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The effects of viscous dissipation and thermal dispersion due to the presence of ultra� ne
particles in the lubricating � uid are studied on � ow and heat transfer inside a non-
isothermal and incompressible bearing during relief and squeezing stages. The governing
equations are nondimensionlized and reduced to simpler forms based on an order-of-
magnitude analysis. Analytical solution for the energy equation for a special case is
obtained. Further, the in� uence of the thermal squeezing parameter, Eckert number,
thermal dispersion coef� cient, the motion characteristics of an oscillating bearing, and the
perturbation parameter are determined. It is shown that the average heat transfer parameter
decreases by an increase in the thermal squeezing parameter and dispersion coef� cient,
while it increases as both the Eckert number and amplitude motion parameter are increased.

INTRODUCTION

Self-lubrication in bearings can be generated by oscillating motions of bearing
plates. These motions will pressurize the ¯uid due to its viscosity in squeezing intervals
causing the ¯uid to support the load. In relaxed intervals, when the plates of the bearing
move apart, the ¯uid will be sucked in and will recover its thickness for the next ap-
plication (see Sezri [1] and Gross et al. [2]). These phenomena are repeated as oscillating
motions of the bearing plates continue, with no requirement for any external pumping.

Many studies have analyzed the ¯ow in hydrodynamic or squeezing lubrica-
tion, such as Langlois [3], who solved the momentum equations analytically for the
hydrodynamic pressure in isothermal squeeze ®lms with ¯uid density varying as a
function of the pressure. Further, Fuller [4] and Cheng [5] studied an average ¯ow
model to determine e� ects of three-dimensional roughness on partial hydrodynamic
lubrication.

Later studies considered the in¯uence of heat transfer on the dynamic behavior
of a bearing when the ¯uid viscosity varies with temperature. Radakovic and
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Khonsari [6] considered the e� ects of heat transfer and viscous dissipation on the
dynamics of piston rings. Wang et al. [7] performed a thermodynamic analysis on
journal bearings lubricated with ¯uids having couple stresses. However, these studies
did not consider the heat transfer aspects of the bearing. Recently, Khaled and Vafai
[8] considered heat transfer in incompressible squeeze thin ®lms, but they did not
include e� ects of viscous dissipation or the possibility of presence of nanoparticles in
the lubricating ¯uid.

Heat transfer is found to be enhanced if nanoparticles are suspended in the
lubricating ¯uid. This is seen in the works of Xuan and Li [9] and Eastman et al. [10].
This is because nanoparticles tend to increase the exposed heat transfer surface area
and the heat capacity of the ¯uid. Further, the presence of nanoparticles in the
lubricating ¯uid increases the mixing within the ¯uid, which causes an additional
increase in the ¯uid’s thermal conductivity due to thermal dispersion e� ects,
as discussed by Xuan and Li [9].

In this work, the continuity, momentum, and energy equations for a thin-®lm
bearing having a pure squeezing motion are transformed into a dimensionless form
while taking into account the presence of both thermal dispersion and viscous dis-
sipation e� ects. Analytical expressions for the velocity ®eld are obtained. Further,
heat transfer is determined analytically for a limiting case of transient two-
dimensional oscillating bearing in the presence of viscous dissipation. Finally, the
transformed thermal energy equation is solved numerically and a parametric study
for various characteristics of the bearing is performed.

FORMULATION OF THE PROBLEM

A two-dimensional thin-®lm bearing having a small ®lm thickness h compared
to its length B is shown in Figure 1. The x and y axes are taken in the direction of the

NOMENCLATURE

B bearing length

cp speci®c heat of the ¯uid

h bearing thickness

ho reference bearing thickness

H dimensionless bearing thickness

k thermal conductivity of the ¯uid

p ¯uid pressure

Ps thermal squeezing parameter

q net local heat ¯ux transferred to the

lubricating ¯uid

Rs squeezing Reynolds number

t time

T temperature in ¯uid

T1 temperature of the bearing’s lower plate

T2 temperature of the bearing’s upper plate

u velocity in the x direction

U dimensionless velocity in the x direction

v velocity in the y direction

V dimensionless velocity in the y direction

x x coordinate

X dimensionless x coordinate

y y coordinate

Y dimensionless y coordinate

a thermal di� usivity

b dimensionless squeezing motion

amplitude

e perturbation parameter

y dimensionless temperature in ¯ow ®eld

Y local dimensionless heat parameter

l thermal dispersion coe� cient

m dynamic viscosity of the ¯uid

F dimensionless pressure

r density of the ¯uid

t dimensionless time

x variable transformation for the

dimensionless z-coordinate

o reciprocal of a reference time

(reference squeezing frequency)
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length of the bearing B and along the bearing thickness h, respectively, as shown in
Figure 1. The lower plate of the bearing is ®xed and the upper plate of the bearing is
moving according to the following relation:

h ˆ ho‰1 ¡ b cos…dot†Š …1†

where ho, o, b, and d are a reference bearing thickness, a reference frequency, the
dimensionless amplitude of the motion, and a constant, respectively. It is assumed
that the ¯uid is Newtonian and has constant properties except for its thermal con-
ductivity. Also, the viscous dissipation inside the lubricating ¯uid is considered.

Dimensional Governing Equations

The corresponding dimensional continuity, momentum, and energy equations
for the bearing are

qu

qx
‡ qv

qy
ˆ 0 …2†

r
qu

qt
‡ u

qu

qx
‡ v

qu

qy

³ ´
ˆ ¡ qp

qx
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q2u

qx2
‡ q2u

qy2

³ ´
…3†
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…4†
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³ ´2
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qy

³ ´2
" #( )

…5†

where T, r, p, m, cp, and k are the ¯uid temperature, ¯uid density, pressure, dynamic
viscosity of the ¯uid, speci®c heat of the ¯uid, and the thermal conductivity of the
¯uid, respectively.

Figure 1. Schematic diagram.
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The dimensional boundary conditions are

u…x; 0; t† ˆ 0 u…x; h; t† ˆ 0

qp…0; y; t†
qx

ˆ 0

v…x; 0; t† ˆ 0 v…x; h; t† ˆ hoobd sin…dot†

T…x; 0; t† ˆ T1 T…x; h; t† ˆ T2

T…0; y; t† ˆ T1
qT…B; y; t†

qx
ˆ 0

T…x; y; 0† ˆ T1

…6†

where T1 and T2 are constants.

Dimensionless Governing Equations

The following dimensionless variables [3] are used to dimensionlize Eqs. (1)±
(6):

X ˆ x

B
Y ˆ y

ho

7…a; b†

t ˆ ot U ˆ u

oB
7…c; d†

V ˆ v
hoo

P ˆ p

moe¡2
7…e; f †

y ˆ
T ¡ T1

T2 ¡ T1
7…g†

where T1 and y are the temperature of the lower plate of the bearing and the di-
mensionless temperature, respectively. The variables X, Y, t, U, V, and P are the
dimensionless forms of x, y, t, u, v, and p variables, respectively. We de®ne the
perturbation parameter as

e ˆ
ho

B
…8†

Nondimensionlizing Eqs. (2)±(4) and using Eq. (7) and applying the pertur-
bation parameter given by Eq. (8) results in

U ˆ 1

2

qP
qX

Y…Y ¡ H† …9†

q
qX

H3 qP
qX

³ ´
ˆ 12

qH

qt
…10†
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where

H ² h

ho

ˆ 1 ¡ b cos…dt† …11†

Equation (10) represents the reduced Reynolds equation for an oscillating bearing
(see Sezri [11]). Further, the above solutions are valid for low values of both
the squeezing Reynolds number and the perturbation parameter. The squeezing
Reynolds number is

Rs ˆ rh2
oo
m

…12†

The solution to Eqs. (9) and (10) results in the following approximate velocity
pro®les:

U…X; Y; t† ˆ 6db
sin…dt†

‰1 ¡ b cos…dt†Š3
XY…Y ¡ H† …13†

V…Y; t† ˆ ¡6db
sin…dt†

‰1 ¡ b cos…dt†Š3
Y2 Y

3
¡ H

2

³ ´
…14†

The thermal conductivity of the ¯uid is considered variable, because the ex-
istence of ultra®ne particles in lubricating ¯uids in certain applications is expected to
enhance the heat transfer in these ¯uids at large squeezing velocities. These en-
hancements can be shown with metallic nanoparticles in the works of Xuan and Li
[9] and Eastman et al. [10]. Further, the work of Adams et al. [12] shows that
enhancements to the heat transfer also occur in the presence of dissolved air mole-
cules in ¯uids. These ultra®ne particles, at large velocities, tend to increase the
thermal conductivity due to thermal dispersion e� ects. To account for this increase,
a linear model between the e� ective thermal conductivity and the ¯uid speed is
utilized [13]:

k…X; Y; t† ˆ ko‰1 ‡ l
���������������������������������������������������������
U 2…X; Y; t† ‡ e 2V 2…X; Y; t†

q
Š ˆ kof…X; Y; t† …15†

where l is the thermal dispersion coe� cient and is linearly proportional to oB. ko

is a reference thermal conductivity of the lubricating ¯uid that contains ultra®ne
particles. This reference thermal conductivity is usually greater than the thermal
conductivity of the pure ¯uid [8]. Equation (5) is reduced to the following when
dimensionless variables [Eqs. (7) and (8)] are used:

Ps
qy
qt

‡ U
qy
qX

‡ V
qy
qY

³ ´
ˆ e2 q

qX
f

qy
qX

³ ´
‡ q

qY
f

qy
qY

³ ´
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qU

qY

³ ´2

‡2e2 qU

qX

³ ´2

‡ qV

qY

³ ´2
" #( )

…16†
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where Ps and Es are the thermal squeezing parameter and the Eckert number,
respectively,

Ps ˆ rcph
2
oo

ko

Es ˆ mo2B2

ko…T2 ¡ T1†
…17†

Note that Es is proportional to the square of the reference frequency o and Ps is
proportional to the reference frequency o. The corresponding dimensionless thermal
boundary and initial conditions are

y…X; 0; t† ˆ 0 y…X; 1; t† ˆ 1

y…0; Y; t† ˆ 0
qy…1; Y; t†

qX
ˆ 0

y…X; Y; 0† ˆ 0

…18†

Figure 2. E� ects of ES on heat ratio for an oscillating bearing for negligible PS.
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Introducing the variable x ˆ Y=H…t† transforms Eqs. (16) to

Ps H2 qy
qt

‡ UH2 qy
qX

‡ V ¡ x
dH

dt

³ ´
H

qy
qx

µ ¶
ˆ e2H2 q

qX
f

qy
qX

³ ´

‡ q
qx

f
qy
qx

³ ´
‡ Es

qU

qx

³ ´2
(

‡2e2 H2 qU

qX

³ ´2

‡ qV

qx

³ ´2
" #)

…19†

Further, velocity pro®les given by Eqs. (13) and (14) in the X; x, and t domain are

U…X; x; t† ˆ 6db
sin…dt†

1 ¡ b cos…dt† X x…x ¡ 1† …20†

V…x; t† ˆ ¡6db sin…dt†x2 x
3

¡ 1

2

³ ´
…21†

Figure 3. E� ects of ES on average heat ratio for an oscillating bearing at PS ˆ 1:0:
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The ratio QR is de®ned as the ratio of the heat transfer at the upper plate to
that at the lower plate. It can be calculated from the following:

QR…X; t† ˆ …1 ‡ lejdb sin…dt†j† qy…X; x; t†
qx


xˆ1

¿
qy…X; x; t†

qx


xˆ0

…22†

As expected, viscous dissipation results in an increase in the average ¯uid tem-
perature, and this ensures that heat transfer to the lower plate is always negative.
Accordingly, negative QR values indicate that both upper and lower plates are
gaining heat due to large viscous dissipation. Positive values of QR indicates that the
upper plate is losing more heat than the lower plate gains if QR is greater than one,
and vice versa when QR is less than one.

Figure 4. E� ects of ES on average dimensionless heat parameter for an oscillating bearing at PS ˆ 1:0:
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Another important factor in thermal characteristics of lubricating bearings
is the local dimensionless heat parameter Y, which represents the net local
dimensionless heat transfer to the lubricating ¯uid. The local dimensionless heat
parameter Y can be related to the QR ratio by the following relations:

Y…X; t† ² q…X; t†ho

ko…T2 ¡ T1†
ˆ ¡ 1

ko

k
qy…X; Y; t†

qY

³ ´
YˆH

¡ k
qy…X; Y; t†

qY

³ ´
Yˆ0

µ ¶
23…a†

Y…X; t† ˆ ¡ 1

H

qy…X; x; t†
qx


xˆ0

…QR ¡ 1† 23…b†

where q…X; t† is the net dimensional local heat ¯ux that is transferred to the ¯uid.
When Y is negative, more heat will be transferred to the lubricating ¯uid. However,
positive values of Y indicate that the heat added to the lower plate is more than that

Figure 5. E� ects of ES on average dimensionless heat parameter for an oscillating bearing at PS ˆ 5:0:
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lost from the upper plate as long as the values of QR are above zero. Note that the
values of

1

H

qy
qx


xˆ0

are always positive in absence of heat absorption in the ¯uid and when T2 is greater
than T1. When QR is decreased below zero, both upper and lower plates will be
gaining heat, as in cases where large viscous dissipation is present.

Approximate Solution for Oscillating Bearing with Viscous Dissipation

For small values of the perturbation e, Eq. (19) can be approximated by the
following at X ˆ 1:

Figure 6. E� ects of l on average heat ratio for an oscillating bearing at PS ˆ 1:0.
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PsH
2 qy

qt
ˆ q

qx
f

qy
qx

³ ´
‡ Es

qU

qx

³ ´2

…24†

QR values for the above equation for both small thermal squeezing parameter and
small thermal dispersion coe� cient are

QR ˆ ‰1 ¡ b cos…dt†Š2 ¡ 6Esb
2d2 sin2…dt†

‰1 ¡ b cos…dt†Š2 ‡ 6Esb
2d2 sin2…dt†

…25†

Note that as Es gets larger, QR becomes negative.

Figure 7. E� ects of l on average dimensionless heat parameter for an oscillating bearing at PS ˆ 1:0.

THIN-FILM OSCILLATING BEARINGS 559



NUMERICAL ANALYSIS

Equation (19) was solved using an implicit ®nite-di� erence scheme. Center
di� erencing in space was used for discretizing the dimensionless temperature dif-
ferential terms, except for the terms qy=qX and q2y=qX2 at X ˆ 1, where backward
di� erencing was used, and forward di� erencing was used to approximate the time
di� erential term. The value of d in Eq. (1) is chosen to be 2.0 in Figures 3±10. Other
values of d resulted in similar physical behavior as shown in Figures 3±10. This value
makes the thermal squeezing parameters shown in Figures 3±10 equal to half their
values when dimensional variables in Eqs. (7) are normalized by the actual squeezing
frequency. Based on extensive numerical experimentation, the values of 0.0125, 0.04,
and 0.05 are chosen for DX, Dx, and Dt, respectively. These values result in grid and
time independence. It is worth noting that both average QR and average Y re-
presented in Figures 3±10 are averages of the local QR and Y values, respectively,
after X ˆ 0:0125. Moreover, the initial conditions are set slightly greater than zero to
avoid divisions by zero in QR.

Figure 8. E� ects of l on average dimensionless heat parameter for an oscillating bearing at PS ˆ 5:0.

560 A.-R. A. KHALED AND K. VAFAI



The results obtained for the heat ratio were found to be in good agreement with
the results obtained from Eq. (25). Accordingly, the reduced energy equation was
solved for various values of the thermal squeezing parameter, Eckert number,
thermal dispersion coe� cient, amplitude of the upper plate’s motion, and pertur-
bation parameter in order to better understand the bearing’s thermal response under
di� erent conditions.

DISCUSSION OF RESULTS

Figure 2 represents the behavior of a thin-®lm oscillating bearing with neg-
ligible thermal squeezing parameter (Ps ˆ 0:01) in the presence of viscous dis-
sipation. It is noticed that the numerical values of the local QR are in good
agreement with the analytical results of Eq. (25). Further, it is noticed that the
values of QR are always less than one because the generated heat due to viscous
dissipation tends to reduce the heat transfer at the upper plate. Negative values of
QR are achieved for large values of Eckert number Es, thus both upper and lower
plates are gaining heat.

Figure 3 represents the e� ects of viscous dissipation on the average heat ratio
QR for an oscillating bearing with dimensionless frequency d ˆ 2:0 with constant
thermal conductivity. It is noticed that the frequency of the average QR is similar to
the frequency of the upper plate motion. Further, it is noticed from this ®gure that
the average QR decreases as Es increases. E� ects of viscous dissipation on the
average dimensionless heat parameter Y are shown in Figures 4 and 5 for two dif-
ferent values of thermal squeezing parameter. The increase in Ps results in enhancing
the convection inside the bearing at constant Es number, as predicted from Eq. (19).
Accordingly, this results in a decrease in the average values of Y as shown in Figures
4 and 5. In addition, the following can be noticed from Figures 3±5:

The maximum average QR and the minimum average Y are found to occur in the
early squeezing stages.

The minimum average QR and maximum average Y are found to occur at times that
makes the induced horizontal velocities reach almost their maximum and
minimum values due to increases in viscous dissipation.

Figure 6 shows the e� ects of thermal dispersion coe� cient l on the average
heat ratio QR in the absence of viscous dissipation. It is noticed that the average QR

increases as l increases and these increases in the average QR are signi®cant early
during the squeezing stage. The e� ects of thermal dispersion coe� cient l on the
average Y are seen in Figures 7 and 8 for two di� erent values of thermal squeezing
parameters. The following are observed from Figures 7 and 8:

The average Y decreases as l increases. This is expected due to enhancements in the
¯uid thermal conductivity.

The signi®cant enhancements in the average value of Y occur during the squeezing
stage. This is because induced velocities are directed outward from the bearing’s
end, which has the minimum temperature. During the relief stage, the induced
velocities tend to increase the average ¯uid temperatures and this causes
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enhancements during the relief stage to be lower than those during the squeezing
stage.

The performance of the bearing is improved during the relief stage due to en-
hancements in the thermal conductivity.

Figure 9 represents the in¯uence of the motion amplitude b on the average
dimensionless heat parameter Y. Induced velocities increase by an order of b as b
increases. Meanwhile, viscous dissipation increases by an order of b2 as b increases.
Accordingly, as seen in Figure 9, the values of the average Y are expected to increase
as b increases.

Figure 10 illustrates the e� ects of the perturbation parameter on the average
dimensionless heat parameter Y. As e increases, ¯uid axial conduction increases,
resulting in heat transfer enhancements to the ¯uid. Accordingly, the average value
of Y decreases as shown in Figure 10. It is worth noting that as e increases,

Figure 9. E� ects of b on average dimensionless heat parameter for an oscillating bearing.
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two-dimensional e� ects on velocity pro®les increase. Finally, enhancements of heat
transfer inside the oscillating bearing can be achieved by introducing nanoparticles
in the lubricating ¯uid, selecting a the lubricating ¯uid that will result in a minimum
Eckert number, considering an oscillating bearing with large thermal squeezing
parameter, and increasing the motion amplitude if Eckert number is negligible.

CONCLUSIONS

The ¯ow and heat transfer e� ects during the squeezing and relief stages for an
incompressible thin-®lm bearing have been considered in the presence of both
thermal dispersion and viscous dissipation. Although ¯ow inside bearings has been
studied in the past, the heat transfer characteristics of oscillatory bearings have re-
ceived less attention, especially with presence of viscous dissipation or thermal dis-
persion. In the present work, the proper energy equation was dimensionlized and an
approximate solution was obtained for a special case of two-dimensional transient

Figure 10. E� ects of e on average dimensionless heat parameter for an oscillating bearing.
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heat transfer in oscillating bearings in the presence of viscous dissipation. This ap-
proximate solution was compared with the numerical solution of the corresponding
thermal energy equation. The results were found to be in good agreement. Further,
the reduced transformed energy equation along with the velocity ®eld for an oscil-
latory squeezing bearing was solved. It was found that the oscillating dynamic be-
havior of the bearing also results in oscillatory thermal behavior of the bearing. It
was found that the average dimensionless heat parameter decreases with an increase
in the thermal squeezing parameter, thermal dispersion coe� cient, and the pertur-
bation parameter, while it increases as both the Eckert number and amplitude
motion parameter are increased.

REFERENCES

1. A. Z. Sezri, Tribology, pp. 172±200, Hemisphere, New York, 1980.

2. W. A. Gross, L. A. Matsch, V. Castelli, A. Eshel, J. H. Vohr, and M. Wildmann, Fluid

Film Lubrication, pp. 630±652, Wiley, New York, 1980.

3. W. E. Langlois, Isothermal Squeeze Films, Quart. Appl. Math., vol. XX, pp. 131±150,

1962.

4. D. D. Fuller, Theory and Practice of Lubrication for Engineers, 2nd ed., pp. 593±594,
Wiley, New York, 1984.

5. H. S. Cheng, A Numerical Solution to the Elastohydrodynamic Film Thickness in an

Elliptical Contact, ASME J. Lub. Technol., vol. 92, pp. 155±162, 1970.

6. D. J. Radakovic and M. M. Khonsari, Heat Transfer in a Thin-Film Flow in the Presence
of Squeeze and Shear Thinning: Application to Piston Rings, J. Heat Transfer, vol. 119,

pp. 249±257, 1997.

7. X. Wang, K. Zhu, and S. Wen, Thermodynamic Analysis of Journal Bearings Lubricated

with Couple Stress Fluids, Tribology Int., vol. 34, pp. 335±343, 2001.

8. A.-R. A. Khaled and K. Vafai, Non-Isothermal Characterization of Thin Film Oscil-

lating Bearings, Numer. Heat Transfer Part A, vol. 41, pp. 451±461, 2002.

9. Y. Xuan and Q. Li, Heat Transfer Enhancement of Nano¯uids, Int. J. Heat Fluid Flow,
vol. 21, pp. 58±64, 2000.

10. J. A. Eastman, S. U. S. Choi, S. Li, W. Yu, and L. J. Thompson, Anomalously Increased

E� ective Thermal Conductivities of Ethylene Glycol-Based Nano¯uids Containing

Copper Nanoparticles, Appl. Phys. Lett., vol. 78, pp. 718±720, 2001.

11. A. Z. Sezri, Tribology, pp. 39±47, Hemisphere, New York, 1980.

12. T. M. Adams, S. M. Ghiaasiaan, and S. I. Abdel-Khalik, Enhancement of Liquid Forced

Convection Heat Transfer Microchannels due to the Release of Dissolved Non-
condensables, Int. J. Heat Mass Transfer, vol. 42, pp. 3563±3573, 1999.

13. Y. Xuan and W. Roetzel, Conceptions for Heat Transfer Correlation of Nano¯uids, Int.

J. Heat Mass Transfer, vol. 43, pp. 3701±3707, 2000.

564 A.-R. A. KHALED AND K. VAFAI

http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0022-1481^281997^29119L.249[aid=2234638]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0301-679X^282001^2934L.335[aid=3091752]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/1040-7782^282002^2941L.451[aid=3091753]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0142-727X^282000^2921L.58[aid=3091754]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0003-6951^282001^2978L.718[aid=3091755]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0017-9310^281999^2942L.3563[aid=3091756]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0017-9310^282000^2943L.3701[aid=2234639]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0022-1481^281997^29119L.249[aid=2234638]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0142-727X^282000^2921L.58[aid=3091754]
http://ninetta.ingentaselect.com/nw=1/rpsv/cgi-bin/linker?ext=a&reqidx=/0017-9310^282000^2943L.3701[aid=2234639]

