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Stokes flow produced by an oscillatory motion of a wall is analyzed in the presence of a non-
Newtonian fluid. A total of eight non-Newtonian models are considered. A mass bal
approach is introduced to solve the governing equations. The velocity and temperature pro-
files for these models are obtained and compared to those of Newtonian fluids. For the
power law model, correlations for the velocity distribution and the time required to reach
the steady periodic flow are developed and discussed. Furthermore, the effects of the dimen-
sionless parameters on the flow are studied. For the temperature distribution, an analytical
solution for Newtonian fluid is developed as a comparative source. To simulate the rheolo-
gical behavior of blood at unsteady state, three non-Newtonian constitutive relationships are
used to study the wall shear stress. It is found that in the case of unsteady stokes flow,
although the patterns of velocity and wall shear stress is consistent across all models, the
magnitude is affected by the model utilized.

1. INTRODUCTION

Stokes’ first problem refers to the shear flow of a viscous fluid near a flat plate
which is suddenly accelerated from rest and moves in its own plane with a constant
velocity. If the flat plate executes linear harmonic oscillations parallel to itself, the
problem is referred to as Stokes’ second problem [1]. It admits an analytical solution.
The study of Stokes’ second problem has some applications in the fields of chemical,
medical, biomedical, micro, and nanotechnology. An illustrative example is the
shear-driven pump in microfluidic devices. The solution of the Stokes’ problem
under vibrating wall condition that satisfies the no-slip condition at the wall has been
studied in depth by Erdogan [2]. Recently, exact solutions including both steady per-
iodic and transient velocity profiles for Stokes’ and Couette flows subject to slip con-
ditions were given in the work of Khaled and Vafai [3]. In the work of Johnston et al.
[4], five non-Newtonian models for blood flow at steady state were studied.
However, the literature lacks studies that take into account the presence of
non-Newtonian fluids for Stokes’ second problem.

Among the non-Newtonian models, the second-grade model is able to predict
the normal stress differences which are characteristic of non-Newtonian fluids.
However, the shear viscosity is constant in the second-grade model. As such, a
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NOMENCLATURE
¢ heat capacity k% generalized shear rate
Ek Eckert number Yo reference shear rate
f harmonic averaged function n dimensionless normal coordinate
h grid spacing 0 dimensionless temperature
k time step K dimensionless parameter
kr thermal conductivity b characteristic time
K consistency coefficient n dynamic viscosity of the fluid
n power-law index Ho zero-shear viscosity
Pr Prandtl number [T viscosity at very high shear rates
q flux v kinematic viscosity
t time ) representative viscosity of the
Ty temperature of the plate Newtonian fluid
Uy velocity of the plate p density
U, u  dimensionless and dimensional velocities 1 dimensionless time
Uy reference velocity (] dissipation function
y dimensional normal coordinate ® frequency of the vibration

shear-thinning or shear-thickening fluid cannot be predicted by a second-grade
model. The third-grade model exhibits shear-dependent viscosity. Examples can be
found in chemical engineering, where in some industrial processes, steady and
unsteady shear flows with non-Newtonian behavior are involved. In this work, the
non-Newtonian behavior for the Stokes second problem is investigated. As the
shear-dependent viscosity models are introduced, the governing equations become
nonlinear. The solutions are obtained by using a mass balance argument to obtain a
discrete version of the governing equation. The mass balance approach [5] yields
a system of difference equations that ensures the conservation of mass.

2. BASIC EQUATIONS

The schematic of the problem under consideration is shown in Figure 1. The x
coordinate is parallel to the plate and the fluid occupies the space y > 0, with the
y axis in the vertical direction. The plate is initially at rest. At time 7 = 07, the plate
is subjected to a velocity u,, = Uycos ot in its own plane, resulting in the induced
flow. The governing momentum equation is

ou 0O Ou
5= (15) W
y
X
&>
Uy, TO

Figure 1. Schematic diagram of Stokes’ second problem.
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where u, ¢, and p are the velocity in the x direction, time, and the dynamic viscosity
of the fluid, respectively. For the problem under consideration, the initial condition is

u(y, 0)=0 (2)
and the boundary conditions considered in this work are given by

u(y, t) = Uycos ot aty=0forz>0

u(so, 1) =0 (3a)

where Uy is the representative velocity and o is the frequency of the oscillation at the
wall.
Another set of boundary conditions is

u(y, t) = Upsinot aty=0fors>0

3b
u(oo, 1) =0 (35)
The energy equation for the case under consideration can be written as
or © oT
—=— | kr— (0] 4

where @ = (au/ay)2 represents the dissipation function and ky represents the con-
ductivity of the fluid. The initial and boundary conditions are

T(y, 0) =Tx
T(y,t) =Ty aty=0forz>0 (5)
Ty(oco, 1) =0

3. NON-NEWTONIAN FLUID MODELS

It is well known that some fluids which are encountered in chemical applica-
tions do not adhere to the classical Newtonian viscosity prescription and are accord-
ingly known as non-Newtonian fluids. One especial class of fluids which are of
considerable practical importance is that in which the viscosity depends on the shear
stress or on the flow rate. The viscosity of most non-Newtonian fluids, such as poly-
mers, is usually a nonlinear decreasing function of the generalized shear rate y. This
is known as shear-thinning behavior. The most commonly used expression for the
viscosity is the power-law or Ostwald-de-Waele model [6, 7]:

u(y) = Kly/""! (6)

where K is called the consistency coefficient and # is the power-law index. The index
n is nondimensional, and the dimension of K depends on the value of n. The para-
meter n is an important index to subdivide fluids into pseudo-plastic fluids (when
n < 1) and dilatant fluids (when n > 1). The two extreme cases of the power-law
model are n = 1 for Newtonian behavior and n = 0 for plastic or solid behavior.
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A major drawback of the power-law model is that it predicts an infinite vis-
cosity (when n < 1) as the shear rate tends to zero. However, the actual viscosity
of molten polymers has a finite and constant value at very low shear rates.

Another commonly used non-Newtonian model based on molecular considera-
tions [8] is referred to as the Prandtl-Eyring model:

inh~' (A7
i) = Y Q

where |, is the zero-shear viscosity. It has the dimensions of the viscosity and is in-
deed equal to the lower limiting viscosity, i.e., ¥ — 0, L — L, and the parameter A is
a characteristic time. This model predicts pseudo-plastic behavior, but it fails to
predict an upper limiting viscosity.

The drawback of the Prandtl-Eyring model is eliminated by a slightly more
complicated form of the p(y) function, usually referred to as the Powell-Eyring
model [8] and given by

NP P
) =+ (g = ) D) ®

where |1, is a constant viscosity at very high shear rates.
Another non-Newtonian model considered here is the hyperbolic tangent
model [7]:

1Y) = Boo + (Mo — Ho) tanh ()" )

The viscous properties of an emulsion are best described by the Sisko and Carreau
models. The Sisko model [9] is given by

w(y) =py+ Ky (10)

where the parameters 1, [, A, and n are obtained from experimental data. The
Carreau model [7] is described by

h() =um+% (1)

Among these models, the Powell-Eyring model, the Carreau model, and the
hyperbolic tangent model verify the two Newtonian limits:

Hoo 7 — 00

To simulate the rheological behavior of blood at unsteady state, three non-
Newtonian constitutive relationships have been employed here [10].
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Power-Law Model
u(y) = K" (13)

Casson Model

The Casson model was first proposed by Casson [11] for shear-thinning fluids,
such as printer ink. It has the following stress—strain rate relationship:

V1= Vet + Vo (14)

where 1, is the yield stress and i, is called Casson viscosity or the asymptotic viscosity.
The Casson model is valid for a wide range of shear rates, from 1s~! to 100,000s~!,
according to the work of Charm and Kurland [12]. However, it is difficult to apply
Casson’s equation in numerical schemes due to its discontinuous character. Accord-
ingly, the weak Casson model as given by Papanastrasiou [13] is usually utilized:

2
n(y) = [\/um + \/%(1 - e—\/mlv)] (15)
which has been found [14] to approach Casson’s equation for m > 100.

Quemada Model

The Quemada model was proposed by Quemada [15] to predict the viscosity of
concentrated disperse systems, based on shear rate and hematocrit.

— —2
mw—w<u§@£%%%%w) (16)

where |, is the viscosity of plasma (suspending medium) and ¢ is the hematocrit.
According to several studies [12, 15-17], typical values for the coefficients in
Egs. (13), (15), and (16) are listed in Table 1.

4. NONDIMENSIONAL FORMULATION

For the governing equations, we introduce the nondimensional quantities
defined by

u

U=— T=ot n_y<

w\/? o T—Tx
Uy

T T (17

Vo

Table 1 Rheology model constants
Power law K =14.67 x 1073 Pas", n = 0.7755

Casson 1, = 10.82mPa, p = 3.1 x 103 Pas, m = 100s
Quemada By =12 x 1073 Pas, ¢ =045, y, = 1.88s7!, ko =4.33, ko =207
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Hence, we have
ou_ oudn_ (@) ou
oy omoy “\w/) om
Qu_ U oU
o o e
where vy is the reference viscosity of the Newtonian fluid. Therefore the nondimen-
sional form of the momentum equation can be written as

oU 0 {u(un)aU}

ot o

18
Ho OM (18)

For example, the nondimensional momentum equation for the power-law
model will be

n—1
ov_ o (puptou "
ot on \ |on on
where k = (K/po) Uy (w/vo) " V2.
The boundary conditions are
Umn, 0)=0 U(0, t) =sint or cost U(oo, 1) =0 (20)

For the energy equation, we have

oT 00 on o\"? 00
= (To—To) o = (To — Too) [ —
Oy (To )an oy T )<V0>

T o\7? %0 on o\ 0%0
= (To—Tx) | —) == (To—To) [~ ) =—
0y? (To )<V0> on? oy (To )<U0> on?

oT 000t 00
E—( 0— oo)aa—(To—Tm)(D—

Hence, the nondimensional energy equation can be written as

20 1 8% Uy) (0U\*
0 _ 100 prlUn) (U (21)
ot Pron? By \om
where Pr is the Prandtl number, Ek is the Eckert number, | is the dynamic viscosity
of the Newtonian fluid, and p(Uy) is the viscosity of the non-Newtonian fluid. The
expression for p(U,) depends on the viscosity model applied. For example, the
nondimensional energy equation for the power-law model will be

o0 10%0 oU

a—ﬁa—rﬁﬂ-KEka

n+1

(22)
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where k = (K/po) U¢ ! (0/vo)" "%, And the temperature boundary and initial con-
ditions can be written as

000, ) =1  0O4(c0, 1) =0  O(n, 0)=0 (23)

5. NUMERICAL SIMULATION

An effective finite-difference procedure is developed to solve the nonlinear
equations. A material balance argument is utilized to obtain the discrete version
of the nonlinear momentum equation. To illustrate a material balance approach
in developing difference equations, we use the following notation to simplify the
nondimensional version of the momentum equation:

s(u)u;, — [a(u)uy], =0 (24)

Equation (24) represents a conservation law in the sense that a density p and a flux ¢
can be related to u with equations of the form p, = s(u)u, and ¢ = —a(u)u,, so that
that Eq. (24) is equivalent to the balance equation

P, +gx=0 (25)

For the uniform x-grid distribution as shown in Figure 2, x, =nh, n=0, 1, 2,

..., N+ 1. Also define a set of points on the x axis by &, z—%h—&-nh, n=

0, 1, 2,..., N +2,so that x, is the center of the finite-difference block (&,, &, ).
We define a uniform time grid by

[]:]k ]:O, l,

Consider the region in the x¢ plane defined by

£, <x<&, <t <t

If we integrate the differential equation conservation law Eq. (25) over this region,

we get
tiv1 Cnt Cnet Ll i1 &t
// (pt—&-q,x)dxdt:/ / pldtdx—&—// qy dx dt
i JE, & i J&,
Eit tis1
[ bt ) = o )y = [ ot 0 - atG D) dr - 6)
&n 4
<«—h —
= — f i I I I i — -
X x X Xy x Xy,
O

Figure 2. Block-centered finite-difference grid with uniform grid spacing.
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We will use the midpoint quadrature rule to approximate the integral of the densities
in Eq. (26):

G
/i [p(xv [j+1) - p(x, lj)] dx = [P(Xn, tj+1) - P(Xn; [j)]h (27)

n

To approximate the integral of the fluxes in Eq. (26) in a manner consistent
with the implicit, backward-in-time method, we choose the right endpoint quadra-
ture rule to obtain

[ G 0= aCur, Ddt = 4G, 11) — 4G o) (28)

i

Here we use the trapezoidal rule to approximate Eq. (28):

[p(xm tf+1) - p(xl’lv t/)}h = [Q(Emv ti+1) - q(E.m-Ha tj+1)]k (29)
From ¢ = —a(u)u,, we have
(. o) = = e (30)

The integral of Eq. (30) from x,,_; to x, gives

» i+1 i+1
J+ o+l _ * (](X, tj+1) dx o~ — (é f ) h(d’fr + arffl) (31)
un Mn71 X = q no j+1 j+1 j+1
Xp_1 a[x, u(x7 tj+1] 2an an71

We introduce the harmonic averaged function as

2amay

my Un) = 32
fan, @) = = (32)
Also, to avoid a division by zero, we define /(0, 0) = 0.
Hence we have
2aj+1aj+l witl — uj+1
Q(i 1 1) ~ “n nf_l n n—1 or
ny L+ (aI{Jrl + a,{irll) h
4 0) = ~f (@], @ D™ = w7 /h (33)
For the problem under consideration, we have
U,)oU U,
p=U  g= MUy k) (34)
Ho On Ho
Introducing the notation
K=t ety = e (35)
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The nondimensionalized momentum equation can be expressed as

Uit - vl =r|f,

n

R A VA ) LA A A €
where r = k/I?.

The usual first approximation to the solution of the nonlinear difference equa-
tion is obtained by ““lagging the nonlinearities.” That is, the coefficients in the differ-
ence equation are set at the 7 value, rather than the ¢ + k value. If the nonlinearities
in Eq. (36) are lagged, the result is the linear system

Uit Ul = r[ U ( +ﬂ+1) Uit "‘fr{+1 (]11}::]1:| (37)

Using a procedure similar to the Crank-Nicholson method, we get the finite-difference
equation as

— AU LS (L A ) o

3 n+1Unj++11 = Uy(1—r)+ 5 (U;Ll + U;QH) (38)
Since we have already obtained the velocity gradient, namely, (Un){l, in the process of
solving the momentum equation, we introduce the Crank-Nicholson method to discretize
the energy equation given by Eq. (21).

Similarly, the finite-difference form of the energy equation can then be
obtained as

0/ — 0 _ ! 2’/‘2 (9/+1 20/ +0/1 + 0/ —26’+9n+1)
—S—Ekﬁ—z[(Un)ﬂz (39)
or
e I T (R I
+Pi§ (07, +9n+,)+Ekt—z[(Un)ﬂ2 (40)

where r = k/I?.

For a Newtonian fluid, an analytical solution for the temperature distribution
is established utilizing the classical analytical velocity distribution and using the
following transformation:

s =VPrn (41)

Equation (21) can then be written as

00 2% oU
5= PEk(aS) (42)
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where 0U /s can be obtained from the velocity solution of Erdogan [2] or Khaled

and Vafai [3] for the no-slip case.
The initial and boundary conditions will be

000, )=1  0O(c0, 1) =0  0(s, 0) =0 (43)

Letting g(s, ) = Pr Ek(0U /ds)?, the solution of Eq. (42) can be formed as [18]

s N 1
o, ) = i) gy L / )
e VT o (1 - )2/2 +2\/_ =0 VT — 1)y 0 9
x { o= /40=0)] _ o= l(s+x)* /4(1-0)] }dxdt (44)

6. NUMERICAL SIMULATION AND DISCUSSION

Numerical results for the nondimensional velocity U(n, 1) have been obtained
for each boundary condition and for various viscosity models. It has been found
that the non-Newtonian flows also achieve a steady periodic state. It should be noted
that when the power index n = 1 for the power-law model or when the generalized
shear rate vy — 0 for other models, the numerical results obtained here agree well
with the exact solution of Khaled and Vafai [3] for the Newtonian flow with no-slip
condition.

In Figure 3a, the velocity profile is presented when the boundary condition is
u,, = Up sin wt for various values of power index n for the power-law model. The value
at n = 1 refers to a Newtonian fluid. The following correlation is obtained for calcu-
lating the velocity distribution with the power-index range from n = 0.6 to n = 1.6:

U= Uy+2.4x(—0.18n° +0.550%° + n°?) x exp(—2.35n"7n"16)
x cos(t —2.35n"n%1%) x [(n — 1)=1.27(n — 1)* + 0.88(n — 1)°]
x cos(—0.08n'2¥n'8 + 1.5) (45)

where Uy is the classical analytical velocity distribution for a Newtonian fluid.

Figure 4a illustrates the effects of the power index n on the time required to
reach steady periodic flow under the boundary condition utilized in Figure 3a. The
time required to reach steady periodic flow was evaluated based on the dimensionless
time for the average dimensionless transient velocity reaching a value of 0.05. The
results show that power index strongly affects the time required for reaching steady
periodic flow conditions. A power-index value of n ~ 0.65 is found to correspond to
the maximum time required to reach steady periodic flow conditions. Dimensionless
parameter k = (K /p,) Uy~ (0/v0)" Y2 in Eq. (19) corresponds to 1 in this case. For
the power-index range from n = 0.2 to n = 1.6, the following correlation is obtained
for calculating time required for reaching steady periodic flow conditions:

~0.2797 + 0.9229n + 1.9433n% — 3.5901n°
1 —3311n+6.0743n2 — 4.105213 4 0.1274n4

(46)
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(b) U(0,7) = cost

Effects of power index n on the velocity profile for the power-law model.
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(b) U(0,7)=cost

Figure 4. Effects of power index n on the time needed to reach steady periodic flow.



STOKES’ SECOND PROBLEM FOR NON-NEWTONIAN FLUIDS 967

In Figure 3b, the velocity profile is presented when the boundary condition is
u,, = Up cos wt for various values of the power index 7 in the power-law model. Fig-
ure 4b illustrates the effects of the power index » on the time required to reach steady
periodic flow under the cosine boundary condition. Comparing Figures 3a and 35,
we can see that the effect of the boundary condition is more pronounced than the
effect of the power index. For the power-index range from n = 0.2 to n = 1.6, the
following correlation is obtained for calculating the time required for reaching steady
periodic flow conditions when the cosine boundary condition is specified at the wall:

o 1.5984 — 8.1767n + 11.9971n* — 2.4893n — 1.8727n*
1 —2.8162n — 5.1123n% + 20.495913 — 12.9093n% + 1.0513n°

(47)

Our results illustrate that an increase in the power index delays the oscillatory
boundary condition effects shown in Figures 3¢ and 3b.

Figures 5-7 illustrate the effects of dimensionless parameter kK and Ek number
on the velocity and temperature distribution due to cosine oscillations. From
Figure 5 we see that the effect of dimensionless parameter « is to increase the velocity
boundary-layer thickness and the temperature boundary-layer thickness. Eckert
number has a similar effect only on the temperature boundary-layer thickness. From
Figure 5 it is evident that increasing the dimensionless parameter k increases the
thickness of the velocity boundary layer, while it has just a slight effect on the thick-
ness of the thermal boundary layer. However, the effect of Eckert number on the
temperature distribution is more pronounced than the effect of dimensionless
parameter k, as shown in Figure 6. Due to the large velocity gradient near the wall,
the dissipation term in Eq. (9) is quite significant.

From Figure 7, it can be seen that increasing the Prandtl number decreases the
thickness of the thermal boundary layer due to the dissipation term. This is consist-
ent with the thermal boundary-layer thickness obtained from Stokes’ second prob-
lem. The combined effects of k and Ek on the velocity and temperature profiles
are shown in Figure 8. The effects of power index n and viscosity ratio p ./, on
other models are shown in Figures 9-13.

To study the non-Newtonian behavior of blood under unsteady condition, we
define the reference shear rate 7y, as

7o = Uo<m)l/2 (48)

Vo

which represents the magnitude of the wall shear rate as a combination effect of
the reference velocity U,, representative viscosity of the Newtonian fluid vy, and
frequency of the vibration o.

From Figure 14, one can see that the velocity pattern is consistent across all
models at both high and low shear rates, while the magnitude of velocity is greater
at high shear rate. Figure 15 represents the effect of the reference shear rate y, on the
wall shear stress for different blood models. It can be seen that the magnitude of wall
shear stress is affected significantly by y,. While the pattern of wall shear stress is
consistent across all the models, the magnitude was influenced by the model utilized.
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(b)Temperature profile
Figure 5. Effects of parameter k on the velocity and temperature profiles for the power-law model.
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Figure 6. Effects of parameter Ek on the temperature profile for the power-law model.
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Figure 7. Effects of parameter Pr on the temperature profile for the power-law model.
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Figure 10. Effects of power index n on the velocity profile for the Carreau model.
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Figure 13. Effects of viscosity ratio p. /p, on the velocity profile for the hyperbolic tangent model.
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Figure 14. Effects of reference shear rate v, on the velocity profile for different blood models.
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7. CONCLUSIONS

In this article, effects of non-Newtonian flow on Stokes’ second problem were
investigated. The wall was subjected to both sine and cosine oscillations. The tem-
perature variation near the wall was also investigated. Several pertinent viscosity
models for non-Newtonian fluids were introduced. The governing equations were
nondimensionalized and solved by introducing a mass-balance procedure. The velo-
city and temperature profiles for various viscosity models were obtained and the
results were compared to those obtained for the Newtonian fluids. For the power-
law model, the time required to reach steady periodic flow for various power-law
indices was established. Correlations for the velocity distribution and the time required
to reach steady periodic flow conditions were developed. The effects of the dimen-
sionless parameters, such as power index n and Ek, on the flow were analyzed, and an
analytical solution for the temperature distribution for the Newtonian case was
obtained. It was also found that in the case of unsteady Stokes flow, while the flow
patterns are consistent across all models, the magnitude was affected significantly by
the reference shear rate and the model utilized.
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