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A new model is here proposed to investigate the effects of nano-ferroliquid under the influence of low oscillating
over stretchable rotating disk. The basic governing equations are formulated under the effects of magnetic field.
The resulting system of partial differential equations is first reduced in non-dimensional form by using proper
transformations and then reduced coupled system of differential equations is solved analytically by means of
homotopy analysis method (HAM). The physical interpretation of velocity and temperature towards different
emerging parameters such as particle concentration and effective magnetization parameter are discussed graph-
ically. The physical parameters such as shear stress at wall, heat transfer rate through wall, boundary layer thick-
ness and volume flow rate in axial direction are also presented in tabular form. Finally a comparison with the
existing literature is made as a limiting case of the reported problem and found in good agreement.
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1. Introduction

The magnetic field can serve as an effective intends to control mag-
netic liquid suspension of counterfeit magnetic particles of ferromag-
netic materials. Suspensions of these materials in a carrier liquid
explored the prospective for a new research field called
ferrohydrodynamics [1,2]. Numerous types of magnetic liquids arise
with ferrohydrodynamics, the principal type is a colloidal ferroliquid
[3,4]. A colloid is a suspension of nano-sized particles of Fes04 or
v — Fe504 etc. in a liquid medium that settles out gradually. However,
a true ferroliquid does not settle out. Mostly, ferroliquids are contained
small (3-15 nm diameter) particles of solid magnetite coated by molec-
ular nanolayer of a dispersant and suspended in a base liquid. A typical
ferroliquid contains approximately 10 particles per cubic meter. Due to
vast range of applications of nanoparticles in industrial liquids, it has
gained considerable attention of researchers and engineers [5-15] in re-
cent past. A great exertion has been done by researchers for those liq-
uids which do not endure strong variations in viscosity influenced by
an electronically well-behaved signal. Consequently, to design a proper
magnetic liquid, it is important part to have information about magnetic
viscous behavior on liquid [16]. Such types of liquids which have con-
trollable viscosity are mostly utilized in magnetically controlled
damping systems. Thus, Magneto viscous impact on magnetic liquids
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also plays an important role in other applications. Usually, there are
two situations canned been arising due to direction of applied magnetic
field. When the vorticity of liquid and direction of field are collinear,
then no changes occur in viscosity of the liquid. This is happen due to
co-linearity of magnetic moment of the particles in the direction of vor-
ticity. However in the other case, if magnetic field is applied in opposite
direction of vorticity, the magnetic field will attempt to adjust the mag-
netic moment towards the direction of field course while the liquid
apply a forced round the particles through the stream stabs to disturb
magnetic field alliance as well as magnetic moment. This increases the
flow resistance and thus the liquid exhibits finer viscosity. In this situa-
tion, extra dissipation is manifested as rotational viscosity. So, the ap-
plied magnetic torque is combination of rotational viscidness and
viscous force that depends on the strength of magnetic field as well as
on the direction of the magnetic field in respect to the flow [17,18].
The study of ferroliquid in rotation is another exciting field for re-
searchers. Ferroliquid are famous to show atypical appearances when
they are imported on set of rotation on thermo convective. Das Gupta
and Gupta [19] investigated thermal convective rotating flow of
ferroliquid which layer heated uniformly from bottom. Further,
Vaidyanathan et al., [20] introduced the effect of magnetic field depen-
dent viscosity on ferroconvection in a rotating system. In the presence
and absence of the effects of rotation and magnetic field dependent vis-
cosity on ferroconvection has been investigated by Ramanathan and
Suresh [21]. Ram and Sharma [22] reported the heat transfer rate
under magnetization and rotational effects. They calculated that viscos-
ity in consequences of magnetization does not effective to improve heat
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transfer rate as compare to without magnetization. Ram et al. [23] have
examined the magneto-viscous effects which are generated by low os-
cillating magnetic field on nano-ferroliquid over rotating disk.

In the existing literature, there is still no investigation is available
which describe the influence of magneto viscous effect under low oscil-
lating magnetic together with heat and mass transfer over rotating disk.
This effort is devoted to fill this gap. Magnetic material Fe304 as nano-
particles and water as a conventional charring liquid are taken into ac-
count. Here, the emphasis is also to study that how rotational viscosity
occurs in motion of a ferroliquid in order to see its effects on the velocity
and temperature profiles. Additionally, for engineering interest, the
results for wall shear stress, heat transfers rate at wall, boundary layer
displacement, angle of rotation and flow rate under the low oscillating
magnetic field and different concentration of particles are computed.
After introduction, this paper is arranged in the following fashion.
Section 2 contains formulation of the problem. In Section 3 solutions
of the problems are presented by using homotopy analysis method
which is particularly suitable for nonlinear problems [24-27]. Results
and discussion are given in Section 4. Finally Section 5 summaries the
concluding remarks.

2. Formulation of the problem
2.1. Physical model

Consider the axially symmetric laminar and non-conducting flow of
an incompressible nano-Ferroliquid past a stretchable rotating disk. The
disk has stretching speed /1 — 3t which is proportional to the radius
r having angular velocity a(), /1 — Bt as shown in Fig. 1.

2.2. Governing equations

The basic governing equations such as containing continuity, mo-
tion, temperature, magnetization and rotational are

V.V=0, (1)
av ) 1
Porgp = ~VP T H VIV + Ho(MV)H + 52V < (=), )
r 3
T:
» «
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Fig. 1. Geometry of the problem.
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In above equations, V= (v;, vy, V) is velocity, T is temperature, M is
magnetization of the liquid, H is strength magnetic field, T, is Relaxation
time parameter, T is Brownian relaxation time, (i is permeability of free
space, I'is sum of moments of inertia of the particles per unit volume, ®,
is internal angular momentum due to the self-rotation of particles and Q
is the vorticity of the flow. The complete set of equations also includes
the Maxwell's equations

V x H=0,V.(H+41M) = 0. (6)

The magnetization of the liquid M with the relation of strength mag-
netic field H is given as

M :M5< coth§—%>, )

here, Ms = ®M, is the saturation magnetization in the liquid, which is
defined as produce of the volume concentration < of the magnetic com-
ponent and instantaneous magnetization Mg [28,29]. At T =0, the in-
stantaneous equilibrium magnetization M is obtained as

H mH

M, = nmL(%)—,§:ﬁ7

—1
"’ L(§) = Cothg—¢ ", ®)

where § is the Langevin parameter, L(§) is the Langevin function, k is the
Boltzmann constant and n and m are the number of particle and the
magnetic moment. Since, 7 is small, the inertial term is negligible in

comparison with relaxation term i.e., I %«I 2 therefore, Eq. (5) can

be written by way of

Ts

wp:ﬂJr'

(M x H). 9

Now, Egs. (2) and (4) in view of Eq. (9) can be written as

av 1
Pr g =~V + (MV)H + 1, V2V + -V x (M x H), (10)
M _ oML (M—Mo) + M x (M x H). 11
dt TB I

where M x His magnetic torques. When both torques; magnetic and
viscous will be in equilibrium, then interference of the particle rotation
is obtained as

M x H = —61t,0$(Q—0,) (12)
and

In which ¢ denotes the volume fraction and effective magnetic field
parameter is denoted by &, . In the existence of slow oscillating magnetic
field Eq. (11) can be written as [30-32]

%Q%) _0x Qé)—%é—;;—@—%se % (E—~8). (14
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The effective field can be expressed by the equation of zero approx-
imation from the Eq. (14) as

Tp ddfte (d (]i(;.gfe> B <1 - % coswot> (15)

Above, the parameters o, and &, are frequency and amplitude of the
real magnetic field, whereas the effective Langevin function is donated
as parameter L, is, of the field. From [33], using linear approximations
in Q7 and the expression

MY = MORE,)TQ x h, (16)

where M(®) = pM,L(€) and h is unit vector along the applied field, Eq.
(14) reduces to

- dRéfe) - (1_% (Lle_é) £,R(&,) coswot). (17)

) and

Since magnetic torque is not equal to zero, so from Egs. (12
(17), the expression for mean magnetic torque becomes

M H = —6ubQg, g = € coso tLER(E,) (18)

Here, g(&o, w0 Tp) is the effective magnetization parameter.

3 3
x —6i4;p8Q = —> 1 dgV(V.V) = > 1 bgVPV. (19)

In view of Egs. (19), (10) takes the following form

dv 3
gt = VP + MDH -+ (s + 1102 ) V2V, (20)
dav - 3
PGt = ~VP+ (o + Jhsg)VPV. 1)

As —Vp = —Vp + (M.V)H i.e., reduced pressure and equations of
continuity, motion and temperature in cylindrical form subject to the
boundary conditions can be written as
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Utilizing the following transformations
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into Egs. (22) to (26), the dimensionless nonlinear system of ordinary
differential equations along with the associated boundary connotation
take the following form:

(28)

2F(m) +Em) =0, (29)
pﬂf 2 / N ”nf 3 7
o [ —G? +EF +5(F+2F)} (uf Zog | F (30)
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F(®)=0, G(»)=0, 6(=)=0

where, Pr =" fkc 2/ js modified Prandtl number and S = f; is the unstead-

iness parameter.
3. Solutions of the problem

In section emphasis will be given to determine analytical solutions
for velocity, temperature and nano-concentration distributions by
using the following models:
3.1. Nano-ferroliquid models

The effective density pny, heat capacitance(Cp)ns Viscosity iy, and
thermal conductive kg for nano-ferroliquid as given in Egs. (22) to
(26), are defined by
Pop = (1=dq) Py + dpPg. (35)
(0Cp) oy = (1=q) (PCp) ; + b (PCp) s (36)

o — ka —+ Zkf + 2¢a(ka—kf)l
" kq + 2k —dbg (ka—Ky)

B B b, >72<5¢max
py =g (1= 522 - (38)

37)

The subscripts a and fillustrates to aggregate and base liquid water.
Further, the thermal properties of particle aggregation are given as

Pq = (l_d)int)pf + d)intpsv (39)
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Fig. 2. Radial velocity profile corresponding to various values of nanoparticle volume
fraction.

(Cp)g = (1—bint) (Cp)f + bine (Cp)- (40)

Above subscript s is used for solid single particle. The ¢ is donated
for the nanoparticles volume fraction in cluster or in aggregate and
¢ = dinee. With the influence of magnetics particles become lineup in
direction of filed that make a chain which call backbone and other par-
ticles that are free are called dead-end particles. In this situation, ther-
mal conductivity is combination of backbone and dead-end particles
thermal conductivities. The effective thermal conductivity of dead-end
particles is given as

(1=dpe) (kp—knc) / (kg + 2kin) + P (ks—Kknc) / (ks + 2knc) = 0. (41)

The thermal conductivity of aggregate k, is determined by using
composite theory for misoriented ellipsoidal particles for the backbone,
the following equations are used

3+¢C[2[511(1_L11)+633(1_L33)} (42)

ke =k, 3
4o 3—¢c[2B11L11 + B33Las]

where

Lyy = 0.5p2/(p*—1)—0.5pcosh ' p/ (p2—1)",
L33 = 1—-2Ly3, : (43)
Bi = (kici_knc)/[knc ii (] kncﬂ

Interfacial resistance is accounted for in the term
ki = ks/ (1 + yLiks/kp). (44)

Here y=(2+ 1/p)a,aa=Ay/ay, Aiis the kapitza radius and p=Rga;.
The number of particles in aggregation and in belonging to backbone
are calculated through

d

Nine = (Rg/a1)™, (45)
Ne = (Rg/ay)". (46)
where a; is the radius of the primary particle, R, is average radius of gy-
ration, dyis fractal dimensions and d; is chemical dimension.

The volume fraction of backbone particles ¢ and particles belonging
to dead ends ¢, is given by

be = (Re/ar)™ . (47)

d)nc = ‘t’int_‘bcv (48)

where dine = (Rg/a;) 43,
3.2. Skin friction coefficient and Nusselt number

The skin fraction coefficient Crand the Nusselt number Nu are phys-
ical quantities which are given by

T -‘rT
=V Ny T (49)

pf<aor>2 ’ Nt = kf(Tw‘TW) ’

T—pt

where 7, and Ty, are the radial and the transversal skin fraction or
shear stress at the surface of disk, respectively, and q,, is the surface

heat flux, introduced as
ov, sz dvg 10v
Twr = (u,.f + 2uf¢g> < ao> (unf + Zufzbg) ( St aez> ,
(50)

qQy = knf (TZ) z=0

After substituting Eqs. (28) and (50) in Eq. (49), we have

—kif9’(0)~ (51)

Re?C; — Hop (3 ¢>g F(0)> +G(0)?>, Re *Nu=
Ry ky

Here Re = Q,r%/v{(1— ) is the rotational Reynolds number.
3.3. Boundary layer displacement thickness

Thickness of boundary layer can be found by finding the separation
over inertia and viscous forces are practically identical. The velocity in
the boundary layer accomplishes a value which is near the external ve-
locity as of now at a little separation from the wall. The boundary layer
displacement thickness is ascertained as

d=1=Pt5 I vidz = rRe”? [ Gdn (52)
Q =0

3.4. Outward flowing volume and rotation angle of liquid

Total volume flowing outward the z-axis,

Q= 2nr}°vrdz =2mrvsRe'/? }e F(n)dn. (53)
0 0

B=0%
=35
o B=10%
e d=15%

G(z)

Fig. 3. Tangential velocity profile corresponding to various values of nanoparticle volume
fraction.
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Fig. 4. Axial velocity profile corresponding to various values of nanoparticle volume
fraction.

The liquid is taken to rotate at a large distance from the wall, the
angle becomes

ov,  0vy

tanp) = — [ 9% v | —% — 1067 = —84.6°. (54)

3.5. Homotopic method

Due to nonlinear nature of Egs. (29)-(33), an exact solution is not
possible. Now, we opted to go for analytic solution. In order to serve
the purpose HAM based package BVPh 2.0 is employed for solving non-
linear differential equation using computational software Mathematica
9. In this package, it is needed to put appropriate initial guess of solu-
tions and auxiliary linear operators to find the desire solution which
are given as

dE dF d’F
) =Gy PGt -
dG d°G o do |’
G(G):d—n"‘d—nz-, 59(9):2%4'@7
S=0%
............. A=3%
— d=10%
&
R A=15%
4 6 8
7

Fig. 5. Temperature profile corresponding to various values of nanoparticle volume
fraction.
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Fig. 6. Radial velocity profile corresponding to various values of effective magnetization
parameter.

E; =0, Fo(n) =ae™,
Go(n) =€, 65(m) =e~?" } (56)

Thus the analytical expressions for velocity, temperature and con-
centrations up to first iteration are obtained as follows:

1 83 [y 3 83 (Pu)
2" 200 (E*i‘bg) *300 <p_f B
e

835 (Por) _ 249 (thy 3
1600 \ p; )~ 800 { ;2%

—83 () | 835 [Py

N 400 ,llf 1600 pf 22 _ ﬁ @ e~
835 (P ,_ 249 (b 3, s00\er))
800 \ p; )*~ 800\, 2%

(61)

—_p=00
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,:\-\ ' g:GQ

ot g=1.0
6 8

Fig. 7. Tangential velocity profile corresponding to various values of effective
magnetization parameter.
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Fig. 8. Axial velocity profile corresponding to various values of effective magnetization
parameter.
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4. Results and discussion

In this section the behavior of emerging parameters involved in the
expression of velocity and temperature distributions are examined
through Figs. 2 to 9 with water based nano-ferroliquid contained Iron
nanoparticles in water with low isolating magnetic field effect are

1.0]
0.8 g=0.0
e g=0.0
0.6
— o g=09
= g
B Lg=1.0
0.4
0.2
0.0/
0 1 2 3 4 5

Fig. 9. Temperature profile corresponding to various values of effective magnetization
parameter.
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192 <unf d)) 600 | py ;

Table 1

Values of skin-friction coefficient, local Nusselt, boundary layer thickness, volume flowing
outward the z-axis and angle corresponding to various values of nanoparticle volume
fraction.

Re'2N,¢ Re'’2Cs Re'?Nu d Q

0% 1.2625 1.5851 0.8579 0.6026
5% 1.5883 1.7171 0.8056 0.5669
10% 1.9313 1.8246 0.7813 0.5502
15% 2.2949 1.9412 0.7719 0.5436

taken to account. The radius of gyration is considered 200 nm while
each sphere shape particles has 10nm radius. In single aggregation,
the total particles are 200 in which 50 particles belong to backbone.
The value of stretching parameter is chosen o= 0.5 and unsteadiness
parameter is selected S=0.5 in order to see the behavior of particles
concentration and magnetization effects on velocity and temperature
profiles. Figs. 2 to 4, represent radial, tangential and axial velocity pro-
files for different value of particle concentration against a dimensionless
parameter 7). In these figures, it is noticed that several velocity lines have
been publicized corresponding to different concentration of nanoparti-
cles. By diverse concentration, unalike collisions between neighboring
particles in a liquid are produced different velocity lines. It is also no-
ticed that when the nanoparticle concentration is enhanced, all velocity
components are declined. This is accordance with the physical expecta-
tion because heighten of resistance between adjacent layers of moving
liquid. Therefore, the base liquid has much velocity as compared to
ferroliquid. Fig. 5, shows the effect of particle concentrations on temper-
ature profile. It is seen that the temperature of nanoliquid is enhanced
by cumulative of nanoparticles volume fraction. The improvement in
thermal conduction of the liquid due to magnetic particles makes a
cause of enhancement in temperature. Figs. 6-8, characterize the radial,
tangential and axial velocities profiles for various values of effective
magnetization parameter. It is seen that magnetization parameter has
no so much influence on velocity in different directions. When low os-
cillating magnetic field is applied on liquid then means angular velocity
of the particles become less than to angular velocity of liquid. That why,
magnetization parameter effects are not so dominant. It is also seen that
when effective magnetization parameter is declined, the all velocity
components are little bit decreased. This is due to increasing in angular
velocity of the particle which leads to declination in magnetization in-
fluences and produced an additional resistance in ferroliquid. Fig. 9,
shows the effect of magnetization parameter on temperature profile. It
is seen that the temperature is amplified by boosting the influence of
magnetization parameter. The consequence of magnetization parame-
ter indicates the enhancement in rotational viscosity that becomes
cause of enrichment of temperature. The numerical sets of values
show the results for parameters of physical interest. The impact of par-
ticle volume fraction on skin-friction coefficient, local Nusselt, boundary
layer thickness and volume flowing outward the z-axis are shown in
Table 1. Skin friction arises when the liquid has interaction with the sur-
face of the body. It is seen that when nanoparticle volume fraction en-
hances shear stress at wall is increased. The shear stress depends on
the dynamic viscosity and the acceleration. it is found that when particle
concentration is increased, the gradient of the velocity and dynamic vis-
cosity increases that are caused in enhancement in shear stress at wall.
In Table 1, it is observed that when nanoparticle volume fraction

Table 2

Values of skin-friction coefficient, local Nusselt, boundary layer thickness, volume flowing
outward the z-axis and angle corresponding to various values of effective magnetization
parameter.

Re'?N,g Re'’2Cy Re'”2Nu d Q

0 1.5629 1.7097 0.7934 0.5585
0.6 1.5933 1.7182 0.8101 0.5699
0.9 1.6084 1.7225 0.8153 0.5735
1 1.6134 1.7235 0.8177 0.5752
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Table 3
Comparison of the obtained results for the values of F'(0) and G'(0) when ¢ =0% and
g=0.

F'(0) G'(0)
S Present Rashidi [34] Present Rashidi [34]
—0.1 —3.1187 —3.1178 —2.0532 —2.0530
—0.5 —2.9632 —2.9601 —1.9907 —1.9901
—1 —2.7621 —2.7622 —1.9204 —1.9111

enhances, heat transfer rate at wall increases. Thermal conductivity of
liquid plays an important role in the heat transfer rate. For example, en-
hancement in thermal conductivity of liquid is found 25.12% and 54.81%
at 5% and 10% concentration of nanoparticles. Then with same trend, en-
hancement in heat transfer rate at wall is found 8.33% and 15.11% at 5%
and 10% concentrations. Boundary layer displacement describes the dif-
ference between the case with boundary layer flow over a surface and
the actual flow without a boundary layer. It is noticed that boundary
layer displacement decreases corresponding to concentration of parti-
cle. Furthermore, the total volume flowing outward the z-axis is de-
creased as increasing of particles concentrations. In Table 2, the result
of effective magnetization parameter on skin-friction coefficient, local
Nusselt, boundary layer thickness and volume flowing outward the z-
axis is publicized. It is perceived that with augmentation of magnetiza-
tion parameter declines, there the shear stress and heat transfer rate at
the wall. In the other sundry parameters, displacement thickness is in-
creased because of enrichment in boundary layer thickness due to con-
sequences of magnetization parameter. Furthermore, the total volume
flowing outward the z-axis is also increased. The obtained results have
also been compared with the existing literature [34] as shown in
Table 3 and are found in good agreement which offers a useful check
that the reported results are correct and also provides a clear reliance
on presented mathematical description.

5. Concluding remarks

In this paper, unsteady ferroliquid flow revolving a stretchable rotat-
ing disk on a boundary layer is presented. It is observed that enhance-
ment of ferro-particles concentration changes the physical properties
of liquid which distresses the liquid velocity and temperature distribu-
tion. The axial velocity component is maximum affect than the redial
velocity component and much more than the tangential velocity com-
ponent under effects of particles concentrations. The velocity of liquid
is declined due to increasing of resistance between layers by particles
concentrations. Moreover, the temperature of liquid is heightened due
to enhancement in thermal conductivity by magnetic particles. It has
been found that velocity components are not highly affected by magne-
tization as compare to particles concentration effects. But in velocity
components, axial velocity due to magnetization is dominant in com-
parison to the radial and tangential velocity. The magnetization am-
plifies and diminishes to velocity and temperature profiles. From
numerical results, it is seen that shear stress at wall is vastly increased
when concentration improved and slowly decreased due to magnetiza-
tion effect. Heat transfer rate at wall in ferroliquid is much improved in
comparison of water. Magnetization is also play a role to improve heat
transfer rate at wall but not as concentration. The fluctuating in dis-
placement thickness and outward volume flow has same behavior as
velocity under both effects.
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