 1026. It has been checked
that the solution is not significantly changing when the
residual value is lower. For the validation of the cases
in which there is not a stenosis, a rectangular mesh has
been used. For the validation cases in which there is a
stenosis, and for the case relative to a stenosis in pre-
sence of thermal effect, a triangular mesh has been
used. All the meshes, as well as the geometries, were
generated based on the aforementioned criteria.

Validation

Comprehensive and rigorous validation of our
model was accomplished with the few cases that were
available in the literature. The validation has been
made demonstrating that, if physical properties from
different papers are used in our model, results were the
same as the ones reported in the mentioned papers.
The transversal section that has been considered in the
plot of variables along the radius is half of the artery’s
cross sectional domain.

For an isothermal straight artery, comparisons are
reported in Figs. 3 and 4. For filtration velocity results
in Fig. 3, comparisons have been carried out with
papers of Yang and Vafai,65 Ai and Vafai,4 Chung and

FIGURE 7. Comparison of hyperthermia effects on LDL concentration across a normal artery obtained with the current model
with Chung and Vafai12 for (a) endothelium, intima and IEL; (b) media.
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Vafai.10 It is remarked that the solution schemes used
in these works are entirely different from the present
work. Figure 4 shows comparisons with the dimen-
sionless concentration distribution, for endothelium,
intima, IEL and media. In addition to comparing the
results with Yang and Vafai,65 Ai and Vafai,4 Chung
and Vafai,10,12 numerical results for a realistic carotid
artery bifurcation from Kenjereš and de Loor34 are
also compared. It should be noted that Kenjereš and
de Loor34 have utilized, for their numerical model,
properties from Yang and Vafai.65 As can be seen in
Figs. 3 and 4, an excellent agreement can be observed
between our results and prior works which were
obtained with different numerical schemes.

Comparisons of the concentration profiles for the
isothermal stenosed artery are reported in Fig. 5. Once
again there is an excellent match between the present
results and literature data. The insignificant differences
between results from Ai and Vafai4 and Chung and
Vafai,11 and our results obtained using same properties
of the same two cited papers, are due to the use of
different models and solution schemes in these works.
From the physical point of view, results from Ai and
Vafai4 and Chung and Vafai11 are strongly influenced

by the use of different properties. Observing Figs. 4
and 5, we notice that for Ai and Vafai4 concentration
in the intima increases with the stenosis, opposite from
what is happening in Chung and Vafai.11 To
understand this difference, we first remark that mass
Peclet numbers in the endothelium are 70 if properties
from Chung and Vafai11 are used, and 5 if properties
from Ai and Vafai4 are used. This means that in the
first case contribution from advection is higher than in
the second case. The presence of the stenosis let the
wall shear stresses to be locally higher. It has been
demonstrated that higher shear stresses means lower
LDL concentration.46,56 This means that concentra-
tion in the intima is reduced if the problem is advec-
tion-dominated, due to the substantial effect of shear
stresses. On the other hand, the shear stresses effect on
LDL becomes lower if the transport in the endothe-
lium is reduced. Indeed, mass Peclet numbers are
respectively around 70 and 5. This explains why con-
centration in the intima decreases when properties
from Chung and Vafai11 are used. On the other hand,
concentration in the intima increases when properties
from Ai and Vafai4 are used. This is because diffusion
has a more important role than the wall shear stresses,
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with less influence on LDL transport, and concentra-
tion increases because the region of the wall with the
lowest diffusivity (intima) is an order of magnitude
larger than the case with a straight artery.

With respect to the thermal effects, the temperature
profiles through the arterial wall for the present study
are compared with the analytical solution of Mahjoob
and Vafai41 and the results given in Chung and Vafai,12

for both external and internal heat loads. These com-
parisons are presented in Fig. 6. It has to be mentioned
that results for external heating are available in liter-
ature only for Mahjoob and Vafai.41 Once again an
excellent match between our results and those of the
cited references is observed.

Results for a straight artery under hyperthermia
conditions, considering Ludwig-Soret effect, are dis-
played in Fig. 7. As can be seen, all our results from
Figs. 3, 4, 5, 6 and 7 compare very well with all of the
cited works. Furthermore, results from Ai and Vafai4

were in good agreement with the experimental data
from Meyer et al.44

RESULTS AND DISCUSSION

Heat-Induced Gradients Effects on LDL Transport
and Accumulation on a Stenosed Artery

Isothermal contours and the influence of the heat
flux axial component qz on the total heat flux q for
external heating are shown in Fig. 8. Thermophysical
properties are considered to be uniform and homoge-
neous.18,39 Considering the atherosclerotic plaque
region, it can be seen that the heat flux becomes uni-
directional only in the largest section of the plaque.
The regions near the lumen/endothelium interface have
the largest influence on the axial heat flux. In the lower
section, the radial temperature gradients are substan-
tially lower in the presence of stenosis as compared to a
region where it is absent. As reported by Chung and
Vafai,12 and as seen in Fig. 9, the temperature profile is
almost linear in regions where stenosis is not encoun-
tered. This effect can further be justified by the value of

FIGURE 9. Hyperthermia induced temperature profiles at
different axial locations with zst 5 5.58 cm and d 5 1/2, for (a)
external heating and (b) internal heating. Effects of changing
slopes of the curves is remarked within the smaller figure
insert within Fig. 9.

FIGURE 10. Atherosclerotic plaque thickening effects on the
hyperthermia induced temperature profiles, (a) external heat
load and (b) internal heat load. Effects of changing slopes of
the curves with d is highlighted in the smaller figure insert and
is remarked within the smaller figure insert within Fig. 10.
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thermal Peclet number, which is of order of O(1025) in
regions where stenosis is not encountered, as compared
to an order of O(1024), in regions where it is encoun-
tered. In the lowest section, the mono-dimensional
profile is less linear. In this section, the thermal Peclet
number is of the order of O(1024), and the thickness in
meters of the wall is of the order of O(1024), for both
d = 1/2 and 1/4. It is common in literature to classify a
physical problem to be advection-dominated when
Peclet number is significantly higher than 1. The review
by Huysmans and Dassargues25 report that advection
can be negligible for Peclet lower than 1. Under these
conditions, advection is negligible in the present work.
Effects of changing slopes of the curves is remarked
within the smaller figure insert within Fig. 9. For larger
d’s, i.e., thicker walls, the non-linearity attributes
becomes more prominent as seen in Fig. 10. The case
with d = 0 is relative to the absence of atherosclerotic
plaque. The fibrous cap is not included in this model.
Indeed, the fibrous cap is a layer of fibrous connective
tissue, which can be found only in atherosclerotic

plaques. It should be noted that Chung and Vafai12

have clearly established that the Dufour effects are
negligible and as such these effects will not be con-
sidered in the present work.

Hyperthermia Load and Axial Atherosclerotic Plaque
Formation Effects on LDL Concentration Levels

Effects of hyperthermia on LDL transport through
an arterial wall are manifested through Ludwig-Soret
effect. As seen in Eq. (4), the thermo-diffusion coef-
ficient, kT, plays an important role in expressing the
thermal effects on the species mass diffusion. Chap-
man and Cowling9 and Wakeham et al.62 reported
that normally kT is equal or less than 0.01. However,
since LDL is a heavier chained molecule, its kT value
is expected to be lower. For this reason, in the
present study, values of kT = 0.005 and 0.01 are
considered.

Effects of thermo-diffusion coefficient kT and intima
thickening d are reported in Fig. 11, for both external
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FIGURE 11. Hyperthermia and atherosclerotic plaque thick-
ening effects on LDL concentration across the arterial wall, for
zst 5 5.58 cm and DT 5 40 K, for (a) external heating and (b)
internal heating.

FIGURE 12. Hyperthermia load and axial atherosclerotic
plaque formation effects on LDL concentration across the
arterial wall, for d 5 1/2 and kT 5 0.01, with (a) external heat-
ing and (b) internal heating.
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and internal heating, at a given axial position zst and
DT. For both external and internal heating, an increase
in kT increases the general level of LDL concentration,
especially in the crucial intima layer, in terms of
absolute values and the slope of LDL concentration
curve. For internal heating case, Ludwig-Soret effect in
general has a lesser influence on mass transport, as
compared to the external hyperthermia case.

Physical reasons are described in the following. In a
generic solution, Ludwig-Soret effect lets the solute to
migrate from the hot zone to the cold zone. In our
case, for external heating, particles are migrating from
media/adventitia interface to lumen/endothelium
interface and vice versa for internal heating. This jus-
tifies the different trend of the curves between external
and internal heating cases. Furthermore, it appears
that external heating affects LDL transport more than
internal hyperthermia. The reason for this can be
substantiated from Eq. (4). For external heating, the
second term on the right sides contributes to an in-
crease in the mass flow J

!
more than for the case of

internal heating. It has also to be noticed that the
absolute levels of temperature T play a role. For
example, in the tunica intima, for the external heating
temperature levels are lower than the ones for internal
heating. Observing Eq. (4), we conclude that lower
temperature levels contribute to enhance the mass flux
J
!
. Effects of the plaque axial location on LDL

transport during hyperthermia are displayed in
Fig. 12. It can clearly be seen that the axial location of
the stenosis formation has a negligible effect on the
LDL concentration levels. Figure 12 also clearly
establishes the enhanced LDL concentration for higher
hyperthermia loads. Furthermore, an external hyper-
thermia load has a larger impact in increasing the LDL
concentration levels within the intima region, as com-
pared to an internal heat load, under the same condi-
tions, as seen in Fig. 11.

Differences in LDL concentration in the tunica
intima for different stenosis severity are highlighted in
Fig. 13. As previously reported, the model with d = 0
doesn’t consider the fibrous cap. It is shown that a
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FIGURE 13. Effects of heating loads and severity of stenosis
on the LDL concentration levels as compared to a healthy
artery (d 5 0), for (a) kT 5 0.005 and 0.1, and (b) DT 5 20 and
40 K.

FIGURE 14. Normalized concentration �c percentage in-
crease in intima subject to different hyperthermia conditions
for (a) external heating and (b) internal heating. Fixed a d va-
lue, the percentage increase is calculated with respect to the
case with kT and DT 5 0.
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stenosis severity effect is substantial. A maximum dif-
ference of about 21% in LDL concentration has been
found between d = 0 and 1/2, for zst = 5.58,
DT = 40 K and kT = 0.01, at the exterior intima/IEL
interface. It is also shown that as the severity of the
stenosis increases the non-linearity of the presented
concentration distributions increases.

Effects of LDL Accumulation in the Intima Layer
due to Hyperthermia

Accumulation of LDL in the intima has also been
analyzed. Intima volume-averaged LDL normalized
concentration c is used as the comparison parameter
for different cases. Results are reported in Fig. 14, in
terms of the normalized concentration c percentage
increase, for both external and internal heat loads.
Each percentage increase of c in the presence of a heat
load is calculated with respect to its corresponding case
for d = 0, 1/4 and 1/2, without hyperthermia. Refer-
ence values for LDL normalized concentration c/c0,
used for each d value, are reported in the same Fig. 14.
It can be seen that hyperthermia effects on intima
volume-averaged LDL normalized concentration c
increases with the thickening of the stenosis and
becomes more pronounced with an increase in kT and
DT. As can be seen, the enhancement effect is more
pronounced for external heat loads.

CONCLUSIONS

Hyperthermia effects on LDL transport through
an arterial wall in the presence of an atherosclerotic
plaque were rigorously established in the present
study. It is shown that the temperature gradients
induced by hyperthermia are substantially lower in
the presence of stenosis as compared to a location
where it is absent.

Atherosclerotic plaque thickening effects on the
hyperthermia induced thermal profiles and LDL con-
centration levels across the arterial wall, for both
external and internal loads, are established. Further,
hyperthermia effects for internal and external heat
loads at different stenosis axial locations are estab-
lished. It is shown that while the hyperthermia’s load
level has a substantial effect in increasing the LDL
accumulation level, particularly for an external load,
the axial location of the stenosis formation has a
negligible effect on the LDL concentration level. Our
model and results without stenosis or without hyper-
thermia were validated, the authors remark that the
there is a lack of experimental data in literature in this
area.
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42Malvè, M., C. Serrano, E. Peña, R. Fernández-Parra, F.
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