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The Role of Nanoparticle 
Suspensions in Thermo/
Fluid and Biomedical 
Applications

Khalil M. Khanafer and Kambiz Vafai

2.1  INTRODUCTION

Recent advances in nanomaterials and nanotechnology have led to the development 
of new class of heat-transfer fluids containing nanometer-sized particles called 
nanoparticles typically made of carbon nanotubes, metals, or oxides. Nanofluids 
are engineered by suspending nanoparticles with average sizes below 100 nm in 
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a base fluid such as water, ethylene glycol, and oil [1]. Compared with the base 
fluid, nanofluids have distinctive properties that make them attractive in many 
applications such as pharmaceutical processes, transportation industry, thermal 
management of electronics, fuel cells, boiler flue gas temperature reduction, heat 
exchangers, etc. [2]. Extensive research studies on heat-transfer enhancement using 
nanofluids were conducted both experimentally and theoretically in the literature 
[1–15]. Conflicting results on the heat transfer enhancement using nanofluids in 
forced and natural convection are reported in the literature. Pak and Cho [16] 
illustrated that the Nusselt number for Al2O3–water and TiO2–water nanofluids 
increased with increasing Reynolds number and volume fraction of nanoparticles. 
Nevertheless, the convective heat-transfer coefficient for nanofluids at a volume 
fraction of 3% was found to be 12% smaller than that of the base fluid when assum-
ing a constant average velocity [16]. Yang et al. [17] studied experimentally the 
convective heat-transfer coefficients of graphite–water nanofluids under laminar 
flow in a horizontal tube heat exchanger. Their experimental heat-transfer coef-
ficients showed that the nanoparticles increased the heat-transfer coefficient of the 
fluid system in laminar flow, but the increase was much less than that predicted 
by the existing correlation based on static thermal conductivity measurements. 
However, many other researchers have reported forced convective heat-transfer 
enhancement using nanofluids [18–22].

Not many studies are found in the literature on the application of nanofluids in 
natural convective heat transfer. Khanafer et al. [6] analyzed numerically natural 
convection heat transfer of nanofluids in an enclosure under various physical 
parameters. Their results showed that the average Nusselt number increases with 
an increase in the nanoparticles volume fraction for different Grashof numbers. 
Kim et al. [23] introduced a factor to explain the effect of nanoparticle addition 
on the convective instability and heat-transfer characteristics of a base fluid. 
The new factor included the effect of the ratio of the thermal conductivity of 
nanoparticles to that of the base fluid, the shape factor of the nanoparticles, the 
volume fraction of nanoparticles, and the heat capacity ratio. Their results indi-
cate that the heat-transfer coefficient in the presence of nanofluids increases with 
an increase in the volume fraction of nanoparticles. Ghasemi and Aminossadati 
[24] numerically studied natural convection heat transfer in an inclined enclo-
sure filled with a CuO–water nanofluid for various pertinent parameters such 
as Rayleigh number, inclination angle, and solid volume fraction. Their results 
indicated that the addition of nanoparticles improves heat-transfer performance. 
In addition, they showed that there is an optimum solid volume fraction that 
maximizes heat-transfer rate. Natural convective heat-transfer enhancement 
using nanofluids was also demonstrated experimentally by Nnanna et  al. [25] 
and Nnanna and Routhu [26].

Conversely, Putra et  al. [13] illustrated experimentally that the presence of 
nanoparticles (Al2O3 and CuO) in water-based nanofluids inside a horizontal cyl-
inder decreased natural convective heat-transfer coefficient with an increase in 
the volume fraction of nanoparticles, particle density as well as the aspect ratio 
of the cylinder. Ding et al. [27] have also reported experimentally that the natural 
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convective heat-transfer coefficient decreases systematically with an increase in 
nanoparticle concentration, and the deterioration was partially related to the higher 
viscosity of nanofluids. Chang et al. [28] considered natural convection experiments 
with Al2O3 micro-particle (approximately 250 nm) aqueous suspensions in thin 
enclosures. Their results illustrated that nanoparticles have insignificant effect on the 
Nusselt number values for a vertical enclosure. Nevertheless, for horizontal enclo-
sure, there was a decrease in Nusselt number compared with pure water at lower 
Rayleigh numbers and higher particle concentrations. The researchers attributed this 
anomalous behavior to sedimentation.

Presently, there are no robust theoretical models to determine the anomalous 
thermal conductivity enhancement of nanofluids. Many researchers have attrib-
uted the thermal conductivity enhancement of nanofluids to thermal conductivi-
ties of fluid and nanoparticles, shape and surface area of nanoparticles, volume 
fraction, and temperature [29]. Keblinski et al. [29] and Eastman et al. [30] pro-
posed four main mechanisms for thermal conductivity enhancement of nanofluids. 
These consist of Brownian motion of nanoparticles, molecular-level layering of 
the liquid at the liquid/particle interface, heat transport within the nanoparticles, 
and the effects of nanoparticle clustering. On the basis of molecular dynamics 
simulations and the simple kinetic theory, Evans et al. [31] demonstrated that the 
hydrodynamics effects associated with Brownian motion have a small effect on the 
thermal conductivity of the nanofluid. Conflicting results were reported in the lit-
erature associated with the effect of solid/liquid interfacial layer (i.e., the interface 
between the nanoparticle and the fluid) on the thermal conductivity enhancement 
of nanofluids [32–37].

Yu and Choi [32,33] and Xue and Xu [34] suggested a theoretical model for 
the effect of a solid/liquid interface based on the Hamilton–Crosser model for 
suspensions of nano-spherical particles. Their results showed that the solid/liquid 
interfacial layers play an important role in enhancing the thermal conductivity 
of nanofluids. Considering the interface effect between the solid particles and 
the base fluid in nanofluids, Xue [35] developed a model for the effective ther-
mal conductivity of nanofluids based on Maxwell theory and average polarization 
theory. Xue [35] suggested that the developed model can interpret the anoma-
lous enhancement of the effective thermal conductivity of the nanofluid. On the 
basis of molecular dynamic simulations and simple liquid–solid interfaces, Xue 
et al. [37] illustrated that the layering of the liquid atoms at the liquid–solid inter-
face does not have any significant effect on the thermal-transport properties of 
nanofluids.

Although many possible mechanisms were proposed in the literature, there are no 
robust theoretical and experimental studies that explain the basis for possible heat-
transfer enhancement when using nanofluids. As such, it is still unclear as to what 
are the best models to use for the thermal conductivity and viscosity of nanofluids. 
Therefore, the aim of this study is to analyze the variants within the thermophysical 
characteristics of nanofluids especially with respect to the thermal conductivity and 
viscosity models and propose possible physical reasons for the deviations between 
experimental and analytical studies.
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2.2 � ANALYTICAL MODELS FOR PHYSICAL PROPERTIES OF 
NANOFLUIDS

2.2.1  Density

The density of nanofluid can be determined analytically based on the physical 
principle of the mixture rule as
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where f and p refer to the fluid and nanoparticle, respectively, and ϕp = (Vp/Vf + Vp) is 
the volume fraction of the nanoparticles. To test the validity of Equation 2.1, Pak and 
Cho [16] and Ho et al. [38] conducted experimental studies to measure the density 
of Al2O3–water nanofluids at room temperature as depicted in Figure 2.1a. Excellent 
agreement was found between the experimental results and the predictions using 
Equation 2.1 as shown in Figure 2.1a. Ho et al. [38] also measured the density of 
Al2O3–water nanofluid at different temperatures and nanoparticle volume fractions. 
Khanafer and Vafai [39] developed a correlation for the density of Al2O3–water 
nanofluid using the experimental data of Ho et al.’s study [38] as a function of tem-
perature and volume fraction of nanoparticles as follows:

ρ φ φeff p p
o= + − ≤ ≤ ≤ ≤1001 064 2738 6191 0 2095 0 0 04 5 40. . . ; . , ( )T T C

	 (2.2)

The R2 of the regression is 99.97% and the maximum relative error is 0.22%. It 
is clear from Figure 2.1b that the present regression (Equation 2.2) is in excellent 
agreement with the density measurements of Ho et al. [38].

2.2.2  Heat Capacity of Nanofluids

The vast majority of studies on nanofluids have used an analytical model for the 
specific heat by assuming thermal equilibrium between the nanoparticles and the 
base fluid phase as follows:
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where ρp is the density of the nanoparticle, ρf is the density of the base fluid, ρeff is 
the density of the nanofluid, and cp and cf are the heat capacities of the nanoparticle 
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and the base fluid, respectively. In contrast, some researchers [16,40–42] suggest a 
simpler expression given by

	 c c ceff p f p p= − +( )1 φ φ 	 (2.4)

The experimental data of Zhou and Ni [43] were used to evaluate the validity of 
Equations 2.3 and 2.4, Figure 2.2 shows a comparison of the specific heat of Al2O3–
water nanofluid at room temperature using both equations with the experimental 
data of Zhou and Ni [43] for various volume fractions (ϕp = 0−21.7%). Figure 2.2 
shows that model I given in Equation 2.3 compares very well with the experimental 
data of Zhou and Ni [43].
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FIGURE 2.1  Effect of the volume fraction on the density of the Al2O3–water nanofluid: 
(a)  room temperature; (b) various temperatures. (Reprinted from K. Khanafer and K. Vafai. 
2011, A critical synthesis of thermophysical characteristics of nanofluids, International Journal 
of Heat and Mass Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.)
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2.2.3 T hermal Expansion Coefficient of Nanofluids

The thermal expansion coefficient of nanofluids can be approximated by utilizing 
the volume fraction of the nanoparticles on a weight basis as follows [6]:

	
β
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ρeff

p f p p
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=
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(2.5)

where βf and βp are the thermal expansion coefficients of the base fluid and the 
nanoparticle, respectively. However, some investigators give a simpler model for the 
thermal expansion coefficient of the nanofluid as [44,45]:

	 β φ β φ βeff p f p p= − +( )1 	 (2.6)

Ho et al. [38] conducted an experimental study to estimate the thermal expansion 
of Al2O3–water nanofluid at various volume fractions of nanoparticles. The values 
of the thermal expansion of Al2O3–water nanofluid predicted by Equations 2.5 and 
2.6 were compared with the experimental data of Ho et al. [38] at a temperature of 
26°C. Figure 2.3a shows that neither Equation 2.5 nor Equation 2.6 can be utilized to 
correctly determine the thermal expansion of nanofluid as compared with the experi-
mental data of Ho et al. [38]. The effect of varying the temperature and volume frac-
tion of nanoparticles on the thermal expansion coefficient of Al2O3–water nanofluid 
was investigated by Ho et al. [38]. Khanafer and Vafai [39] developed a correlation 
for the thermal expansion coefficient of Al2O3–water nanofluid was developed based 
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FIGURE 2.2  Comparison of the heat capacity of Al2O3–water nanofluid obtained by models 
I and II given in Equations 2.3 and 2.4 and the experimental data of Zhou and Ni [43]. 
(Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical char-
acteristics of nanofluids, International Journal of Heat and Mass Transfer 54, 4410–4428,  
Copyright 2011, with permission from Elsevier.)
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on the experimental data of Ho et al. [38] as a function of temperature and volume 
fraction of nanoparticles. This correlation (Al2O3–water) can be expressed as [39]:

	

β φ

φ

eff p

p

= − + × − ×

≤ ≤ ≤

− −( . .
.

) ;

. ,

0 479 9 3158 10
4 7211

10

0 0 04 10

3
2

3T
T

o C TT ≤ 40oC 	
(2.7)

Figure 2.3b shows the validity of the correlation given by Equation 2.7 compared 
with the experimental data [38].
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FIGURE 2.3  (a) Effect of volume fraction as displayed by Equations 2.5 and 2.6 at room 
temperature; (b) temperature effect as displayed by a comparison between Equation 2.7 and 
experimental data of Ho et al. [38]. (Reprinted from K. Khanafer and K. Vafai. 2011, A criti-
cal synthesis of thermophysical characteristics of nanofluids, International Journal of Heat 
and Mass Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.)
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2.2.4 E ffective Viscosity of Nanofluids

2.2.4.1  Analytical Studies
Different analytical models of viscosity have been developed in the literature to 
model the effective viscosity of nanofluid as a function of volume fraction. Einstein 
[46] determined the effective viscosity of a suspension of spherical solids as a func-
tion of volume fraction (volume concentration <5%) using the phenomenological 
hydrodynamic equations. This equation was presented as

	
µ φ µeff p f= +( . )1 2 5

	
(2.8)

Since Einstein’s model, several equations have been developed in an effort to extend 
Einstein’s formula to suspensions of higher concentrations, including the effect of 
non-spherical particle concentrations [47–51]. For example, Brinkman [47] presented 
a viscosity model that extended Einstein’s equation to concentrated suspensions:
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The effect of Brownian motion on the effective viscosity in a suspension of rigid 
spherical particles was studied by Batchelor [48]. For isotropic structure of suspen-
sion and based on reciprocal theorem in Stokes flow to obtain an expression for the 
bulk stress, the effective viscosity was given by

	
µ φ φ µeff p p f= + +( . . )1 2 5 6 2 2

	
(2.10)

Lundgren [49] proposed the following equation under the form of a Taylor series 
in ϕp:
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It is noticeable that if the terms O( )φp
2  and higher are neglected, the above 

correlation reduces to that of Einstein’s model. Table 2.1 summarizes the most com-
mon analytical expressions for the viscosity of nanofluids as a function of the volume 
fraction of the nanoparticles [39].

2.2.4.2  Experimental Studies
A number of experimental studies have been carried out in the literature to determine 
the dynamic viscosity of nanofluids [16,56–65]. Masuda et al. [57] were the first to 
measure the dynamic viscosity of several water-based nanofluids for temperatures 
ranging from room condition to 67°C. Wang et al. [56] obtained some data for the 
dynamic viscosity of Al2O3–water and Al2O3–ethylene glycol mixtures at various 
temperatures.



33
Th

e R
o

le o
f N

an
o

p
article Su

sp
en

sio
n

s

TABLE 2.1
Summary of Significant Number of Models Found in the Literature

Models Effective Viscosity Physical Model Remarks

Einstein [46] µ φ µeff 1= +( . )2 5 p f
Based on the phenomenological hydrodynamic 
equations

Considered a suspension containing n solute 
particles in a total volume V

Infinitely dilute suspension of 
spheres (no interaction between the 
spheres)

Valid for relatively low particle 
volume fraction (ϕp ≤ 2%)

Brinkman [47]
µ

φ

φ φ µ

eff
p

p p f

=
−

= + + +

1
1

1 2 5 4 375

2 5

2

( )

( . . ...)

.

Based on Einstein model
Derived by considering the effect of the 
addition of one solute molecule to an existing 
solution

Spherical particles
Valid for high-moderate particle 
concentrations

Used Einstein’s factor: (1 + 2.5ϕp)

Batchelor [48] µ ηφ φ µ

φ φ µ
eff p p f

p p f

= + +

= + +

( )

( . . )

1

1 2 5 6 2

2

2

kH
Based on reciprocal theorem in Stokes flow 
problem to obtain an expression for the bulk 
stress due to the thermodynamic forces

Incorporated both effects: hydrodynamic 
effects and Brownian motion

Rigid and spherical particles
Brownian motion
Isotropic structure
Huggins coefficient: kH = 6.2 
(5.2 from hydrodynamic effects and 
1.0 from Brownian motion)

Lundgren [49]
µ φ µ

φ φ µ

eff
p

f

p p f

= −

= + + +

1
1 2 5

1 2 5 6 25 2

.

( . . ...)

Based on a Taylor series expansion in terms 
of ϕp

Dilute concentration of spheres
Random bed of spheres

Graham [50] µ φ µ

µ
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4 5
2 1 2h r h r h r

A cell theory was used to derive the 
dependence of the zero-shear-rate viscosity 
on volume concentration for a suspension of 
uniform, solid, neutrally buoyant spheres

Agrees well with Einstein’s for small 
ϕp

rp is the particle radius and h is the 
inter-particle spacing

continued
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TABLE 2.1  (continued)
Summary of Significant Number of Models Found in the Literature

Models Effective Viscosity Physical Model Remarks

Simha [51]
µ φ φ φ µeff p

p
f= + +


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+





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


1 2 5
125

64
2. ...

max
p

Based on Cage model of liquids and solutions Spherical particles

Mooney [52]
µ

φ
φ µ

φ φ
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p
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.
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2 5
1

1 2 5 3 125 2 5 2

k

k{{ }
< <

µf

1 35 1 91. .k

Einstein’s viscosity equation for an infinitely 
dilute suspension of spheres was extended to 
apply to a suspension of finite concentration

Based on first-order interaction between 
particles (crowding effect)

Rigid spherical spheres
Monodisperse suspension of finite 
concentration

Not valid at high concentrations.
Considered the volume fraction of a 
suspension to be divided into two 
portions

Eilers [53]
µ µ

φ
φ

φ φ µ

eff f
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/
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1 25

1 0 78
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.
.

( . . ...)

Based on experimental data Suspensions of bitumen spheres
Curve fitting of the experimental data

Saito [55]
µ φ φ µ

φ φ µ

eff
p

p f
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= + + +
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2 5
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Developed based on a theory for spherical 
solute-molecules in which a single solute-
molecule is placed in the field of flow, 
obtained by averaging over all the possible 
positions of a second solute-molecule 

Spherical rigid particles
Brownian motion
Very small particles

Frankel and Acrivos [55]
µ

φ φ
φ φ

µeff
p p
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9
8 1

1 3

1 3

( )
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/
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An asymptotic technique was used to derive 
the functional dependence of effective 
viscosity on concentration for a suspension of 
uniform solid spheres, in the limit as 
concentration approaches its maximum value

Uniform solid particles

Source:	 Reprinted from K. Khanafer and K. Vafai.  2011, A critical synthesis of thermophysical characteristics of nanofluids, International Journal of Heat and Mass 
Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.
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Because the formulas such as the one proposed by Einstein [46] and later improved 
by Brinkman [47] and Batchelor [48] underestimate the viscosity of the nanofluids 
when compared with the measured data, Maiga et  al. [58,59] performed a least-
square curve fitting of some experimental data of Wang et al. [56] including Al2O3 
in water and Al2O3 in ethylene glycol. Table 2.2 demonstrates a summary of various 
dynamic viscosity models at room temperature based on the experimental data.

TABLE 2.2
Summary of Viscosity Models at Room Temperature Based on 
Experimental Data

Models Effective Viscosity (Regression) Remarks

Maiga et al. [58]
µ φ φ µeff p p f= + +( )1 7 3 123 2.

Least-square curve fitting of 
Wang et al. [56] data

Al2O3–water, dp = 28 nm

Maiga et al. [58] µ φ φ µeff p p f

p nm

= − +( )
=

1 0 19 306

28

2.

d

Least-square curve fitting of 
experimental data [56,57]

Al2O3–ethylene glycol

Khanafer and 
Vafai [39]

µ φ φ µeff p p f

p nm

= + +( )
=

1 0 164 302 34

28

2. .

d

Least-square curve fitting of 
experimental data [55,57]

Al2O3–ethylene glycol

Buongiorno [66]
µ φ φ µeff p p f= + +( )1 39 11 533 9 2. .

Curve fitting of Pak and 
Cho [16] data

Al2O3–water, dp = 13 nm

Buongiorno [66]
µ φ φ µeff p p f= + +( )1 5 45 108 2 2. .

Curve fitting of Pak and 
Cho [16] data

TiO2–water, dp = 27 nm

Khanafer and 
Vafai [39]

µ φ φ µ

φ
eff p p f

p

= + +( )
≤ ≤

1 23 09 1525 3

0 0 04

2. .

.

Curve fitting of Pak and 
Cho [16] data

Al2O3–water, dp = 13 nm

Khanafer and 
Vafai [39]

µ φ φ µ

φ
eff p p f

p

= + +( )
≤ ≤

1 3 544 169 46

0 0 1

2. .

.

Curve fitting of Pak and 
Cho [16] data

TiO2–water, dp = 27 nm

Nguyen et al. [61] µ µ φ

µ φ φ µ

eff f p p

eff p p f

nm= × =

= + +( )
0 904 0 148 47

1 0 025 0 015 2

. . ;

. . ;

e d

dpp nm= 36

Curve fitting of the 
experimental data

Al2O3–water

Nguyen et al. [61]
µ φ φ φ µeff p p p f= − + +( )1 475 0 319 0 051 0 0092 3. . . .

Curve fitting of the 
experimental data

CuO–water, dp = 29 nm

Tseng and Lin [62] μeff = 13.47 exp (35.98ϕp)  μf; 0.05 ≤ ϕp ≤ 0.12 TiO2–water
Shear rate = 100 s−1

Source:	 Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical charac-
teristics of nanofluids, International Journal of Heat and Mass Transfer 54, 4410–4428, 
Copyright 2011, with permission from Elsevier.
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Moreover, Figure 2.4 shows a comparison of the relative dynamic viscosity of 
Al2O3–water nanofluid from various research studies in the literature at room tem-
perature. Figure 2.4 shows that Brinkman model [47], which was derived for two-
phase mixture, is to some extent sufficient to estimate the viscosity for relatively 
low-volume fraction of particles (i.e., ϕp ≤ 2%). Although it noticeably underesti-
mates the nanofluid viscosity when compared with experimental data at high par-
ticle concentrations. The differences in the relative viscosity among the experimental 
data as shown in Figure 2.4 may be due to the difference in the size of the particle 
clusters, dispersion techniques, and the methods of measurements. This clearly illus-
trates the discrepancy between the researchers in measuring the dynamic viscosity 
of nanofluids.

2.3 � EFFECT OF TEMPERATURE ON THE DYNAMIC VISCOSITY 
OF NANOFLUIDS

It should be noted that all the above-mentioned correlations (Tables 2.1 and 2.2) 
were developed to relate the dynamic viscosity as a function of volume frac-
tion only, without temperature-dependence considerations. Few studies were con-
ducted in the literature on the effect of temperature on the dynamic viscosity of 
nanofluids [60,61,66–70]. Nguyen et  al. [61] analyzed experimentally the effect 
of temperature on the dynamic viscosities of two water-based nanofluids, namely 

6
Brinkman [48]
13 nm, Pak and Cho [16]
47 nm, Nguyen et al. [62]
36 nm, Nguyen et al. [62]
28 nm, Wang et al. [57]
29 nm, Kulkarni et al. [64]
80 nm, Murshed et al. [66]
95 nm, Anoop et al. [67]
100 nm, Anoop et al. [67]
28 nm, Chen et al. [67]
36 nm, Chen et al. [67]

4

2

0
0 0.02 0.04 0.06 0.08

ϕp

μ ef
f

μ f

0.1 0.12 0.14

FIGURE 2.4  Relative viscosity measurement as a function of the volume fraction, ϕp, at 
ambient temperature (Al2O3–water nanofluid). (Reprinted from K. Khanafer and K. Vafai. 
2011, A critical synthesis of thermophysical characteristics of nanofluids, International 
Journal of Heat and Mass Transfer 54, 4410–4428, Copyright 2011, with permission from 
Elsevier.)
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Al2O3–water (dp = 47 nm, 36 nm) and CuO–water (dp = 29 nm) mixtures. The 
following correlations were developed by Nguyen et  al. [61] for estimating the 
dynamic viscosity for all nanofluids tested at particle concentrations of 1% and 
4%, respectively:

	
µ µ φeff f p( ) ( . . ) ; %cP T= − × =1 125 0 0007 1

	 (2.12)

	
µ µ φeff f p( ) ( . . . ) ; %cP T T= − × + × =2 1275 0 0215 0 0002 42

	
(2.13)

where T is the temperature in °C. It can be noticed from Equations 2.12 and 2.13 
that Nguyen et al. [61] did not explicitly express the dynamic viscosity as a func-
tion of temperature and volume fraction. Palm et al. [67] proposed equations for the 
dynamic viscosity (Pa. s) by means of the polynomial curve fitting based on the data 
reported by Putra et al. [13]. The resulting equations as a function of temperature, 
expressed in Kelvin, for Al2O3–water are:

	
µ φeff p= − × + × =− −0 034 2 10 2 9 10 14 7 2. . , %T T

	 (2.14)

	
µ φeff p= − × + × =− −0 039 2 3 10 3 4 10 44 7 2. . . , %T T

	 (2.15)

Tables 2.3 and 2.4 present a summary of different models of the dynamic vis-
cosity of nanofluids as a function of temperature and volume fraction of nanopar-
ticles. Khanafer and Vafai [39] developed a general correlation (Equation 2.16) for 
the effective viscosity of Al2O3–water using various experimental data found in the 
literature (Figure 2.5a) as a function of volume fraction, nanoparticles diameter, and 
temperature as follows:

	

µ φ φ
φ

eff p p
p( ) .

.
. . .

.

cP
T T

= − + + − +

+

0 4491
28 837

0 574 0 1634 23 053

0 0

2
2

2

1132 2354 735 23 498 3 0185

1 9 20

3
3

2

2

3

2
φ

φ φ φ

φ

p
p p

p

p

p

p

d
− + −

≤ ≤

. . . ;

% %,

T d

≤≤ ≤ ≤ ≤T ( ) ,�C 70 13 131nm nmpd 	

(2.16)

The validity of the above correlation (Equation 2.16) is shown in Figure 2.5b. 
As can be noticed in Figure 2.5a, the viscosity of the nanofluid decreases with an 
increase in the temperature. Moreover, there is no agreement between researchers 
about the experimentally measured values of the nanofluid’s viscosity. Published 
results indicate a surprising range of variation of the results.
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TABLE 2.3
Effect of Temperature and Volume Fraction on the Dynamic Viscosity of Nanofluids (Al2O3–Water)
Reference Model (Regression) Remarks
Khanafer and Vafai [39]

µ φ φ
φ φ

eff p p
p p

C

= − + + −

≤

0 444 0 254 0 0368 26 333 59 311

20

2
2

2. . . . .

( )
T T

T ° ≤≤ =70 1 34 2 78; . %, . %φp

Curve fitting of Pak and Cho [16] data
dp = 13 nm
Units: mPa.s

Palm et al. [67] µ φ

µ
eff p

eff

= − × + × =

= − ×

− −0 034 2 10 2 9 10 1

0 039 2 3 10

4 7 2. ( ) . ( ), %

. .

T TK K
−− −+ × =4 7 23 4 10 4T T( ) . ( ), %K K φp

Curve fitting of the experimental data, Putra 
et al. [13]

dp = 131.2 nm
Units: Pa.s

Nguyen et al. [61] µ µ φ

µ
eff f p

eff

C  

C

= − × =

= − ×

( . . ( )) ; %

( . . (

1 125 0 0007 1

2 1275 0 0215

T

T

°

° )) . ( )) ; %+ × =0 0002 42T °C  f pµ φ

Units: mPa.s

Khanafer and Vafai [39]
µ φ φ

φ
eff p p= − + + + − +0 4892

26 9036
0 6837

24 1141
0 1785 0 18182

2.
.

.
.

. .
T T

pp p

p
p

p

T T

T
T

+

+ − ≤ ≤ ≤

27 015

0 0132 2940 1775 1 9 4 20

2

2

3
3

.

. . ; % . %, (

φ

φ
φ

φ °C)) ≤ 70

Curve fitting of Nguyen et al. [61] data
dp = 47 nm
Units: mPa.s

Khanafer and Vafai [39]
µ ϕ ϕeff p p= − + + + − +0 1011

18 0162
0 3619

164 0837
0 0966 0 16092

2.
.

.
.

. .
T T

φφ φ

ϕ
φ

φ

p p

p
p

p

T T

T

+

+ − ≤ ≤

22 4901

0 0078089 2316 3754 1 9 1 20

2

2

3
3

.

. . ; % . %, ≤≤ ≤T ( )°C 70

Curve fitting of Nguyen et al. [61] data
dp = 36 nm
Units: mPa.s

Khanafer and Vafai [39]
µ φ φ

φ
φeff p p

p= − + + − + +0 4491
28 837

0 574 0 1634 23 053 0 01322
2

2.
.

. . . .
T T pp

p

p

p

p

p
p

3
3

2

2

3

2

2354 735

23 498 3 0185 1 9 20

−

+ − ≤ ≤ ≤

.

. . ; % %, (

φ

φ φ
φ

T

T
d d

°CC nm nmp) ,≤ ≤ ≤70 13 131d

Curve fitting of various experimental data 
available in the literature [13,16,61,71]

Units: mPa.s

Namburu et al. [69,60] Log in mmPa.seff
BT

p p p

( ) ,

. . .

µ
φ φ φ

=
= − + − +

−Ae

A 0 29956 6 7388 55 444 23 2 336 11

6 4745 140 03 1478 5 20341 103 2 6

.

( . . . ) /B = − + − +φ φ φp p p

Experimental
Al2O3–ethylene glycol and water mixture
1% ≤ ϕp ≤ 10%, dp = 53 nm 
238 < T < 323 K

Source:	 Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical characteristics of nanofluids, International Journal of Heat and Mass 
Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.
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TABLE 2.4
Effect of Temperature and Volume Fraction on the Dynamic Viscosity of Nanofluids (TiO2–Water, CuO–Water)

Models Effective Viscosity (Regression) Remarks

Duangthongsuk and 
Wongwises [68]

µ
µ φ φ

µ
µ

eff

f
p p

2

eff

f

1.0226 0.0477 0.0112 ; 15 C

1.013 0.092

= + =

= +

− °T

φφ φ

µ
µ φ φ

p p
2

eff

f
p p

2

0.015 ; 25 C

1.018 0.112 0.0177 ; 35 C

− °

°

T

T

=

= + − =















Experimental data
TiO2–Water, 0.2 ≤ ϕp ≤ 2%
dp = 21 nm

Khanafer and Vafai [39] µ
µ φ φeff

f
p

3
p

5 2=1.0538 + 0.1448 3.363 10 0.0147 6.735 10− × − + ×− −T T −−

° °

1.337

15 C 35 C,0.2% 2%

p

p

φ

φ
T

T≤ ≤ ≤ ≤

Curve fitting of the experimental data [68]
TiO2–water
dp = 21 nm

Khanafer and Vafai [39]
µ φ φ

φ φ
eff p p

p p= − + + − +0 6002 0 569 0 0823 28 8763 204 2202 5612
2

2. . . . .
T T

..

( ) ; . %, . %, . %

3175

20 70 0 99 2 04 3 16

3

3

φ

φ

p

pC   
T

T≤ ≤ =°

Curve fitting of Pak and Cho [16] data
TiO2–water
dp = 27 nm
Units: mmPa.s

Khanafer and Vafai [39]
µ φ φ

φ
eff p p

p= − + + + − −0 4262
8 4312

0 898
524 7147

0 2217 4 73292
2.

.
.

.
. .

T T TT T

T
T

+

+ − ≤ ≤ ≤

70 3105

0 0176 5559 4641 1 9 20

2

2

3
3

.

. . ; % %, ( )

φ

φ
φ

φ

p

p
p

p  C° ≤≤ 70

Curve fitting of Nguyen et al. [59] data
CuO–water
dp = 29 nm
Units: mmPs.s

Namburu et al. [60] Log eff
BT

p p

( ) , .

. . .

µ
φ φ

=
= − +

= ×

−

−

Ae

A

B

inmm Pa s

1 8375 29 643 165 56

4 10

2

66 2 0 001 0 0186φ φp p− +. .

CuO–ethylene glycol and water mixture
1 ≤ ϕp ≤ 6%, dp = 29 nm
238 < T < 323 K

continued
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TABLE 2.4  (continued)
Effect of Temperature and Volume Fraction on the Dynamic Viscosity of Nanofluids (TiO2–Water, CuO–Water)

Models Effective Viscosity (Regression) Remarks

Kulkarni et al. [63,64]
ln µeff = 





−A
T

B
1

, in mm Pa.s

A

B

= + +

= − + +

20587 15857 1078 3

107 12 53 54 2 8715

2

2

φ φ

φ φ
p p

p p

.

. . .

CuO–water.
0.05 ≤ ϕp ≤ 0.15
dp = 29 nm.
278 ≤ T ≤ 323 K
Shear rate = 100 1/s

Koo and Kleinstreuer [70] µ µ µ

µ βρ φ κ
ρ ϕ

φ

eff static Brownian

Brownian f p
p p

p

= +

= ×5 104 T
d

f T

f

( , )

( pp p

p

, ) ( . . ) ( . . )

. ( ) .

T T= − + + −

=
−

6 04 0 4705 1722 3 134 63

0 0137 100 0

φ φ

β
φ 88229

0 7272

0 01

0 0011 100 0 01

1 4 30

, .

. ( ) , .

% %,

.

φ

φ φ

φ

p

p p

p  

<

>






< <

−

00 325< <T K

CuO–water

Source:	 Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical characteristics of nanofluids, International Journal of Heat and Mass 
Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.
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2.4  THERMAL CONDUCTIVITY OF NANOFLUIDS

Several experimental and theoretical studies were reported in the literature with 
respect to modeling thermal conductivity of nanofluids. The published results are 
in disagreement regarding the mechanisms for heat-transfer enhancement as well 
as a cohesive possible clarification with respect to the large discrepancies in the 
results even for the same base fluid and nanoparticles size. At present, there are 
no theoretical results available in the literature that can accurately determine the 
thermal conductivity of nanofluids. The existing results were generally based on 

6.0(a)

(b)

Pak and Cho [16]-13 nm, 1.34%
Pak and Cho [16]-13 nm, 2.78%
Putra et al. [13]-131.2 nm, 1%
Putra et al. [13]-131.2 nm, 4%
Nguyen et al. [61]-36 nm, 1%
Nguyen et al. [61]-36 nm, 4.5%
Nguyen et al. [61]-36 nm, 7%
Nguyen et al. [61]-36 nm, 9.1%
Nguyen et al. [61]-47 nm, 1%
Nguyen et al. [61]-47 nm, 4%
Nguyen et al. [61]-47 nm, 9.4%
Anoop et al. [71]-100 nm, 1%
Anoop et al. [71]-100 nm, 2%
Anoop et al. [71]-100 nm, 4%
Anoop et al. [71]-100 nm, 6%

Nguyen et al. [61]-47nm, 9.4%

Nguyen et al. [61]-47nm, 1%

Nguyen et al. [61]-36nm, 7%

Equation 2.16

Equation 2.16

Equation 2.16

Equation 2.16

Equation 2.16
Anoop et al. [71]-100 nm, 4%

Putra et al. [13]-131.2nm, 1%

Equation 2.16
Pak and Cho [16]-13nm, 1%

4.0

μ ef
f (c

P)
μ ef

f  (c
P)

2.0

0.0

6.0

4.0

2.0

0.0

20 30 40 50
T (°C)

60 70 80

20 30 40 50
T (°C)

60 70

FIGURE 2.5  Effect of the volume fraction and temperature on the effective viscosity of 
Al2O3–water nanofluid: (a) experimental measurements; (b) comparison of Equation 2.16 
developed in the current work with the experimental data. (Reprinted from K. Khanafer 
and K. Vafai. 2011, A critical synthesis of thermophysical characteristics of nanofluids, 
International Journal of Heat and Mass Transfer 54, 4410–4428, Copyright 2011, with per-
mission from Elsevier.)
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the definition of the effective thermal conductivity of a two-component mixture 
as follows [72]:

	
k

k T x k T x
T x T xeff

f p f p p p

p p p

d /d d /d
d /d d /d

=
− +

+ −
( )( ) ( )

( ) ( )( )
1

1
φ φ

φ φ ff 	
(2.17)

where (dT/dx)f is the temperature gradient within the fluid and (dT/dx)p is the tem-
perature gradient through the particle. The Maxwell model [73] was one the first 
models developed for solid–liquid mixture with relatively large particles based on 
the solution of heat-conduction equation through a stationary random suspension of 
spheres. The effective thermal conductivity is given by

	
k

k k k k

k k k k
k k

k k

keff
p f p p f

p f p p f
f f

p p f

p

=
+ + −
+ − − = +

−
+

2 2

2

3

2

φ
φ

φ( )

( )

( )

kk k kf p fp− −φ ( ) 	
(2.18)

where kp is the thermal conductivity of the particles, kf is the fluid thermal conductivity, 
and ϕp is the volume fraction of the suspended particles. The Maxwell model is precise 
to the order of ϕp

1  and applicable for the range of ϕp ≪ 1 or |(kp/kf) − 1| ≪ 1, Bruggeman 
[74] developed a model to study the interactions between randomly dispersed spherical 
particles as follows:

	

k
k

k k

k

k

eff

f

p p f p

p
p

f
p

/
=

− + − −{ } +

= − + −

( )( ) ( )
;

( ) ( )

3 1 3 1 1

4

3 1 3 1

φ φ

φ φ

∆

∆ −−{ }







 +1 8

2
k

k
p

f 	

(2.19)

The Bruggeman model [74] is applicable for large volume fraction of spherical 
particles. For low-volume fractions, the Bruggeman model [74] results reduce to the 
Maxwell model [73]. For non-spherical particles, Hamilton and Crosser [72] pro-
posed a model for the effective thermal conductivity of two-component mixtures as 
a function of the thermal conductivity of both the base fluid and the particle, volume 
fraction of the particles, and the shape of the particles. For the thermal conductivity 
ratio of two phases larger than 100 (kp/kf > 100), the thermal conductivity of two-
component mixtures can be expressed as follows [72]:

	
k

k n k n k k

k n k k k
keff

p f p p f

p f p p f
f=

+ − + − −
+ − − −

( ) ( ) ( )

( ) ( )

1 1

1

φ
φ 	

(2.20)

where n is the empirical shape factor given by n = 3/ψ, and ψ is the particle spheric-
ity, defined by the ratio of the surface area of a sphere with volume equal to that of 
the particle, to the surface area of the particle. Tables 2.5 through 2.7 review some 
relevant models for the effective thermal conductivity of nanofluids including the 
effects of Brownian motion and the nano-layer.
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TABLE 2.5
Summary of Theoretical Models for the Effective Thermal Conductivity of Nanofluids

Models Expressions Physical Model Remarks

Maxwell [73]
k
k

k k k k
k k k k

eff

f

p f p p f

p f p p f
=

+ + −
+ − −

2 2
2

φ
φ

( )
( )

Based on the conduction solution through a 
stationary random suspension of spheres

Spherical particles
Accurate to order ϕp

1 .

Bruggeman [74]
k
k

k k
eff

f

p p f p/
=

− + − −{ } +( ) ( )3 1 3 1 1

4

φ φ ∆

∆ = − + − −{ }







 +( ) ( )3 1 3 1 1 8

2

φ φp
p

f
p

p

f

k
k

k
k

Based on the differential effective medium 
theory to estimate the effective thermal 
conductivity of composites at high particle 
concentrations

It consists in building up the composite medium 
through a process of incremental 
homogenization

Applicable to high-volume fraction of 
spherical particles

Suspension with spherical inclusions.
No shape factor

Hamilton and 
Crosser [72]

k
k

k n k n k k
k n k k k

eff

f

p f p p f

p f p p f
=

+ − + − −
+ − − −

( ) ( ) ( )
( ) ( )

1 1
1

φ
φ

Based on the effective thermal conductivity of a 
two-component mixture

Spherical and non-spherical particles.
n = 3 (spheres), n = 6 (cylinders)

Wasp [75]
k
k

k k k k
k k k k

eff

f

p f p p f

p f p p f
=

+ + −
+ − −

2 2
2

φ
φ

( )
( )

Based on effective thermal conductivity of a 
two-component mixture

Special case of Hamilton and Crosser’s 
model with n = 3

Jeffery [76]
k
k
eff

f
p p= + + + + +

+ +






1 3 3
3

4
9
16

2
2 3

2 2
2 3

ηφ φ η η η κ
κ

...

κ η κ
κ= = −

+
k
k

p

f
,

1
2

Based on the conduction solution through a 
stationary random suspension of spheres

High order terms represent pair 
interactions of randomly dispersed 
spherical particles

Accurate to order ϕp
2

continued
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TABLE 2.5  (continued)
Summary of Theoretical Models for the Effective Thermal Conductivity of Nanofluids

Models Expressions Physical Model Remarks

Davis [77] k
k

f Oeff

f p
p p p= + −

+ − − + + 1
3 1
2 1

2 3( )
( ) ( )

( ) ( )
κ

κ φ κ φ κ φ φ

κ =
k
k

p

f

Green’s theorem was applied to the space 
occupied by the matrix material (spherical 
inclusions)

Decaying temperature field was used

Accurate to order ϕp
2

High-order terms represent pair 
interactions of randomly dispersed 
particles

f(κ) = 2.5 for κ = 10 
f(κ) = 0.5 for κ = ∞

Lu and Lin [78] k
k

a beff

f
p p= + +1 2φ φ

The effective conductivity of composites 
containing aligned spheroids of finite 
conductivity was modeled with the pair 
interaction

The pair interaction was evaluated by solving a 
boundary value problem involving two aligned 
spheroids

Spherical and non-spherical particles.
Spherical particles: a = 2.25, b = 2.27 
for κ = 10; a = 3, b = 4.51 for κ = ∞

Source:	 Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical characteristics of nanofluids, International Journal of Heat and Mass 
Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.
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TABLE 2.6
Summary of Theoretical Models for the Effective Thermal Conductivity of Nanofluids (Nano-Layer Effect)

Models Expressions Physical Model Remarks

Yu and Choi [32]
k

k k k k

k k k k
keff

f p f

f p f
f=

+ + − +
+ − − +

pe pe

pe pe

2 2 1

2 1

3

3

φ β
φ β

( )( )

( )( )

k kpe = − + + +
− − + + +

2 1 1 1 2
1 1 1 2

3

3

( ) ( ) ( )
( ) ( ) ( )

γ β γ γ
γ β γ p

β = t/rp and γ = klayer/kp

Modified Maxwell model [73] Spherical particles
Nano-layer

Yu and Choi [33]
k

nf A
f A

ke

e
eff f= + −







1
1

A
k k

k n k
j

j
j a b c

=
−

+ −
=
∑1

3 1
( )

( )
, ,

p f

p f

f
f a t b t c t

e =
+ + +( )( )( )2 2 2

abc

Modified Hamilton–Crosser model [72] Nonspherical particles.
Nano-layer

Xue [35]
9 1

2 2
−







−
+ +

−
+ −

φ
λ

φ
λ

p eff f

eff f

p eff

eff ef

k k
k k

k k
k B k k

c x

x c x

,

, ,( ff

p eff

eff eff

)

( )( )
,

, ,
+

−
+ − − =

φ
λ 4

2 1
0

2

k k
k B k k

c y

x c y

Based on the Maxwell model and the average 
polarization theory and on the assumption 
that there is an interfacial shell between the 
nanoparticles and the base fluid

Spherical particles
Nano-layer

continued
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TABLE 2.6  (continued)
Summary of Theoretical Models for the Effective Thermal Conductivity of Nanofluids (Nano-Layer Effect)

Models Expressions Physical Model Remarks

Xue and Xu [34]
1

2

2

−






−
+

+
− + −

φ
κ

φ
κ

κ

p eff f

eff f

p eff shell shell p

k k
k k

k k k k( )( ) (kk k k k
k k k k k

p shell shell eff

eff shell shell p p

− +
+ + + −

)( )
( )( ) (

2
2 2 2κ kk k kshell shell eff)( )− = 0

A modified Bruggeman model [74] including 
the effect of interfacial shells

Spherical particles
Nano-layer

Xie et al. [36] k k
k T

T

T

eff f

f

− = + −3Θ Θ
Θφ φ

φ
3

1

2 2

φ π φ β βT r t N
t
r

= + = + =4
3

13 3( ) ( )p p p
p

, 

Based on Fourier’s law of heat conduction Low particle loadings
Nano-layer

Source:	 Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical characteristics of nanofluids, International Journal of Heat and Mass 
Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.
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TABLE 2.7
Summary of Theoretical Models for the Effective Thermal Conductivity of Nanofluids (Brownian Effect)

Models Expressions Physical Model Remarks
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predicting the thermal conductivity of 
nanofluids

Accounts for the size effect and the 
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Includes the effect of random 
motion, particle size, concentration, 
and temperature
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A theoretical model was developed based on 
kinetics, Kapitza resistance, and 
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A general expression for the thermal 
conductivity of nanofluids involving four 
modes of energy transport in nanofluids 
was derived

Considered four modes of energy 
transport: collision between fluid 
molecules, thermal diffusion of 
nanoparticles, collision between 
nanoparticles due to Brownian 
motion, and thermal interactions of 
dynamic nanoparticles with fluid 
molecules

Collision of nanoparticles due to 
Brownian motion is neglected

Prasher et al. [80] k A
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continued
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TABLE 2.7  (continued)
Summary of Theoretical Models for the Effective Thermal Conductivity of Nanofluids (Brownian Effect)

Models Expressions Physical Model Remarks

Koo and Kleinstreuer 
[70,81]
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data to determine the effective conductivity 
due to Brownian motion
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nanoparticles

Chon et al. [82]
k
k

d
d

k
k

eff

f
p

f

p

p

f
= +













×

1 64 7 0 74

0 369 0 747

0 9955

.

Pr

.

. .

.

φ

RRe .1 2321

Pr ,

Re

=

= =

µ
ρ α
ρ

µ
ρ
πµ

f

f f

f p

f

f

f f

V d k T
l

Br B

3 2

Based on the curve fitting of the 
experimental data

Reynolds number is based on the 
Brownian motion velocity

Source:	 Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical characteristics of nanofluids, International Journal of Heat and Mass 
Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.
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2.4.1 E xperimental Investigations

Many studies have reported augmentation in the effective thermal conductivity of 
nanofluids at room temperature. Figures 2.6a and 2.6b illustrate the effective thermal 
conductivity measurements at ambient temperature for Al2O3–water and CuO–water 
nanofluids at various volume concentrations and nanoparticle diameters. Figure 
2.6 shows that the effective thermal conductivity of nanofluids increases with an 
increase in the volume fraction of nanoparticles. In addition, the size of the particles 
is found to have a substantial effect on the thermal conductivity improvement. It 
should be noted that smaller particles exhibit larger surface area-to-volume ratio 
than the larger particles. As such, smaller particle diameters can possibly result in a 
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FIGURE 2.6  Effect of the volume fraction on the effective thermal conductivity measure-
ments: (a) Al2O3–water; (b) CuO–water. (Reprinted from K. Khanafer and K. Vafai. 2011, 
A critical synthesis of thermophysical characteristics of nanofluids, International Journal 
of Heat and Mass Transfer 54, 4410–4428, Copyright 2011, with permission from Elsevier.)
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larger augmentation in the effective thermal conductivity of nanofluids. It is interest-
ing to note from Figures 2.6a and 2.6b that the Hamilton and Crosser model [72] 
may represent a good approximation for the effective thermal conductivity value for 
smaller volume fractions (ϕp ≤ 4%).

A general correlation for the effective thermal conductivity of Al2O3–water and 
CuO–water nanofluids at ambient temperature accounting for various volume frac-
tions and nanoparticles diameters was developed by Khanafer and Vafai [39] using 
various experimental data. This model was expressed as
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where kf is the thermal conductivity of water. Figure 2.7 demonstrates that the gen-
eral correlation, represented by Equation 2.21, is in good agreement with the experi-
mental measurements of Al2O3–water and CuO–water nanofluids.

Thermal conductivity measurements at different temperatures are important 
because the measurements at ambient temperature are not sufficient for estimating 
the heat transfer characteristics of nanofluids. Figure 2.8 shows a comparison of the 
relative effective thermal conductivity (ratio of the effective thermal conductivity of 
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FIGURE 2.7  Comparison of the general correlation, Equation 2.21 developed by Khanafer 
and Vafai [39] with the experimental data (Al2O3–water, CuO–water) at room temperature . 
(Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical char-
acteristics of nanofluids, International Journal of Heat and Mass Transfer 54, 4410–4428, 
Copyright 2011, with permission from Elsevier.)
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the nanofluid to the thermal conductivity of the base fluid at the same temperature) 
results of Al2O3–water nanofluid obtained from various experimental results as a 
function of volume fraction and nanoparticle’s diameter. Figure 2.8 illustrates that 
temperature has an important effect on the thermal conductivity augmentation.

A general correlation was developed by Khanafer and Vafai [39] for Al2O3–water 
nanofluid using the available experimental data at various temperatures, nanopar-
ticle’s diameter, and volume fraction. The developed correlation was given in terms 
of nanoparticle’s diameter, volume fraction, dynamic viscosity of water, effective 
dynamic viscosity of the nanofluid, and temperature as follows:

	

k
k d

T
T

eff

f
p

p

eff

fnm
= +







0 9843 0 398
10 7383

0 2246

. .
( )

( )
( )

.

.

φ µ
µ







− + +

≤ ≤

0 0235

2

3 2
3 9517 34 034 32 509

0 10 11

.

. . .

%,

φ φ φ

φ

p p p

p n
T T T

mm nm, C C≤ ≤ ≤ ≤d 150 20 70° °T
	

(2.22)

where the dynamic viscosity (Pa.s) of water at different temperatures can be expressed as

	 µf ( ) . . /( )T T= × ×− −2 414 10 105 247 8 140
	 (2.23)
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FIGURE 2.8  Comparison of the experimental data for the thermal conductivity enhance-
ment of Al2O3–water nanofluid at different temperatures and volume fractions. (Reprinted 
from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermophysical characteristics 
of nanofluids, International Journal of Heat and Mass Transfer 54, 4410–4428, Copyright 
2011, with permission from Elsevier.)
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where T in Kelvin. Figure 2.9 shows a very good agreement between the predicted 
relative effective thermal conductivity by Khanafer and Vafai [39] model and the 
experimental data.

Different models were developed in the literature for the effective thermal con-
ductivity of a two-component mixture such as the Hamilton and Crosser model [72]. 
Although this model gave a good approximation for the effective thermal conduc-
tivity of the Al2O3–water and CuO–water nanofluids for small volume fractions at 
room temperature, it does not exhibit a good approximation of the effective thermal 
conductivity at various temperatures as depicted in Figure 2.9 because this model 
[72] as well as a number of other models in this area do not properly account for the 
variations of the effective thermal conductivity with temperature. Therefore, these 
analytical models cannot be used to estimate the effective thermal conductivity of 
nanofluids at various temperatures. Instead, Equation 2.22 developed by Khanafer 
and Vafai [39] may be used to give a better estimation of the effective thermal 
conductivity of Al2O3–water nanofluids at various temperatures.

2.5 � NUCLEATE POOL BOILING AND CRITICAL HEAT FLUX 
OF NANOFLUIDS

Boiling heat transfer plays a significant role in a variety of technological and industrial 
applications such as heat exchangers, microchannel-cooling applications, cooling of 
high-power electronics and nuclear reactors. The use of nanofluids in enhancing boil-
ing heat-transfer characteristics is of great interest [83,84,42]. Several experimental 
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FIGURE 2.9  Comparison of the general correlation, Equation 2.22 developed by Khanafer 
and Vafai [39] with the experimental data (Al2O3–water) at various temperatures and volume 
fractions. (Reprinted from K. Khanafer and K. Vafai. 2011, A critical synthesis of thermo-
physical characteristics of nanofluids, International Journal of Heat and Mass Transfer 54, 
4410–4428, Copyright 2011, with permission from Elsevier.)
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studies on the nucleate pool boiling and critical heat flux (CHF) characteristics of 
nanofluids have been conducted in the literature [18,85–96]. Conflicting results on 
the effect of nanoparticles on the nucleate boiling heat-transfer rate and CHF were 
reported. For example, Das et al. [21,22] conducted an experimental study on pool 
boiling characteristics of Al2O3–water nanofluids on smoother and roughened heat-
ing surfaces for various particle concentrations. Their results show that nanopar-
ticles degraded the boiling performance with increasing particle concentration. You 
et al. [86] found that nucleate boiling heat-transfer coefficient remained unchanged 
with the addition of Al2O3 nanoparticles compared with water. Bang and Chang 
[87] experimentally studied boiling heat transfer characteristics of nanofluids on a 
smooth horizontal flat surface with nanoparticles suspended in water using different 
volume concentrations of Al2O3 nanoparticles. Their experimental results showed 
that nanofluids have poor heat-transfer performance compared with pure water in 
natural convection and nucleate boiling. Contrary to the above results, an experi-
mental investigation into the pool boiling heat transfer of aqueous based γ-alumina 
nanofluids (primary particle size 10–50 nm) was carried out by Wen and Ding [18]. 
The results showed that alumina nanofluids can significantly enhance boiling heat 
transfer. The enhancement was shown to increase with increasing particle concentra-
tion up to approximatley 40% at a particle loading of 1.25% by weight. Ding et al. 
[27] showed that the boiling heat transfer was enhanced in the nucleate regime for 
both alumina and titania (TiO2) nanofluids, and the enhancement is more sensitive to 
the concentration change for TiO2 nanofluids.

Most CHF experimental studies using nanofluids have shown CHF enhancement 
under pool boiling conditions [86,87,91,92]. You et al. [86] investigated experimen-
tally the effect of Al2O3 nanoparticles (tested concentrations of nanoparticles range 
from 0 to 0.05 g/L) on CHF of water in pool boiling. The measured pool boiling 
curves of nanofluids saturated at 60°C have demonstrated that the CHF increases 
dramatically (approximately 200%) compared with that of pure water. Kim et al. [91] 
conducted an experimental study on the CHF characteristics of nanofluids in pool 
boiling. Their results illustrated that the CHF of nanofluids containing TiO2 or Al2O3 
were enhanced up to 100% over that of pure water. Vassallo et al. [93] experimentally 
demonstrated a marked increase in the CHF (up to 60%) for both nano- and micro-
solutions (silica–water) at the same concentration (0.5% volume fraction) compared 
with the base water. Bang and Chang [87] show that CHF performance using Al2O3–
water nanofluids was enhanced to 32% and 13%, respectively, for both horizontal and 
vertical flat surfaces in the pool. They related the enhancement in CHF to the change 
of surface characteristics by the deposition of nanoparticles. Milanova and Kumar 
[97] conducted an experimental study to measure heat transfer characteristics of silica 
nanofluids at different acidity and base for various ionic concentrations in a pool 
boiling condition. They showed that nano-silioca suspensions increased the CHF by 
200% times compared to when only pure water is utilized. In addition, they reported 
that nanofluids in a strong electrolyte exhibit a higher CHF than in buffer solutions 
because of the difference in surface areas. Figure 2.10 demonstrates a comparison 
of CHF enhancements between experimental results for various volume concentra-
tions and nanoparticle material and diameter. Table 2.8 gives a summary of research 
studies on nucleate pool boiling heat transfer coefficient and CHF of nanofluids.
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2.5.1 �N ucleate Pool Boiling Heat Transfer and CHF Enhancement 
Mechanisms of Nanofluids

A number of investigations have been carried out to explore the augmentation 
mechanisms or deterioration of nucleate pool boiling heat-transfer coefficient using 
nanofluids. These mechanisms include development of nanoparticles coatings on the 
surface during pool boiling of nanofluids [87], decrease in active nucleation sites 
due to nanoparticle sedimentation on the boiling surface [103], and the wettabil-
ity change of the surface [21,22]. The presented experimental results on nucleate 
pool boiling heat-transfer coefficient of nanofluids are in disagreement. Although the 
CHF enhancement results by nanofluids are consistent in the literature, the respon-
sible mechanisms are not well established. For example, Golubovic et al. [101] con-
cluded that the main reason behind the increase of CHF in pool boiling of nanofluids 
is a decrease in the static surface contact angle.

Many other studies consider the major reason for CHF augmentation is due to the 
surface coating effect [87,88,93,95,96,104,105]. For example, Bang and Chang [87] 
carried out an experimental study on boiling heat transfer characteristics of nanoflu-
ids with nanoparticles suspended in water using different concentrations of alumina 
nanoparticles (Al2O3). The CHF performance was improved for both horizontal 
(32%) and vertical (13%) flat surfaces and the authors associated this augmentation to 
a change of surface characteristics by the deposition of nanoparticles. If this reason-
ing is accepted, it might be easier to alter the boiling surface in pursuit of a greater 
number of nucleation sites per area rather than using nanofluids [106,107]. Anderson 
and Mudawar [106] demonstrated that the surfaces with microgrooves and square 
microstuds are highly effective in improving the nucleate boiling heat-transfer coef-
ficient in Fluorinert electronic liquid (FC-72) resulting and increase in CHF values 
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by up to 2.5 times compared with a smooth surface. Honda et al. [108] and Wei et al. 
[109] illustrated that CHF values for the nano-roughened surface and micro-pin-
finned surfaces were, respectively, 1.8 to 2.2 and 2.3 times those for a smooth silicon 
surface. Ujereh et al. [110] conducted experiments to evaluate the impact of coating 
silicon and copper substrates with nanotubes on pool boiling characteristics. Fully 
coating the substrate surface with carbon nanotubes was found to be highly effective 
at reducing the incipience superheat and significantly enhancing both the nucleate 
boiling heat-transfer coefficient and CHF.

More robust physical models are necessary to elucidate the influence of nanofluids 
on nucleate pool boiling and CHF. Detailed understanding of the thermophysical 
properties of nanofluids, coating of nanoparticles, and structure of the boiling 

TABLE 2.8
Summary of Research Studies on Nucleate Pool Boiling Heat Transfer 
Coefficient (BHT) and CHF of Nanofluids

Reference Nanofluids Remarks

Das et al. [21,22] Al2O3–water BHT degradation

Chopkar et al. [98] ZrO2–water BHT enhancement at low-volume 
fraction of nanoparticles (<0.07%)

BHT degradation (>0.07%)

You et al. [86] Al2O3–water No change in BHT coefficient
CHF enhancement up to 200%

Bang and Chang [87] Al2O3–water BHT degradation
CHF enhancement up to 32%

Wen and Ding [89] γ-Al2O3–water BHT enhancement up to 40%

Liu et al. [90] Carbon nanotube, deionized 
water

Both BHT and CHF enhancement
Decrease in pressure, increase in BHT 
and CHF enhancement

Ding et al. [27] Al2O3–water
TiO2–water

BHT enhancement for both TiO2 and 
Al2O3

Kim et al. [91] TiO2–water
Al2O3–water

CHF enhancement up to 100%

Kim et al. [99] TiO2–water CHF enhancement up to 200%

Vassallo et al. [93] SiO2–water No change in BHT coefficient
CHF enhancement up to 60%

Milanova and Kumar [97] SiO2–water (also in salt and 
strong electrolyte solution)

CHF enhancement: three times greater 
than pure water

Milanova and Kumar [100] SiO2–water CHF enhancement: 50% with no 
nanoparticle deposition on wire

Golubovic et al. [101] Al2O3–water, Bismuth oxide 
(Bi2O3)–water

CHF enhancement: up to 50% for 
Al2O3 and 33% for Bi2O3

Kwark et al. [102] Al2O3–water, CuO–water, and 
diamond–water

BHT degradation
CHF enhancement: increases with 
nanoparticles concentration until 
reaches an asymptotic value
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surface can be helpful in resolving the controversies in the pool boiling heat-transfer 
coefficient of nanofluids as well as in illustrating the mechanisms that results in a 
substantial increase in CHF.

2.5.2 N ucleate Pool Boiling Heat Transfer and CHF Correlations

A number of studies in the literature have presented correlations in the absence 
of nanoparticles to explain the causes of CHF increase. Zuber’s correlation [111], 
which was largely utilized to predict CHF for an infinite flat plate in the absence of 
nanoparticles is given by
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where σ is the surface tension, ρf and ρg are the liquid and vapor densities respec-
tively, and hfg is the latent heat. According to the above correlation, densities of liquid 
and vapor, surface tension, and heat of vaporization may affect CHF values. Later 
Lienhard and Dhir [112] modified Zuber’s correlation to account for both size and 
geometrical effects. They provided hydrodynamic predictions of CHF from different 
finite bodies
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This correlation shows that CHF is proportional to surface tension σ1/4. This effect 
is rather weak. Kandlikar [113] extended Zuber’s correlation to include the effect of 
contact angle (β ) as follows:
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There are many studies reported in the literature associated with the effects of 
heating surface conditions on the pool boiling CHF. Ramilison et al. [114] studied 
the influence of surface conditions such as roughness and contact angle on CHF. 
Ramilison et al. [114] suggested the following correlation:
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where βr is the receding contact angle and r is the rms value of surface roughness. 
The above correlation shows that CHF is directly proportional to the surface 
roughness. Following a dimensional analysis, Kutateladze [115,116] proposed 
a correlation based on assumption that the critical condition is reached when 
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the velocity in the vapor phase reaches a critical value. This correlation can be 
expressed as
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The value of K was found to be 0.16 from the experimental data.
Borishanskii [117] obtained an analytical expression for the constant K in 

Kutateladze correlation as
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Bubble crowding at heated surface was proposed by Rosenhow and Griffith [118]. 
They assumed that increased packing of the heating surface with bubbles at higher 
heat fluxes is responsible for stopping the flow of liquid to the heating surface leading 
to CHF. They proposed the following equation for CHF
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where C1 = 0.012 m/s, g is the local gravitational acceleration, and gs corresponds 
to the standard g value. Chang [119] considered the forces acting on the bubble and 
assumed that the CHF condition was achieved when the Weber number reached a 
critical value. The following correlation was developed by Chang [119] for vertical 
surfaces
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One can note from above correlations that the CHF depends on the physical 
properties such as surface tension, liquid and vapor densities, and viscosity as well 
as bubble dynamics and nucleation density site. Furthermore, structure of boiling 
surface and thermophysical properties of nanofluids may also affect nucleate boiling 
heat transfer and CHF.

2.6  MEDICAL APPLICATIONS OF NANOPARTICLES

The applications of nanoscience and nanotechnology in medicine, especially in 
diagnosis and treatment of diseases, have received considerable attention by many 
researchers and pharmaceutical companies [120]. One of the applications includes 
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the use of nanoparticles (1–100 nm) in drug and gene delivery [121,122], detection of 
proteins [123], probing of DNA structure [124], tissue engineering [125], magnetic 
resonance imaging contrast enhancement [126], and tumor destruction via hyper-
thermia [127]. Nanoparticles have distinctive physicochemical properties such as 
ultra small size, large surface to mass ratio, high reactivity, and unique interactions 
with biological systems [128]. In drug-delivery applications, controlled-released 
drugs delivered to the site of action at a designed rate have numerous advantages over 
the conventional dosage forms. This interest stems from its importance in reduc-
ing dosing frequency, adverse side effects, and in achieving improved pharmaco-
logical activity as well as in maintaining constant and prolonged therapeutic effects 
[129,130]. Nanoparticles are engineered to bind to target cells and deliver high doses 
of therapeutic compounds which results in reducing damage to healthy cells in the 
body [122] (Figure 2.11). Nanoparticles used as drug delivery systems are made 
using a variety of materials such as polymers (polymeric nanoparticles, micelles, or 
dendrimers), lipids, viruses, and organometallic compound (nanotubes) [131]. Figure 
2.12 shows a schematic diagram showing the composition of liposomes, dendrimers, 

Drug

Micelle Liposome Dendrimer

Drugs

FIGURE 2.12  Schematic diagram of nanoparticles used as drug delivery systems.  (Reprinted 
with kind permission from Springer: ElHazzat Jallal and E.H. El-Sayed Mohamed. 2010, 
Advances in targeted breast cancer, Current Breast Cancer Reports 2, 146–151.)

Solid
tumor
mass

Drug

Tumor cell

Leaky blood vessel

“Leaky” endothelium

Tumor vasculature

Normal vasculature

Normal endothelium

FIGURE 2.11  Diffusion of dendrimes-based drug-delivery systems across the tumor’s 
leaky vasculature into the tumor tissue. (Reprinted with permission from S.H. Madina and 
M.E. El-Sayed. 2009, Dendrimers as carriers for delivery of chemotherapeutic agents, Chem 
Rev. 109, 3141–3157, Copyright 2009, with permission from ACS Publications.)
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and polymeric micelles used for delivery of chemotherapeutic agents for treatment 
of breast cancer [132].

Another application of nanoparticles can be found in imaging. Recent advances 
in nanoparticle technology have led to the implementation of nanoparticles such as 
TiO2, quantum dots, and gold nanoparticles in cellular imaging due to their distinc-
tive properties compared with traditional fluorescent dyes and proteins. For instance, 
the smaller size and improved photostability of quantum dots allow for prolonged 
and enhanced visualization of biological components in fixed cells [133].

2.7  CONCLUSIONS

Thermophysical properties of nanofluids and their importance in biomedical 
applications and heat-transfer enhancement are discussed in this study. General 
correlations for the effective thermal conductivity and viscosity of nanofluids are 
developed in this study based on the experimental data in terms of various perti-
nent parameters. The experimental data reported by many authors for the effective 
thermal conductivity and dynamic viscosity of nanofluids are in disagreement. This 
study has illustrated that the results of the effective thermal conductivity and viscos-
ity of nanofluids can be determined at room temperature using the classical equa-
tions at low-volume fractions. However, these models cannot predict the thermal 
conductivity at other temperatures. Moreover, for high heat-flux applications, the 
experimental results reported in the literature showed contradictory results in pool 
boiling heat-transfer characteristics while the CHF of nanofluids demonstrates a sig-
nificant increase with the addition of nanoparticles. This review summarizes some 
of the potential applications of nanoparticles in biomedical applications related to 
cancer treatment, medical imaging, and drug-delivery systems.

NOMENCLATURE

ceff	 heat capacity of nanofluids
cf	 heat capacity of the base fluid
cp	 heat capacity of nanoparticles
C	 proportional constant
df	 diameter of the fluid molecule
dp	 nanoparticles diameter
h	 inter-particle spacing
hfg	 latent heat
k	 thermal conductivity
kB	 Stefan–Boltzmann constant
keff	 thermal conductivity of nanofluids
kH	 Huggins Coefficient
klayer	 thermal conductivity of the nano-layer
m	 mass
n	 empirical shape factor
Pr	 Prandtl number
Re	 Reynolds number
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r	 rms value of surface roughness
t	 thickness of the nano-layer
T	 temperature
V	 volume

Greek Symbols

β	 ratio of nano-layer thickness to radius of nanoparticle
βeff	 thermal expansion coefficient of nanofluids
βf	 thermal expansion coefficient of the base fluid
βp	 thermal expansion coefficient of nanoparticle
βr	 receding contact angle
ρ	 density
ρeff	 density of nanofluids
γ	� ratio of nano-layer thermal conductivity to nanoparticle thermal conductivity
κ	 ratio of nanoparticle thermal conductivity to fluid thermal conductivity
ψ	 particle sphericity
ϕp	 volume fraction of nanoparticles
ϕp,max	 maximum volume fraction of nanoparticles
μeff	 dynamic viscosity of nanofluids
μf	 dynamic viscosity of the base fluid
μBrownian	 dynamic viscosity due to Brownian motion
σ	 surface tension

Subscripts

f	 fluid
p	 nanoparticle
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