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A numerical investigation of developing forced convective heat transfer and pressure drop of nanofluid
flow inside a tube subject to a constant wall heat flux boundary condition is presented. The single-
phase homogenous and two different two-phase models: Lagrangian-Eulerian model or (discrete phase
model) and mixture model are utilized with both constant and temperature dependent properties to fur-
ther investigate and clarify the differences and evaluate the assumption of the single-phase model. The
obtained results were subjected to an intensive comparison with the available experimental data and
numerical works in the literature. The influence of some important parameters such as, source and sink
terms, injected particle mass flow rate, slip velocity, particle forces, Reynolds number, constant or tem-
perature dependent properties and particle concentration on the heat transfer and flow characteristics of
nanofluids were determined and discussed in detail. It was observed that the two phase Lagrangian-
Eulerian model (DPM) overestimated the heat transfer coefficient values and the results from the mixture
model displayed an unrealistic increase in heat transfer particularly for high particle volume fraction. The
proposed single phase approach revealed a very good agreement with the experimental data and the
maximum difference in the average heat transfer coefficient between the single-phase and DPM was
found to be 5.9% considering variable properties. The results also revealed that increasing the injected
particle mass flow rate does not have a significant effect on the heat transfer coefficient values and that
the particles move with the same velocity of the fluid. Furthermore, the heat transfer coefficient increases
as the particle volume fraction and Reynolds number increases, but it is accompanied by a higher pres-
sure drop and wall shear stress values. DPM model provides a reasonable prediction for the thermal
behavior of the nanofluids transport, the single-phase approach with temperature dependent viscosity
and thermal conductivity is an accurate way to analyze the transport of nanofluids while requiring less
CPU usage and memory for predicting the enhancement in nanofluids convective heat transfer.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Nanofluids have shown better heat transfer enhancement and
energy saving over base fluids in thermal applications [1,2]. Typical
nanofluids are mixture of conductive solid particles 1–100 nm in
diameter suspended in a base fluid which can be used in several
applications such as electronic cooling, heat exchangers, automo-
tive and air conditioning. The thermal conductivity of the particle
materials, such as Al2O3, CuO, Cu are typically several orders-of-
magnitude higher than the base fluid. As such, even at low concen-
trations, they have shown significant increases in the heat transfer
coefficient [2–6].
Numerical and experimental studies were carried out by many
researchers to evaluate the effect of utilizing nanofluids as the
working fluid to enhance the thermal performance. Some analyti-
cal and experimental results [4,7] show that using a nanofluid as
the working fluid is an efficient method to reduce the thermal
resistance and entropy generation in a heat pipe. Other experimen-
tal studies [8–11] have shown that nanofluids possess higher heat
transfer characteristics than the base fluid particularly for small
particle diameters. It has been observed [9] that the enhancement
in the heat transfer coefficients in the developing region is higher
than that in the developed region. However, classical correlations
for pure fluids cannot properly estimate the enhancement in the
forced convective heat transfer of nanofluids for both constant wall
temperature and constant heat flux boundary conditions [12,13].

Numerical investigation of forced convective heat transfer for
water-Al2O3 nanofluid inside a circular tube under constant wall
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Table 1
Physical properties of the base fluid and nanoparticles at Ti = 293 K.

Properties Water Al2O3

Cp (J/kg K) 4182 733
k (W/m K) 0.6 36
q (kg/m3) 998.2 3880

mwater = 0.001003 kg/m s

Nomenclature

a
!

particle’s acceleration
Cp specific heat transfer, J/kg K
cst. constant properties
D tube diameter, m
d nanoparticle diameter, m
F body force, N
g gravitational acceleration, m/s2

Gz Graetz number, VD2/aL
H total enthalpy, kJ/kg
h heat transfer coefficient, W/m2 K
k thermal conductivity, W/mK
L tube length, m
m mass, kg
Nu Nusselt number, hD/k
P pressure, Pa
Pr Prandtl number, Cpm/k
q wall heat flux, W/m2

r radial coordinate, m
r0 tube radius, m
Re Reynolds number, qVD/m
Sm, Se source and sink terms
T fluid temperature, K
T⁄ dimensionless temperature, (T � Tw)/(Tb � Tw)
t time, s
V velocity vector, m/s

Vdr drift velocity, m/s
dV cell volume, m3

var. variable properties
z axial coordinate, m

Greek letters
a thermal diffusivity, m2/s
m dynamic viscosity, Pa s
q density, kg/m3

U particle volume fraction
s wall shear stress, Pa
kB Boltzmann constant, 1.3807 � 10�23 J/K
t kinematic viscosity, m2/s

Subscripts
av average
b bulk mean
bf base fluid
i inlet
m mixture
n total number of particles
nf nanofluid
p nanoparticle
w wall
0 reference to inlet condition
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heat flux were presented by several investigators [14–16]. A new
concept of combined/hybrid nanofluids based on CNTs + Al2O3,
was introduced by Nuim Labib et al. [17]. They used two-phase
mixture model to study forced convective heat transfer under con-
stant wall heat flux. Their results showed that the combined mix-
ture tends to enhance the convective heat transfer significantly
because CNTs shows higher shear thinning behavior which results
in a thinner boundary layer. In addition, using Ethylene Glycol as a
base fluid instead of water appears to be more efficient in enhanc-
ing the heat transfer. Moghadassi et al. [18] investigated Al2O3/
water and hybrid nanofluids with 0.1% volume concentration flow-
ing inside a horizontal tube for steady state laminar region
(Re < 2300). Khanafer et al. [19] presented a critical investigation
to study the effect of nanoparticle addition, temperature and
nanoparticle size-dependence on the specific heat capacity of both
conventional and molten salt-based nanofluids. A general correla-
tion for Al2O3-water nanofluids that takes into account the effect of
temperature, volume fraction and nanoparticle size was developed
and verified. Buongiorno [20] theoretically studied the effect of
nanoparticle thermal dispersion on the energy transfer of nanoflu-
ids by considering seven slip mechanisms that can produce a rela-
tive velocity between the nanoparticles and the base fluid.

In our study, we investigate forced convective flow of nanoflu-
ids inside a circular tube under constant wall heat flux boundary
condition. Ansys Fluent software [21] is used to solve the govern-
ing equations by means of a finite volume method. Three models
were carried out for the simulation: single-phase and two phase
(which included both Eulerian-Lagrangian and mixture models)
to evaluate the percentage difference in predicting the nanofluid
heat transfer coefficient between the investigated models and the
physical effects of some important parameters on the flow behav-
ior for nanoparticles volume fraction from 1% to 4%, taking into
account constant and temperature dependent thermophysical
properties. The results were compared with the experimental data
of Wen and Ding [9], Kim et al. [11] and the numerical work of
Bianco et al. [14].
2. Thermophysical properties of the nanofluid for a single-
phase model

Conventional heat transfer fluids such as water have inherently
low thermophysical properties as compared to solids. Therefore,
dispersing colloidal small conductive solid particles such as AL2-
O3 � 100 nm in diameter can enhance the thermophysical proper-
ties for the base fluid. The thermophysical properties for the base
fluid and alumina particles are given in Table 1. Researchers have
proposed several correlations that can allow calculating properties
such as thermal conductivity, density, viscosity and heat capacity,
but there are still issues [5] regarding the proper correlations for
predicting thermal conductivity and viscosity within an accept-
able range. Therefore, further studies need to be conducted in this
field.

2.1. Nanofluid density and specific heat

Solid-liquid mixture equations for estimating the density and
specific heat capacity of nanofluids were employed from the fol-
lowing equations [5,22–25]:

qnf ¼ ð1� /Þqbf þ /qp ð1Þ

Cpnf ¼ ð1� /ÞCpbf þ /Cpp ð2Þ
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2.2. Nanofluid dynamic viscosity

2.2.1. Constant properties
For constant properties, the effective viscosity depends only on

the volume fraction U. A least-square curve fitting, based on some
experimental data available in the open literature was performed
by Maïga et al. [26] leading to the following correlation:

lnf

lbf
¼ 1þ 7:3/þ 123/2 ð3aÞ
2.2.2. Temperature dependent properties
The following correlations are used as given in [5]:

lnf ¼ 2:9 � 10�7T2 � 2:0 � 10�4T þ 3:4 � 10�2 for U ¼ 1%

lnf ¼ 3:4 � 10�7T2 � 2:3 � 10�4T þ 3:9 � 10�2 for U ¼ 4%
ð3bÞ
2.3. Nanofluid thermal conductivity

2.3.1. Constant properties
The same procedure used for the dynamic viscosity is

employed. Therefore, for example for Al2O3 the following equation
is considered [26]:

knf
kbf

¼ 1þ 2:72/þ 4:97/2 ð4aÞ

It should be noted that by constant properties we are referring
to no variance with respect to temperature. The other aspects such
as composition are taken into account.

2.3.2. Temperature dependent properties
The following equations are used as suggested by Bianco et al.

[14] and Palm et al. [27]:

knf ¼ 0:003352 � T � 0:3708 for U ¼ 1%
knf ¼ 0:004961 � T � 0:8078 for U ¼ 4%

ð4bÞ

The physical properties of the base fluid as a function of tem-
perature can be represented as given in Comsol Multiphysics
software:

lbf ¼ 1:38� 0:021224T þ 1:36 � 10�4T2 � 4:6454 � 10�7T3

þ 8:904 � 10�10T4 � 9:08 � 10�13T5 þ 3:8457 � 10�16T6 ð5Þ

kbf ¼ �0:86908þ 0:0089488T � 1:5836 � 10�5T2 þ 7:97543

� 10�9T3 ð6Þ
3. Boundary conditions, geometric configuration and grid
independence study

A two dimensional (2D) axisymmetric geometry was consid-
ered with a very fine mesh near the tube wall to capture the near
wall behavior of the nanofluid. A non-uniform quadratic mesh is
used as shown in Fig. 1 with a relatively coarse mesh in the vicinity
of the tube axis since the flow properties along the central portion
is expected to change more gradually. The tube is chosen to be long
enough to ensure a fully developed flow at the tube outlet section.
The tube is subjected to a constant wall heat flux boundary condi-
tion with a uniform axial velocity and temperature profile for the
inlet section. The nanofluid is composed of water and Al2O3 parti-
cles with an average size of 100 nm and different volume fractions.
To perform a grid independence test, four grid densities 15 � 500,
25 � 1000, 50 � 1250 and 80 � 1400 were used as shown in Fig. 2.
Graphs of local Nusselt number were observed for Re = 250 and
q = 5000W/m2 as well as higher Reynolds numbers. There was less
than 0.2% difference in the local Nusselt number between the lar-
gest grid (80 � 1400) and the second largest grid (50 � 1250).
Therefore, the latter grid is selected for simulation.

4. Solution scheme

Two way coupling between the fluid and the solid phase is con-
sidered during the simulation. As such, the fluid can affect the par-
ticle motion by drag, and the particles can exchange momentum
and energy with the continuous fluid. The code is based on finite
volume method and the SIMPLE algorithm to couple pressure
and the velocity fields. PRESTO scheme for pressure, QUICK for vol-
ume fraction and SECOND ORDER UPWIND for other parameters
were considered to discretize the governing equations. Nanoparti-
cles injected with two different mass flow rate values (1% and 4%)
were considered. It was found that increasing the injected particle
mass flow rate does not change the nanofluid heat transfer coeffi-
cient significantly.

For discrete phase model, the solver completes 220 flow itera-
tions per DPM iteration for U = 1% and U = 4%. For each discrete-
phase iteration, the particle trajectories were computed and the
interphase exchange of the momentum, heat, and mass in each
control volume were updated. These interphase exchange terms
affect the continuous phase when the continuous phase iteration
is performed. During the coupled calculation, ANSYS Fluent will
perform the discrete phase iteration at specified intervals during
the continuous-phase calculation. The coupled calculation contin-
ues until the continuous phase flow field no longer changes with
further calculations. When convergence is reached, the discrete
phase trajectories no longer change either, since changes in the
discrete phase trajectories would result in changes in the continu-
ous phase flow field [28].

5. Mathematical modeling

5.1. Homogenous single-phase approach

This approach assumes that the nanoparticles can be easily flu-
idized to reach the base fluid velocity, thus the nanofluid is taken
as a homogenous fluid flow with enhanced thermophysical proper-
ties. Further, this model considers both liquid and particle phases
are in thermal equilibrium and move with the same velocity
[29]. The dimensional governing equations for steady state
single-phase model are as follows [14,22,23,30]:

Continuity,

r:ðqnf V
!
Þ ¼ 0 ð7Þ

Momentum,

r:ðqnf V
!

V
!
Þ ¼ �rP þr:ðlnfrV

!
Þ ð8Þ

and Energy,

r:ðqnf V
!
CpTÞ ¼ r:ðknfrTÞ ð9Þ
5.2. Lagrangian-Eulerian approach (DPM)

In the Lagrangian-Eulerian model (or discrete-phase model) the
continuous phase is treated as a continuum, while the dispersed
phase is solved by tracking a large number of spherical particles.
The dispersed phase can exchange momentum, mass and energy
with the base fluid. A fundamental assumption made in this model
is that the dispersed phase is sufficiently dilute such that particle-
particle interaction is almost negligible. The fluid is considered to
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Fig. 1. Geometrical and mesh configurations for the current study.

Fig. 2. Grid independence results.
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be a single fluid with two phases, and the coupling between them
is strong [28].

The following equations represent the mathematical formula-
tion of Lagrangian-Eulerian two phase model [14,16,22]:

Continuity,

r:ðqnf V
!
Þ ¼ 0 ð10Þ

Momentum,

r:ðqnf V
!

V
!
Þ ¼ �rP þr:ðlnfrV

!
Þ þ Sm ð11Þ

and Energy,

r:ðqnf V
!
CpTÞ ¼ r:ðknfrTÞ þ Se ð12Þ

In the DPM model, the solid phase (particles) and the fluid
phase (base fluid) are simulated with a full two-phase method.
The two sets of equations are linked by source/sink terms Sm and
Se which represent the integrated effects of the momentum and
energy exchange with the base fluid as particles are moving
through an element of Eulerian phase of the base fluid with volume
of dV. The source and sink terms are updated after a certain num-
ber of base fluid iterations. These terms are identically equal to
zero in the case of single-phase model.

The momentum exchange between the particles and the base
fluid is calculated as [31]:
Sm ¼ 1
dV

Xn
p¼1

F
!
p ð13Þ

In the Lagrangian reference frame, the trajectories of particles
are calculated by an integrating method and the force balance
equates the particle inertia with the forces acting on the particle.
The equation of motion of the particle is given by Eq. (14) as in Mir-
zaei et al. [31]:

mp
dV
!

p

dt
¼ FD þ Fg þ FL þ FBr þ FT þ FP þ Fv ð14Þ

where V
!

p is the particle velocity, mp is the particle mass and the
right-hand side represents the forces acting on the particle which
are resistance FD, gravity Fg, Saffman’s lift FL, Brownian FBr, Ther-
mophoresis FT, pressure gradient FP and virtual mass forces Fv
respectively. To solve Eq. (14), we have to specify the proper corre-
lations for each force term as follows:
– Drag force FD is determined by stokes’ relationship for submi-
cron particles which imposes a limitation for the model,
because stokes relationship is valid for Red � 0.1, where Red is
defined as [23]:
Red ¼ qdpjV
!

p � V
!

cj
l

ð15Þ

and,

FD ¼ 18l
d2
pqpCc

ðV
!
�V

!
pÞmp ð16Þ

where Cc is the Cunningham correction factor for the stokes’ rela-
tionship [32]:

Cc ¼ 1þ 2k
d
ð1:257þ 0:4e�ð1:1d=2kÞÞ ð17Þ

where k = 0.17 nm is the mean free path for the base fluid and V
!

c is
the continuous phase velocity.
– Gravity force Fg is defined as follows:
Fg ¼
gðqp � qÞ

q
ð18Þ

– Saffman’s lift force FL is determined by [33]:
FL ¼ 2Kv1=2qdij

qpdpðdlkdlkÞ1=4
ðV
!
�V

!
pÞ ð19Þ

where K = 2.594 is the constant coefficient of Saffman’s lift force and
dij is the rate deformation tensor defined as:
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dij ¼ 1
2
ðui;j þ uj;iÞ ð20Þ

This form of the lift force is intended for small particle Reynolds
numbers and is recommended only for sub-micron particles [21].
– Brownian force FBr is calculated by [28]:

FBr ¼ fi

ffiffiffiffiffiffiffiffi
pS0
Dt

r
ð21Þ

where fi are zero-mean, unit-variance-independent Gaussian ran-
dom numbers and So is:

S0 ¼ 216vkBT
p2qd5

p
qp

q

� �
Cc

ð22Þ

where kB is the Boltzmann constant.
– Thermophoresis force FT is determined using the form sug-
gested by Talbot et al. [34]:

FT ¼
6pdpl2Cs

k
kp
þ CtKn

� �
qð1þ 3CmKnÞ 1þ 2 k

kp

� �
þ 2CtKn

� � 1
mpT

rT ð23Þ

where
Kn: Knudsen number = 2k/dp

Cm: momentum exchange coefficient = 1.146
Ct: temperature jump coefficient = 2.18
Cs: thermal slip coefficient = 1.147

– Pressure gradient force Fp is given by:

Fp ¼ q
qp

 !
Vp:rV ð24Þ

where V is the axial velocity.
Virtual mass force Fv, the force required to accelerate the fluid

surrounding the particle is expressed as:

Fv ¼ Cvm
q
qp

V
!

prV
!
� dV

!
p

dt

0
@

1
A ð25Þ

where Cvm is the virtual mass factor with a default value of 0.5.
By solving Eq. (13), the momentum exchange Sm will be avail-

able through computing the change in the momentum of a particle
as it passes through each control volume of the Eulerian base fluid.
Because of the small scale and high thermal conductivity of
nanoparticles, the particles can be considered as a lumped system.
Therefore, the energy balance for a particle can be written as:

mpCp
dTp

dt
¼ hApðT � TpÞ ð26Þ

where, the heat transfer coefficient h is calculated from Ranz and
Marshall’s correlation [35]:

Nu ¼ h � d
k

¼ 2þ 0:6Re1=2d Pr1=3 ð27Þ

Once Eq. (26) is solved, it is possible to obtain the energy exchange
following the same approach used for the momentum equation:

Se ¼ 1
dV

Xn
p¼1

mpCp
dTp

dt
ð28Þ

The main assumption of the DPM approach is represented by
the correlations used to evaluate the forces and heat transfer coef-
ficient which were originally developed for the submicron
particles.
5.3. Mixture model

This is a simplified multiphase model that uses a single fluid
two-phase approach, by assuming the coupling between phases
is strong, and a local equilibrium between the phases should be
reached over a short spatial length scale. In this model, each phase
has its own velocity vector field and within a given control volume
there exists a certain fraction for each phase. In addition to conti-
nuity, momentum and energy equations, mixture model solves the
volume fraction equation for the secondary phase. It then uses an
algebraic expression to calculate the relative velocity between
the phases.

The following dimensional equations represent the mathemat-
ical description of mixture model governing equations [15,17,33]:

Continuity,

r:ðqmV
!

mÞ ¼ 0 ð29Þ
Momentum,

r:ðqmV
!

mV
!

mÞ ¼ �rP þr:ðlmrV
!

mÞ þ r:
Xn
k¼1

/kqkV
!

dr;kV
!

dr;k

 !

ð30Þ
Energy,

r:
Xn
k¼1

ð/kV
!

kðqkHk þ PÞÞ ¼ r:ðkrTÞ ð31Þ

and Volume fraction equation,

r:ð/pqpV
!

mÞ ¼ �r:ð/pqpV
!

dr;pÞ ð32Þ

where V
!

m, qm, lm and Hk are expressed as:

V
!

m ¼
Pn

k¼1/kqkV
!

k

qm
ð33Þ

qm ¼
Xn
k¼1

/kqk ð34Þ

lm ¼
Xn
k¼1

/klk ð35Þ

Hk ¼ hk � P
qk

þ v2
k

2
ð36Þ

In the momentum equation (30) V
!

dr;k is the drift velocity for the
secondary phase k (i.e., nanoparticles) which is defined as:

V
!

dr;k ¼ V
!

k � V
!

m ð37Þ
The relative velocity (slip velocity) is defined as the velocity of

the secondary phase (p) relative to the velocity of the primary
phase (base fluid):

V
!

pf ¼ V
!

p � V
!

f ð38Þ
The drift velocity is related to the relative velocity as follows:

V
!

dr;p ¼ V
!

pf �
Xn
k¼1

/kqk

qm
V
!

fk ð39Þ

The relative velocity V
!

pf in the above equation is calculated
from Eq. (40) proposed by Manninen et al. [36]:

V
!

pf ¼
qpd

2
p

18lmf drag

ðqp � qmÞ
qp

a
! ð40Þ
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where the drag function, fdrag, is determined by Schiller and Nau-
mann’s correlation [37]:

f drag ¼
1þ 0:15Re0:687p Rep 6 1000
0:0183Rep Rep P 1000

(
ð41Þ

The acceleration in Eq. (40) can be expressed as:

a
! ¼ g

!�ðV
!

m � rÞV
!

m

In this model, only one set of velocity components is solved
from the differential equations for the mixture momentum, while
the velocity of the dispersed phase is obtained from the algebraic
balance equations. Also, it is important to note that the primary
phase impresses the secondary phase via drag, while the secondary
phase in turn influences the primary phase via reduction in the
mean momentum. In addition, the continuity, momentum and
energy equations are solved for the whole mixture rather than uti-
lizing the governing equations for each phase independently.

6. Results and discussion

Results were first obtained for pure water flow inside a circular
tube to evaluate the accuracy and reliability of the grid distribution
and the model. The obtained local Nusselt number was validated
with a correlation presented by Churchill and Ozoe [38] with an
average deviation of under 2% as shown in Fig. 3 for thermally
and hydraulically developing flow with a uniform heat flux of
5000 W/m2. The Churchill and Ozoe [38] correlation is as follows:

NuD

4:364 1þ Gz
29:6

� �2h i1
6
¼ 1þ

Gz
19:04

1þ Pr
0:0207

� �2=3h i1
2
1þ Gz

29:6

� �2h i1
3

0
BB@

1
CCA

3=22
664

3
775

1
3

ð42Þ
Eq. (42) agrees within 5% with other investigators numerical

data for Pr = 0.7 and Pr = 10 [39].
Next, laminar flow of Al2O3/water nanofluid is considered with

particle diameter dp = 100 nm. Three different models were used in
the numerical simulation: single-phase homogenous and two
phase (Lagrangian-Eulerian and mixture) models for three differ-
ent particle loadings (U = 1%, U = 3% and U = 4% by volume) and
Re = 250, 500, 750, 1050 and 1460 with three different constant
wall heat flux boundary conditions, q = 5000, 7500 and
10,000W/m2 considering both constant and temperature depen-
Fig. 3. Model validation with Churchill and Ozoe’s correlation [38].
dent properties. The results were compared with experimental
and numerical data available in the open literature.

Fig. 4(a) and (b) shows the comparison of the wall and bulk fluid
temperature profiles along the tube axis with Bianco et al.’s [14]
numerical results for q = 5000 W/m2 and R = 250 for constant and
temperature dependent properties. The average differences in the
wall temperature between single-phase model and DPM for
U = 1% and U = 4% and variable properties were 0.15% and
0.001% respectively, while the maximum discrepancy between
the present study and Bianco et al. [14] was found to be 4.3% at
tube exit for the discrete phase model for U = 1%. However, the
converged solution was kept at the very low relative tolerance of
10�6 for all of the equations. If the tolerance was increased to
around 10�3 for the continuity equation, the wall temperature pro-
files for all the models would coincide with Bianco et al. [14]
results. The fluid bulk temperature decreases appreciably with
the augmentation of the particle volume fraction since the
nanoparticles have a beneficial effect on the thermal properties
of the resulting mixture. For example, the product qCp increases
as much as 7.8% for U = 4% with respect to the base fluid at
U = 0%. Therefore, introducing the nanofluid decreases the wall
and bulk temperatures over the base fluid as shown in Fig. 4(a).
(b)

Tb

Tw
Φ=4%

Φ=1%

Φ=0%

Fig. 4. Comparison of the wall and bulk temperature profiles along the tube axis
with Bianco et al. [14] for different volume fractions: (a) Temperature dependent
properties and (b) constant properties.
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There is a significant difference between the constant and vari-
able properties results in Bianco et al. [14] study, as also reported
in Özerinç et al. [12]. Fig. 5(a) and (b) shows the temperature pro-
files across the tube cross section at z/L = 0.99 m for U = 1% and
U = 4% and the investigated models for the two cases. It can be
noticed that the difference between the base fluid and nanofluid
temperature dramatically increases as the tube radius and volume
fraction increases, indicating that higher heat transfer rates with
nanoparticles is achieved. In the vicinity of the tube wall, it is
important to consider a very fine mesh to predict the change in
the wall temperature accurately. Adding nanoparticles to the base
fluid can change the radial temperature profile, but it is clear from
the figure that the single phase model can predict the temperature
distribution very well in comparison with the two-phase model for
constant and temperature dependent properties where the average
deviation between the investigated models for temperature depen-
dent properties for U = 1% and U = 4% are 1.3% and 1.8% respec-
tively. However, in Fig. 5 the maximum discrepancy between the
current study and Bianco et al. [14] occurs at U = 1% for constant
properties mostly because we used relatively finer mesh in the
area around the center line and the tube wall. Our results show
that the nanoparticles have a tendency to migrate toward the tube
(a)

(b)

Φ=4% 

Φ=1%

Φ=0%

Φ=0%

Φ=1%

Φ=4%

Fig. 5. Comparison of the temperature profile along the tube radius at z/L = 0.99 m
for different volume fractions for q = 5000 W/m2 and Re = 250 with Bianco et al.
[14]: (a) Temperature dependent properties and, (b) constant properties.
centerline for developing region, while in fully developed region
nanoparticles follow the streamlines and remain parallel as shown
in Fig. 6(a). It is clearly observed that the velocity profile and
hydrodynamic entrance length are independent of the concentra-
tion values and that the nanoparticles move with the fluid velocity.

Fig. 6(b) shows a comparison of the dimensionless radial veloc-
ity profiles for the current work with those of Bianco et al. [14] for a
volume fraction of U = 4% along the tube radius at different axial
locations for Re = 250 and q = 5000W/m2. The hydrodynamic entry
length is given by Lh,laminar = 0.06 ReD D which is equivalent to
z = 0.15 m from the inlet section. It can be observed that the nano-
fluid flow is fully developed at z = 0.16 m. It should be noted that
the dimensional axial velocity profile for the nanofluid increases
with an increase in the volume fraction for the same Reynolds
number because the density and viscosity of the nanofluid are
the two properties which are directly proportional to the nanopar-
ticle volume fraction. Therefore, different nanoparticle volume
fractions have different mean velocities to enable the Reynolds
number to remain constant. It should be noted that the nanofluid
viscosity increases at a substantially faster rate with an increase
in nanoparticle concentration as compared to the density. The
results are in good agreement with Bianco et al. [14].
Fig. 6. Comparison of the radial velocity profiles for the current work with those of
Bianco et al. [14] for q = 5000 W/m2, Re = 250 and: (a) z = 0.2 m, (b) U = 4%.



232 A. Albojamal, K. Vafai / International Journal of Heat and Mass Transfer 114 (2017) 225–237
Fig. 7(a) and (b) shows the comparison of the dimensionless
temperature profiles for U = 0% and U = 4% at several tube loca-
tions respectively. A reduction of 2.5% in the dimensionless tem-
perature profile at z = 0.9 m over the base fluid U = 0% can be
seen, indicating a better heat transfer rate between the wall and
the fluid. Also, it can be observed that when the particle volume
fraction increases the Prandtl number increases resulting in a
longer thermal entrance length. The results are in excellent agree-
ment with Bianco et al. [14].

As mentioned earlier, particle volume fraction influences the
physical properties and increases the mixture thermal conductiv-
ity. As such, the wall to fluid convective heat transfer would be
consequently more important, as it is clearly shown in Fig. 8(a)
where there is a higher increase in the average heat transfer coef-
ficient. Particularly when U = 4% and Re = 1050 an enhancement of
25.97% in hav with respect to the base fluidU = 0% can be seen. The
difference between the single phase and two phase models are
higher in the case of temperature dependent properties as shown
in Fig. 8(b). The maximum discrepancies between the single-
phase and discrete phase models for U = 1% and U = 4% consider-
ing variable properties are 5.9% and 3.2% respectively, while 5.5%
and 4.6% respectively for constant properties. However, two-
Fig. 7. Comparison of the dimensionless temperature for the current work with
those of Bianco et al. [14] for q = 5000W/m2 and Re = 250 at different axial locations
for: (a) U = 0%, (b) U = 4%.
phase mixture model shows an unrealistic increase in the average
heat transfer for small changes of the particle volume fraction
because its thermal predictions are quite different from the other
models as shown in Fig. 9. The total enthalpy in Eq. (31) for the
mixture model increases significantly compared to others resulting
in high heat transfer values. However, in case of Bianco et al.’s [14]
study, 12.3% differences are detected between the single phase and
discrete phase model for U = 1% and constant properties. Particu-
larly, the two-phase model leads to overestimated values. Consid-
ering variable properties, the nanofluid simulation can give more
accurate results specifically for high volume fraction U > 1%, since
it will incorporate the changes in the thermal conductivity of the
nanofluid with temperature. Our results were found to be in good
agreement with the numerical work of Bianco et al. [14].

The effect of increasing injected particle mass flow rate from 1%
to 4% of the fluid as a function of Reynolds number are shown in
Fig. 10. It is clearly observed that increasing particle mass flow rate
would not change the average heat transfer coefficient for the
nanofluid significantly.

In the single phase model the effect of gravity, drag on particles
and additional forces are omitted. However, these forces are pre-
sent for the case of two phase model [6] as source and sink terms
Fig. 8. Average heat transfer coefficient as a function of Reynolds number for
q = 1000 W/m2 and Re = 250: (a) constant properties and comparison of current
results with those of Bianco et al. [14], (b) variable properties.



Fig. 9. Total enthalpy along the axial direction for Re = 250, q = 10,000 W/m2 for
different models.

Fig. 10. Effect of the injected particle mass flow rate on the nanofluid average heat
transfer coefficient as a function of Reynolds number for q = 10,000 W/m2, U = 1%
and DPM.
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in the momentum and energy equations. As such, they may affect
the wall temperature and ultimately the heat transfer coefficient.
As such, the physical effects of the additional forces on the average
heat transfer coefficient were considered in this study and reported
in Table 2. It is clearly seen that the additional force terms do not
play a significant role in the results regardless of the imposed heat
flux. Therefore, they can be ignored when nanoparticles are
considered.

As was shown earlier, the average heat transfer coefficient for
the single-phase model is quite similar to that of the discrete phase
model as shown in Fig. 8(b). The percentage difference in the aver-
age relative heat transfer coefficient between the investigated
Table 2
Effect of additional forces on the average heat transfer coefficients for a particle concentra

q (W/m2) Re Percentage increase hnf [Fspecific]/hn

Physical effect Lift Brownian

5000 250 1.56735E�05 0.002769446
750 7.95093E�05 0.001694321
1050 2.54463E�05 0.000816116
models is shown in Table 3 for U = 1% and U = 4% respectively. A
maximum discrepancy of 5.9% was found between the single-
phase model and DPM. When variable properties are taken into
account the percentage difference decreases appreciably when
particle volume fraction becomes 4%. However, the two-phase
mixture model shows higher enhancement in nanofluids heat
transfer particularly, for high particle volume fraction whichmakes
it unreliable in predicting the values within an acceptable range.
The single phase homogenous model shows a good agreement in
modeling heat transfer in nanofluids. We had established that
the effect of both source and additional force terms can be ignored.

To show the reliability of the single-phase model assumption,
two comparisons with the experimental data of Wen and Ding
[9] for local heat transfer coefficient for Re = 1050 and U = 1% and
Kim et al. [11] for Re = 1460 and U = 3% for Al2O3/water nanofluid
flow inside a circular tube subject to a constant wall heat flux were
carried out as shown in Fig. 11(a) and (b) respectively. It can be
observed from Fig. 11(a) that the mixture model can only predict
heat transfer values for low particle volume fractions U � 1% and
for the developing region, while the numerical results from the
single-phase model are in a good agreement with the measured
data for the fully developed region z/D > 66. The maximum dis-
crepancy with the experimental data is 5% at z/D = 116 for the
single-phase model, whereas, the average difference between the
single-phase and the two-phase (DPM) models is less than 7%.

Comparison with the recent experimental work of Kim et al.
[11] shows that the numerical results from the single-phase model
provide an excellent prediction for the nanofluid local heat transfer
coefficient with an average error of 1.1% while mixture model
failed in estimating the heat transfer values. It is important to note
that the difference between the single-phase and DPM is relatively
negligible as the volume fraction increases as shown in Fig. 11(b)
and Table 3(b). In Fig. 12(a) comparison is carried out for the aver-
age Nusselt number for U = 1% and different Reynolds numbers for
constant and temperature dependent properties. The results from
the single-phase model for constant and variable properties show
a good agreement with Bianco et al. [14] and the correlation pro-
vided by Maïga et al. [26] with a maximum deviation for Re = 250.

For the case of Re = 250 the maximum discrepancies between
the single-phase constant properties and single-phase variable
properties is 4.4%. This difference decreases as the volume fraction
increases to U = 4%. Fig. 12(b) shows that, the results from the
single-phase variable properties are in excellent agreement with
DPM with a maximum deviation of 3.2% for the case of Re = 1050
while the mixture model deviates much more over the whole
range of Reynolds numbers.

The temperature gradient can result in a significant decrease in
the viscosity within the boundary layer leading to the heat transfer
enhancement [19] as can be seen in Fig. 13(a) and (b). The substan-
tial increase in heat transfer coefficient at the entry region and the
enhancement strongly depends on the particle volume fraction. An
average enhancement of 19.6% and 6.8% in heat transfer coefficient
for U = 4% and U = 1% respectively over the base fluid can be seen
in Fig. 13(c) for variable properties and 3.8% and 18.6% for constant
properties. The results are in good agreement with Bianco et al.
[14] and the maximum discrepancy of 2% in heat transfer coeffi-
tion of U = 1%.

f

Thermophoretic Pressure Virtual All

2.97536E�05 0.00000 0.00000 0.002022
4.12632E�05 1.27901E�06 6.83377E�05 0.002344
8.22296E�05 2.26011E�05 2.30535E�05 0.00218



Table 3
Average values of hnf/hbf for Re = 250 and different heat fluxes for (a) U = 1%, (b) U = 4%.

q (W/m2) Single-phase model
(SPM)

DPM Mixture model DPM perc. difference
% compared to SPM

Mixture model perc.
difference% compared
to SPM

Cst. Var. Cst. Var. Cst. Var. Cst. Var. Cst. Var.

(a) U = 1%
5000 1.038 1.068 1.063 1.106 1.358 1.357 2.394 3.580 30.841 27.093
7500 1.038 1.079 1.063 1.122 1.347 1.333 2.404 3.926 29.782 23.489
10,000 1.038 1.084 1.067 1.122 1.347 1.351 2.783 3.476 29.776 24.583

(b) U = 4%
5000 1.186 1.196 1.190 1.218 1.898 1.805 0.388 1.843 60.077 50.960
7500 1.185 1.213 1.190 1.211 1.898 1.815 0.392 0.099 60.097 49.702
10,000 1.186 1.226 1.190 1.228 1.898 1.824 0.395 0.183 60.090 48.792

Fig. 11. Comparison of the present results with the experimental data of: (a) Wen
and Ding [9], (b) Kim et al. [11]. Fig. 12. Average Nusselt number as a function of Reynolds for: (a) U = 1%, (b)

U = 4%.
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cient for a volume fraction ofU = 1% for the constant property case.
The two-phase (DPM) model slightly overestimates the heat trans-
fer coefficient specifically for low volume fractions as shown in
Fig. 13(d) and reported in Table 4, while two-phase mixture model
provides an unrealistic value. Also, it can be clearly observed from
Fig. 13(c) that the difference between the constant and variable
properties increases along the tube axis for all values of the volume
fractions, which means that the constant property assumption
could give an erroneous result particularly for low volume frac-
tions i.e., U < 1%.

However, as the temperature increases the viscosity near the
wall decreases due to the higher temperature gradient leading to
lower wall shear stresses for variable property assumption as



(a)

Φ=1%

Φ=4%

(c)

Φ=4%
Φ=1%

Φ=0%
Φ=4%

Φ=1%
Φ=0% 

Φ=1%

Φ=4%

(b)

(d)

Fig. 13. Heat transfer enhancement along the axial direction for Re = 250 and q = 5000W/m2: (a) variable properties, (b) constant properties, (c) single phase model, (d)
difference between single phase and two phase models for variable properties.

Table 4
Average and relative heat transfer coefficients for Re = 250 and q = 5000 W/m2 for different models.

Model U(%) hav [W/m2K] hnf/hbf Nuav Nunf/Nubf

H2O Cst. 0 351.420 1 5.886 1
Var. 373.734 1 6.260 1

Single-phase Cst. 1 364.771 1.038 6.110 1.038
Var. 399.024 1.068 6.684 1.068

DPM Cst. 1 373.505 1.063 6.256 1.063
Var. 413.310 1.106 6.923 1.106

Mixture model Cst. 1 477.275 1.358 7.995 1.358
Var. 507.131 1.357 8.495 1.357

Single-phase Cst. 4 416.650 1.186 6.979 1.186
Var. 446.967 1.196 7.487 1.196

DPM Cst. 4 418.269 1.190 7.006 1.190
Var. 455.206 1.218 7.625 1.218

Mixture model Cst. 4 666.966 1.898 11.172 1.898
Var. 674.744 1.805 11.302 1.805
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shown in Table 5 where an average wall shear stress for different
particle concentrations for Re = 250 and q = 5000 W/m2 is reported.
When the particle concentration increases the average shear stress
also increases. For all of the cases studied here, the values from
constant properties are higher than those from variable properties
and values from the two phase DPM model are higher than those
for the single-phase model.
An average increment of 16.9% and 120% in pressure drop for
the volume fractions of U = 1% and U = 4% respectively over the
base fluidU = 0% was observed in Fig. 14. Addition of nanoparticles
increases the density and viscosity of the nanofluid and conse-
quently results in a pressure drop penalty. Thus, larger values of
particle volume fraction can influence the pressure drop remark-
ably and restricts their applications for the thermal systems work-



Table 5
Average wall shear stress for Re = 250 and q = 5000 W/m2 for different models.

Model U (%) sav (Pa) snf/sbf

H2O Cst. 0 0.020 1
Var. 0.015 1

Single-phase Cst. 1 0.023 1.145
Var. 0.017 1.185

DPM Cst. 1 0.032 1.571
Var. 0.024 1.630

Mixture model Cst. 1 0.031 1.533
Var. 0.026 1.795

Single-phase Cst. 4 0.041 2.008
Var. 0.030 2.032

DPM Cst. 4 0.050 2.476
Var. 0.041 2.836

Mixture model Cst. 4 0.030 1.489
Var. 0.026 1.795

Fig. 14. Pressure drop along the axial direction for different volume fractions.
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ing under limited pumping power condition [29], such as the case
for electronic cooling.
7. Conclusions

Three different models were analyzed in the current study:
single-phase, mixture and discrete phase models considering both
constant and temperature dependent properties to investigate dif-
ferences in hydrodynamic and thermal characteristics between the
cited models for nanofluids transport. Results when variable prop-
erties were taken into account displayed higher heat transfer
enhancements and Nusselt numbers for nanofluids. The maximum
deviation between single-phase and DPM was found to be 5.9%.
Results also displayed that the two-phase mixture model did not
properly predict the heat transfer results when variable properties
were taken into account. It was found that, particles follow the
fluid streamlines and the effect of additional forces on particles
can be ignored, particularly for 1% <U � 4%. In terms of the com-
putational time and CPU usage, due to poor convergence criteria
for DPM since the entire residual jumps up at each update of
source terms in momentum and energy equations to obtain a con-
verged solution, it took a far longer time for the continuity equa-
tion to reach the convergence limit with thousands of iterations,
while the single-phase model could provide the results within
few minutes. The results for the heat transfer coefficient showed
that inclusion of nanoparticles provided considerable enhance-
ment over the base fluid. However, nanofluids introduced a pres-
sure drop penalty and increased the wall shear stress. The results
clearly established that the single-phase model could provide a fast
and low cost method for analyzing nanofluids, since it only
requires information about the mixture thermophysical properties
without reference to the particles and the base fluid separately. A
comprehensive comparison was done with the experimental and
numerical works and it was found that the single-phase model is
in a good agreement with the experimental data from Kim et al.
[11] and Wen and Ding [9] and Maïga et al.’s [26] correlation and
numerical study of Bianco et al. [14]. The number of source term
updates in DPM simulations had a significant impact in increasing
the required CPU time. It was established that the single-phase
model can predict nanofluids transport attributes within an
acceptable range without the need for using the two-phase models.
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